AD- 


An  International  Journal  of 


BERICHTE  DER 
BUNSEN- 
GESELLSCHAFT 


DISCUSSION  MEETING  SEPTEMBER  10-13,  1990 
“RATE  PROCESSES  IN  DISSIPATIVE  SYSTEMS: 

50  YEARS  AFTER  KRAMERS” 


►5 


91-06299 

liiliiillii 


91  ^  29  02  3 


P.  Hanggi,  J.  Troc 
N.  G.  van  Kampen 
J.  Tree 


J.  Schroeder 
J.  Jonas,  X.  Peng 

S.  T.  Repinec,  R.  J.  Sension, 

R.  M.  Hochstrasser 

J.  M.  Jean,  G.  R,  Fleming, 

R.  A.  Friesner 

W.  Rettig 

C,  A.  Chatzidimitriou- 
Dreismann,  E.  J.  Briindas 

H.  Frauenfelder, 

G.  U.  Nienhaus,  J.  B.  Johnson 

N.  Agmon  and  S.  Rabinovich 

F.  T.  Arecchi 

D.  J.  Russell,  M.  E.  Paige, 

C.  B.  Harris 

F.  Moss 

P.  Jung,  P;  Hanggi 

B.  Carmeli,  V.  Mujica, 

A.  Nitzan 

P.  Talkner 

M.  M.  Klosek, 

B.  J.  Matkowsky,  Z.  Schuss 

U.  Behn,  K.  Schiele,  R.  Muller 


BERiCHTEDER 
BUNSEN- 
GESELLSCHAFT  i 

Volume  95,  Number  3 


U  s.'  >  , 


'‘A.v 


»TIS  QRA4I 
WIC  lAB 
UoannouQoed 
Justlficatlc<n_ 


□ 

□ 


ly- 


Dlstrlbutlon/ 


Avallabmtr  Codea 
jivail  and/er 
Spaolal 


Olat 

R'\ 


iy.K-  '■  ^ 


225  Rate  Processes  in  Dissipative  Systems;  50  Years  after  Kramers 
225  Remembering  Kramers  (Dinner  Speech) 

228  On  the  Application  of  Kramers’  Theory  to  Elementary  Chemical  Reactions 


233  Photoisomerization  in  Dense  Gases  and  Liquids 

243  High  Pressure  NMR  Studies  of  the  Kramers  Turnover  for  Reactions  in  Liquid 
Solutions 


248  Femtosecond  Studies  of  the  Photoisomerization  of  c/s-Stilbene  in  Solution 


253  Classical  and  Quantum  Models  of  Activationless  Reaction  Dynamics 

259  Solvent  Polarity  Dependent  Formation  Dynamics  of  TICT  States. 

L  Differential  ^Ivatokinetics 

263  Proton  Delocalization  and  Thermally  Activated  Quantum  Correlations  in 
Water;  Complex  Scaling  and  New  Experimental  Results 

272  Rate  Processes  in  Proteins 


278  Stiffness  Effects  in  Multidimensional  Diffusive  Barrier  Crossing 

286  Rate  Processes  in  Low  Dimensional  Chaotic  Systems  with  Many  Attractors 

299  Energy  Dissipation  in  Chemical  Reactions  on  Ultrafast  Timescales 

303  Stochastic  Resonance 

311  Effect  of  Periodic  Driving  on  the  Escape  in  Periodic  Potentials 

319  Dynamics  of  Multidimensional  Barrier  Crossing  in  the  Overdamped  Limit 

327  Interrelations  of  Different  Methods  for  the  Determination  of  Rates;  Flux  Over 
Population,  Generalized  Reactive  Flux,  the  Lowest  Eigenvalue  and  its  Rayleigh 
Quotient 

331  The  Kramers  Problem  in  the  Turnover  Regime;  The  Role  of  the  Stochastic 
Separatrix 

337  Mean  First  Passage  Times  and  Nonlinear  Relaxation  Time  for  Nonlinear  Mod¬ 
els  Driven  by  Dichotomous  Noise 


Gontens 


C.  Van  den  Bro^k, 

V.  Balakrishnan 

342 

First  Passage  Times  and  Transport  in  Systems  with  Disorder 

L,  &himanskyrGeier, 

J.  J.  Hesse,  Ch.  Zulicke 

349 

Harh.j Jiiic  Noise  Driven  Bistable  Dynamics 

F.  Marchesoni 

•  353  ' 

Pair  Nucleation  Rate  in  a  Driven  Sine-Gordon  Chain 

W.  Ebeling,  M-  Jenssen 

356. 

Soliton  —  Assisted  Activation  Processes 

P.  Reineker,  J.  Kohler 

362 

Hopping  of  Quantum  Particles  on-Crystals  with  Energy  Disorder:  Influence 
on.  Spin  Resonance 

W.  Sichirmacher 

368 

Anomalous  Diffusion  in  Disordered'Systems:  An  Effective  Medium  Description 

G.  Carcri,  G.  Consolini 

376 

Proton  Quantum  Tunneling  in  Hydrated  Protein  Surface 

P.  Hanggi,  W.  Hontscha 

379 

Periodic  Orbit  Approach  to  the  Quantum-Kramers-Rate 

P.  S.  Riseborough 

385 

Influence  of  Non-Linear  Dissipation  on  Quantum  Tunneling 

W.  H.  Miller 

389 

Some  New  Approaches  to  Semiclassical  and  Quantum  Transition  State  Theory 

G.  A.  Voth 

393 

A  Feynman  Path  Integral  Approach  for  Calculating  Quantum  Rate  Constants 
in  Complex  Systems 

y.  Ambegaokar 

400 

Quantum  Brownian  Motion  and  its  Classical  Limit 

R.  Landauer 

404 

Traversal  Time  in  Tunneling 

Yu.  Kagan 

411 

The  Role  of  Barrier  Fluctuations  in  the  Tunneling  Problem 

K.  Kondo 

422 

Tunneling  in  Metals  as  a  Dissipative  Quantum  Process 

U.  Weiss,  M.  Sassetti 

427 

Quantum  Coherence  in  Rate  Processes 

S.  Dattagupta,  T.  Qureshi 

433 

Dynamics  of  an  Impurity  Spin  Coupled  to  a  Spin-Boson  Dissipative  System 

H.  Wipf 

438 

Low-Temperature  Tunneling  of  Hydrogen  in  Nb{OH)<  and  Nb(NH);t 

443 

Accepted  Papers 

Nachrichten/News  Section 

446 

Personalia 

447 

Veranstaltungen 

448 

46.  Bunsen-Kolloquium 

448 

Tagungsbericht 

449 

Verschiedenes 

449 

Bucher 

A4 


Ber.  Bwisenges.  Phys.  Chein.  95,  No.  3  (1991) 


N.  G.  van  Kampen:  Remembering  Kramers 


225 


Rate  Processes  in  Dissipative  Systems:  50  Years  after  Kramers 

Discussion  Meeting  of  the  Deutsche  Bunsen-Gesellschaft  fiir  Physikalische  Chemie 
under  the  auspices  of  the  Deutsche  Physikalische  Gesellschaft 
NATO  Advanced  Research  Workshop  (ARW.  890521) 


Reactive  processes  often  take  place  in  the  presence  of  ran¬ 
dom  interactions  of  the  reacting  system  with  its  environ¬ 
ment.  The  article  by  H.  A.  Kramers,  published  in  April  1940 
imPhysica,  Vol.  VII,  pages  284-304,  represented  a;  mile¬ 
stone  in  the  quantitative  analysis.  It  provides  a  description 
for  the  “low  damping”  and  the  “high  damping”  range.  It 
includes  such  important  theories  as  the  transition  state  the¬ 
ory  or  the  Smoluchowski  model  of  diffusion-controlled 
processes.  Since  phenomena  of  the  considered  kind  are  en¬ 
countered  in  many  places  in  physics,  chemistry  and  mole¬ 
cular  biology,  it  appeared  most  appropriate  to  bring  to¬ 
gether  scientists  from  these  different  fields  at  the  occasion 
of  the  fiftieth  anniversary  of  Kramers’  seminal  paper.  The 
goal  of  the  endeavor  was  to  compare  the  progress  of  formal 
solutions  of  the  Kramers  problem,  to  identify  the  common 
principles  and  the  specific  differences  of  the  various  fields  of 
application. 

By  its  multidisciplinary  character,  this  discussion  meeting 
brought  together  colleagues  from  such  distant  fields  as  pho¬ 
tobiology,  high  pressure  chemical  kinetics,  low  temperature 


diffusion  and  Josephson  junctions.  The  participation  was 
really  international,  15  countries  being  represented.  The  or¬ 
ganizers  are  grateful  to  those  organisations,  which  helped 
with  financial  support  such  as  NATO,  the  DFG,  and  the 
Office  of  Naval  Research  (USA),  the  Evangelische  Akademie 
at  Tutzing,  which  provided  the  most  beautiful  facilities  of 
Tutzing  castle,  good  weather,  and  competent  staff,  their  co¬ 
workers,  who  assured  a  smooth  progress  of  the  meeting,  the 
musicians,  who  concluded  the  program  with  a  heartening 
concert,  and,  last  not  least,  all  colleagues,  who  came  and 
took  part  in  the  lively  discussions. 

B.  J.  Berne  (New  York),  H.  Grabert  (Essen),  P.  Hanggi 
(Augsburg),  E.  Poliak  (Rehovot),  and  J.  Troe  (Gottingen) 

Obviously,  the  present  discussion  meeting  should  also  re¬ 
member  the  person  of  H.  A.  Kramers.  We  are  grateful  that 
Professor  N.  G.  van  Kampen,  a  former  student  of  Kramers, 
undertook  this  task  and  presented  the  following  dinner 
speech. 

Peter  Hanggi,  Jurgen  Troe 


Remembering  Kramers 
(Dinner  Speech) 

N.  G.  van  Kampen 

Instituut  voor  Thcoretischc  Fysica,  Rijksuniversiteit  te  Uliccht,  Postbus  80006,  3508  TA  Utrecht,  The  Netherlands 


This  dinner  speech,  presented  at  the  Discussion  Meeting  “50  years  after  Kramers”,  describes  personal 

memories  to  H.  A.  Kramers. 


Ladies  and  gentlemen, 

A  good  paper  begins  by  formulating  the  problem.  Let  me 
tell  you  my  problem.  In  a  letter  sent  to  me  by  the  organizers 
of  this  conference  I  was  asked,  and  I  quote,  “to  present  a 
dinner  speech  covering  a  historical  overview  of  the  life  and 
impact  of  Kramers’  work.  In  view  of  your  connection  with 
the  family  of  Kramers  the  organizers  feel  that  you  would  be 
the  most  appropriate  person  to  present  such  a  talk”. 

What  I  am  supposed  to  do?  To  deal  with  his  work  -  m 
historical  perspective  -  would  make  it  a  very  long  dinner. 
Kramers  was  still  one  of  those  physicists  who  felt  that  the 


whole  of  physics  was  their  field  rather  than  succumbing  to 
the  modern  pressure  to  specialize.  To  deal  with  his  life  would 
amount  to  reciting  parts  of  the  biography  written  by  Max 
Dresden  [1],  who  has  made  a  thorough  study  of  it.  So  what 
am  I  supposed  to  do?  In  this  dilemma  1  have  chosen  the 
golden  mean,  and  shall  talk  about  myself. 

When  Kramers  wrote  his  paper  on  Brownian  motion  m 
1940  I  did  not  know  him  yet.  Only  in  1945,  after  the  war, 
was  it  possible  for  me  to  go  to  his  lectures  without  risk  of 
life  and  limb.  Unfortunately  I  was  not  very  assiduous,  be¬ 
cause  the  newly  recovered  freedom  gave  birth  to  an  exu- 
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beraht  student’s  life.  Once  I  had  a  celebration  that  lasted  all 
night  and  after  I  caine  home  in  the  morning  I  dreamt  that 
I  was  at  a  lecture,  listening.tb  Kramers.  Unfortunately,  when 
1  woke  up  it  turned  out  to  be  true.  In  an  audience  of  six 
that  cannot  go  unnoticed.  But  when  I  met  Kramers  later 
that  day  in  the  street  he  merely  asked  me  mildly  when  I 
intended-to  begin  studying  seriously. 

His  own  teacher  Ehrenfest  had  been  more  drastic.  He 
refused  to  accept  Kramers  as  a  Ph.  D.  student  because  Kra¬ 
mers  had  occasionally  skipped  a  lecture.  He  told  him  to 
become  a  high-school  teacher.  Although  in  those  days  that 
was  quite  a  respectable  position,  in  the  eyes  of  Ehrenfest  it 
was  the  bottom  rung  of  the  scientific  ladder.  Kramers  did 
become  a  teacher,  but  his  mind  was  not  in  it;  He  often 
arrived  late.  When  the  rector  of  the  school  expressed  his 
displeasure  he  answered:  Don’t  forget  that  I  teach  them  in 
half  an  hour  as  much  as  you  do  in  an  hour.  Nonetheless 
the  same  rector  helped  him  to  get  away  and  try  his  luck  as 
a  research  physicist  in  Copenhagen. 

The  purpose  of  the  anecdote  about  my  falling  asleep  is  to 
allow  you  to  discount  what  I  am  now  going  to  say.  In  my 
experience  Kramers  was  not  a  good  lecturer.  He  was  think¬ 
ing  of  too  many  aspects  of  his  subject,  and  he  would  not 
simplify  as  a  first  approximation  suitable  for  students.  This 
became  painfully  clear  in  a  series  of  popular  lectures  he  gave 
in  the  fall  of  1945.  Also  his  book  on  quantum  mechanics, 
on  which  he  spent  so  much  energy,  failed  as  a  textbook.  It 
contains  numerous  treasures,  but  a  beginning  student  can 
easily  get  drowned  in  it  -  I  can  tell  you.  A  case  in, point  is 
the  way  he  treats  field  quantization.  He  conscientiously  ex¬ 
plains  it  as  a  change  in  representation,  but  then  dismisses 
the  by  no  means  simple  algebra  as  too  trivial  to  bother 
about.  That  is  a  pity:  if  the  book  had  been  more  pedagogical 
it  might  have  prevented  the  prevailing  misconception  of  sec¬ 
ond  quantization  among  field  theorists. 

Kramers  was  not  an  argumentative  debater,  on  the  con¬ 
trary.  When  you  would  bring  up  a  point  of  discussion,  either 
in  physics  or  otherwise,  he  would  listen  attentively,  think 
about  it,  and  carefully  formulate  an  answer.  No  wonder  that 
he  was  universally  liked  and  trusted  —  although  it  is  true 
that  sometimes  his  answer  would  be  couched  in  rather  sib¬ 
ylline  terms  and  those  who  knew  them  could  detect  an  ironic 
twinkling  in  his  eyes.  Once  he  told  me  that  in  his  opinion 
one  should  give  every  person  a  religion  that  did  not  fit  him. 
At  the  time  I  took  it  to  mean  that  one  should  try  to  keep 
the  balance,  but  later  I  realized  that  he  may  also  have  meant 
something  entirely  different.  No  wonder  either,  that  his  as¬ 
sistance  was  often  requested  when  a  difficult  situation  arose 
and  feelings  got  excited.  Unfortunately  that  sometimes 
meant  a  heavy  toll  on  his  time  and  energy,  as  in  the  following 
case. 

In  1946  he  was  appointed  by  the  government  as  a  sci¬ 
entific  advisor  and  alternate  to  the  Dutch  representative  in 
the  Atomic  Energy  Committee  of  the  United  Nations.  While 
serving  in  that  capacity  he  was  elected  as  chairman  of  the 
Scientific  and  Technological  Subcommittee,  against  the  op¬ 
position  of  Gromyko.  He  managed  to  gently  steer  the  sub¬ 
committee  to  a  satisfactory  conclusion  in  the  form  of  a  unan¬ 


imous  report.  I  am  proud  to  know  that  the  same  mild  way 
of  remonstrating  used  earlier  to  get  me  back  to  work  was 
also  instrumental  in  subduing  Gromyko.  The  subcommit¬ 
tee’s  report  later  disappeared  in  the  political  hassle,  which 
goes  to  show  that  one  should  never  waste  one’s  time  on 
committees  set  up  by  politicians. 

Let  me  go  back  to  the  year  1916,  when  Kramers,  not  yet 
22  years  old,  took  the  traiin  to  Copenhagen,  to  study  with 
Niels  Bohr.  There  he  remained  10  years,  wrote  a  Ph.  D. 
thesis,  married  a  Danish  wife,  and  played  a  pivotal  role  in 
the  development  of  quantum  mechanics.  In  1924  and  1925 
he  managed  by  means  of  an  unparalleled  tour  de  force  to 
construct  a  quantum  mechanical  formula  for  the  scattering 
of  light  by  an  atom,  even  though  quantum  mechanics  did 
not  yet  exist.  He  did  this  by  an  inimitable  combination  of 
knowledge  and  insight;  others  might  say  by  hook  and  by 
crook.  It  was  published  in  a  paper,  which  I  am,  afraid  few 
people  have  ever  understood  —  but  for  the  resulting  for¬ 
mula.  Although  the  paper  carried  the  name  of  Heisenberg 
as  joint  author  it  was  very  much  Kramers’  work.  The  im¬ 
portance  of  this  Kramers-Heisenberg  dispersion  formula 
was  not  confined  to  the  special  problem  of  light  scattering. 
It  served  as  a  stepping  stone  from  which  Heisenberg  arrived 
at  the  general  formulation  of  quantum  mechanics,  and 
thereby  stole  the  show.  Kramers’  role  in  the  early  devel¬ 
opment  of  quantum  mechanics  is  often  forgotten.  I  hope 
that  Dresden’s  book  will  be  instrumental  in  putting  the  rec¬ 
ord  straight. 

Yet  Kramers  was  never  satisfied  by  the  way  in  which 
quantum  mechanics  treats  the  interaction  between  the  elec¬ 
tron  and  the  electromagnetic  field.  Each  electron,  when  con¬ 
sidered  as  a  point  particle,  is  surrounded  by  a  field  of  infinite 
strength  and  infinite  energy,  namely  its  own  electrostatic 
field.  This  appeared  already  in  the  classical  theory  of  Lor- 
entz.  Lorentz  eliminated  the  infinite  energy  by  adding  it  to 
the  bare  mass  of  the  electron  to  give  a  combined  mass  — 
which  is  the  mass  observed  in  experiments.  Kramers’  aim 
was  to  eliminate  the  entire  self  field  of  the  electron  by  treat¬ 
ing  it  as  part  and  parcel  of  the  electron.  He  gave  a  talk 
about  his  idea  at  the  Shelter  Island  conference  in  1947  and 
thereby  launched  the  idea  of  renormalization  in  quantum 
mechanics.  This  idea  caught  fire,  and  Bethe,  on  his  way 
home,  applied  it  in  a  rough  calculation  of  the  radiative  cor¬ 
rection  of  the  energy  levels  of  an  atom.  “He  works  so  much 
faster  than  I”,  Kramers  once  ruefully  said  to  me,  but  then 
his  own  aim  was  more  ambitious  and,  moreover,  he  was 
overburdened  by  his  duties  in  the  AEC.  And  his  health  was 
beginning  to  fail. 

He  ended  up  by  dumping  his  calculations  into  my  lap  as 
a  subject  for  my  thesis.  At  first  I  was  rather  overwhelmed 
by  all  these  yellow  pad  sheets  covered  with  calculations 
without  text.  At  the  time  it  was  not  customary  to  bother 
your  professor  and  of  course  Kramers  had  many  other  ob¬ 
ligations,  so  we  talked  about  it  roughly  once  every  six  weeks. 

Nor  should  one  expect  to  be  encouraged  by  approbation 
or  praise.  I  remember  that  once  Kramers  said  to  me  that 
he  had  received  some  reprints  from  de  Broglie,  since  he  was 
going  to  visit  Paris,  he  asked  me  to  read  them  and  tell  him 
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the  contents.  After  a  week’s  struggle  I  gave  up  and  told  him 
that  either  I  was  a  fool  or  de  Broglie.  He  replied  that  he 
guessed  that  it  was  de  Broglie.  This  was  the  only  explicit 
expression  of  appreciation  I  received  during  my  thesis  work. 
Nonetheless  he  managed  to  convey  the  feeling  of  a  shared 
effort  and  a  common  aim,  which  was  more  stimulating  than 
words  of;praise,  and  did  more  to  create  ties  of  friendship. 

In  1950  Kramers  arranged  for  me  to  go  to  the  Niels  Bohr 
Institute.  The  international  community  of  scientists  was  tre¬ 
mendously  stimulating,  but  the  contact  with  my  thesis  ad¬ 
visor  was  reduced  to  his  occasional  visits  to  Denmark.  Once, 
while  he  spent  a  short  vacation  at  Bohr’s  cottage  at  Tisvilde, 
he  asked  me  to  come  there  for  the  weekend  to  discuss  my 
work.  When  I  arrived  on  bicycle  from  Copenhagen,  he  said: 
you  are  tired  and  hot,  let  us  first  go  for  a  swim.  We  went 
to  the  beach,  walked  into  the  sea,  but  by  the  time  the  water 
had  reached  my  navel  Kramers  said:  in  your  chapter  IV 
about  the  Raman  effect....  And  so  we  stood  there  discussing 
for  a  long  time.  Although  I  never  thought  that  scientific 
discussions  should  be  confined  to  office  hours  and  appro¬ 
priate  surroundings,  it  had  not  occurred  to  me  that  I  would 
have  to  defend  my  thesis  halfway  submerged  in  the  Kattegat. 

In  1926  Kramers  returned  to  the  Netherlands  to  become 
a  professor  at  Utrecht.  He  became  more  concerned  with  the 
applications  of  quantutn  mechanics  to  various  fields,  such 
as  solid  state  and  in  particular  magnetism.  I  cannot  review 
these  many  and  varied  topics  he  dealt  with,  Init  let  me  men¬ 
tion  as  a  few  highlights:  the  Kramers-Kronig  relations,  the 
transfer  matrix,  and  the  work  on  polymers.  The  publications 
can  all  be  found  in  the  Collected  Works. 

It  is  a  pity  that  Dresden’s  book  had  no  room  for  all  this, 
although  a  short  account  has  appeared  in  Physics  Today, 
September  1988.  Allow  me  to  insert  here  a  word  of  criticism 
addressed  at  Dresden.  He  emphasizes  that  in  many  subjects 
Kramers  did  all  the  groundwork  but  failed  to  make  the 
decisive  step.  There  is  a  grain  of  truth  in  it,  but  to  consider 
that  as  a  basic  flaw  of  Kramers  as  a  physicist  seems  to  mo 
unfair.  Does  one  blame  Lorentz  for  not  taking  the  final  step 
to  relativity?  Einstein  for  not  going  on  to  discover  quantum 
mechanics?  Columbus  for  stopping  half  way  on  his  voyage 
to  India?  Rather  I  think  that  it  is  in  the  nature  of  things 
that  those  who  laboriously  lay  the  foundations  for  the  new 
development  no  longer  have  the  freshness  of  mind  needed 
to  discern  an  entirely  new  approach. 

When  in  1934  Kramers  was  appointed  in  Leiden  as  the 
successor  to  Ehrenfest  his  interest  in  statistical  mechanics 
was  already  fully  developed.  He  admired  the  mathematical 
elegance  of  the  Gibbs  approach,  but  was  equally  conversant 
with  the  more  physical  ideas  of  Boltzmann  and  Ehrenfest. 
His  views  are  reflected  in  the  textbook  that  his  student  ter 
Haar  wrote  in  1954.  It  is  in  the  vein  of  the  Boltzmann  ap¬ 
proach  that  he  wrote  down  the  equation  for  the  probability 
density  in  phase  space  of  a  Brownian  particle  in  a  field  of 
force  and  formulated  the  escape  problem.  The  motivation 
was  that  this  might  describe  chemical  dissociation,  as  sug¬ 
gested  by  Christiansen,  and  perhaps  also  the  recently  dis¬ 
covered  nuclear  fusion.  But  it  is  clear  that  these  applications 
mainly  serve  as  an  excuse,  and  that  Kramers  is  fascinated 


by  the  mathematical  problem.  Much  is  said  about  it  during 
this  meeting  and  I  only  want  to  make  a  few  comments. 

No  potential  having  a  well  and  a  barrier  is  known  for 
which  the  Kramers  equation  can  be  solved  analytically.  The 
game  is  therefore  to  disign  an  approximation  method.  The 
remarkable  thing  is  that  Kramers  appears  to  have  done 
almost  everything  that  can  be  done.  Although  his  results 
are  not  as  complete  as  one  might  wish,  the  half  century  since 
his  paper  was  published  has  taught  us  that  it  is  very  hard 
to  find  essential  improvements.  It  is  a  typical  Kramers  paper, 
containing  many  gems,  but  as  a  whole  somewhat  confusing. 
It  needs  a  careful  perusal  and  that  may  well  be  the  reason 
that  it  was  not  well  known  for  many  years. 

The  first  gem  is  the  discovery  of  the  curious  fact  that  it 
is  sufficient  to  investigate  the  stationary  case,  even  though 
one  is  interested  in  a  decay  rate.  Note  that  this  is  not  an 
approximation,  but  is  precisely  correct  within  the  margin  of 
uncertainty  inherent  in  the  very  concept  of  escape  time. 

The  second  gem  is  that  in  the  limit  of  large  friction  the 
equation  reduces  to  a  diffusion  equation  in  coordinate  space 
alone.  This  requires  the  elimination  of  the  momentum  of  the 
particle,  which  Kramers  achieved  by  means  of  an  ingenious 
step.  This  has  now  become  an  industry  under  the  title  “ad¬ 
iabatic  elimination  of  fast  variables”. 

Thirdly,  having  obtained  this  one-dimensional  diffusion 
equation  Kramers  found  the  mean  first-passage  time  by  de¬ 
riving  a  formula  for  it,  which  is  now  common  knowledge, 
although  it  is  occasionally  rediscovered. 

In  order  to  treat  the  case  that  the  friction  is  not  large  he 
used  a  fourth  ingredient:  he  decomposed  the  range  of  the 
coordinate  into  one  region  around  the  top  of  the  potential 
barrier,  and  another  region  covering  the  potential  well.  This 
has  now  become  a  standard  trick  of  singular  perturbation 
theory.  It  enables  one  to  apply  different  expansions  in  both 
regions,  provided  one  can  fit  them  smoothly  together  so  as 
to  get  an  approximation  that  covers  the  whole  range. 

The  fifth  ingredient  is  a  real  gem:  the  very  ingenious  con¬ 
struction  of  a  solution  in  the  barrier  region.  It  is  true  that 
this  is  only  one  special  solution,  but  it  is  precisely  the  one 
he  needs:  no  incident  particles  from  infinity,  and  thermal 
equilibrium  on  the  side  of  the  well.  Hence  it  can  be  attached 
smoothly  to  the  equilibrium  distribution  inside  the  well. 
Kramers  also  realized  that  for  very  small  friction  the  fluc¬ 
tuations  might  not  be  able  to  maintain  the  equilibrium  in 
the  well;  rather  the  leakage  across  the  barrier  would  deplete 
the  high  energy  tail  of  the  distribution.  For  this  case  he 
introduced  his  sixth  device.  In  the  limit  of  low  friction  the 
particle  in  the  well  oscillates  roughly  with  a  constant  energy. 
It  is  therefore  possible  to  average  out  the  phase.  This  leads 
to  a  one-dimensional  diffusion  equation  in  the  energy  scale, 
from  which  it  is  easy  to  compute  the  average  time  needed 
to  reach  the  energy  of  the  top  of  the  barrier. 

There  are  two  difficulties  with  this  low  friction  limit.  First 
It  is  manifestly  correct  if  the  barrier  is  a  sharp  cusp,  but  if 
it  has  a  smooth  top  the  motion  near  the  top  is  slow  and 
phase  averaging  is  problematic.  The  second  difficulty  is  that 
there  is  no  bridge  between  this  result  and  the  previous  one 
for  large  and  intermediate  friction.  Kramers  confesses  that 
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,  he  has  not  found  it.  Many  authors  haye  tried,  and  it  is  the  Reference 

■task' of  this  conference  to  decide  whether  tris  bridge  now  q-j  Kramers.  Between  Tradition  and  Revo- 

exists.  lution”  Sprihger-Verlag,  New  York,  Berlin,  Heidelberg  1987. 

Kramers  machte  es  alleine 

Wir  machen  es  zusammen, 

Denn  wir  sind  nur  kleine! 
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Kramers’  diffusion  model  in  the  energy  controlled  low  viscosity  and  the.  momentum  controlled  high 
viscosity  range  is  confronted  with  reality  for  elementary  unimolecular  reactions  and  radical  associations 
in  dense  media.  Collisional  energy  transfer  appears  to  be  much  more  complicated  than- described  by  the 
idealized  model.  On  the  other  hand,  there  are  examples  where  the  Kramers-Smoluchowski  equation  well 
describes  the  transition  to  high  viscosity  behavior.  In  other  cases,  solvent  shifts  of  the  reaction  barriers 
are  pronounced  and  superimposed  on  the  transport  effects  described  by  Kramers’  model. 


1.  Introduction 

H.  A.  Kramers’  article  of  1940  [1],  on  Brownian  motion 
in  a  force  field  and  the  diffusion  model  of  chemical  reactions, 
presents  a  milestone  in  studies  of  medium  influences  on  rates 
of  chemical  reactions.  In  particular,  our  own  program  of 
studying  elementary  reactions  over,  wide  density  ranges  in 
the  same  solvent  [2, 3],  from  low  pressure  gas  via  high  pres¬ 
sure  liquid  phase  into  solid  environments,  has  followed  Kra¬ 
mers’  concept  very  closely.  For  selected  cases,  experiments 
of  this  type  are  available  noW,  such  that  one  may  ask  to 
what  extent  the  idealized  Kramers  model  applies,  or  where 
more  complicated  situations  are  encountered  in  reality.  Kra¬ 
mers’  discussion  clearly  distinguishes  between  the  small  and 
large  viscosity  ranges,  the  former  being  characterized  by  a 
diffusion  equation  of  the  Fokker-Planck-type  on  the  energy 
scale,  the  latter  on  the  reaction  coordinate.  The  following 
article  briefly  reviews  which  complications  in  reality  arise  in 
the  low  and  high  damping  regimes  which  leave  a  lot  of 
unsolved  uncertainties  beyond  the  formal  solution  of  the 
Kramers  problem. 

2.  Unsolved  Problems  in  the  Low  Damping  Range 

In  the  gas  phase  low  pressure  limit  of  unimolecular  iso¬ 
merization,  dissociation,  and  the  reverse  termolecular  as¬ 
sociation  reactions  obviously  the  rate  determining  individ¬ 
ual  collisional  energy  transfer  process  is  of  central  impor¬ 
tance.  Detailed  experiments  [4, 5]  of  this  process  have  shown 
that  it  cannot  be  related  to  a  macroscopic  viscosity  in  the 
way  initially  suggested  by  Kramers.  Trajectory  calculations 
[6]  have  revealed  its  highly  irregular  character.  Furthermore 
it  has  been  shown  that,  although  the  diffusion  theory  [7—9] 
provides  a  useful  limiting  description  for  ineflicient  colli- 
sional  energy  transfer  (average  energy  transfer  j,  <A£->  « 
kT),  in  reality  more  efficient  collisions  operate.  Therefore, 
the  diffusion  treatment  has  to  be  generalized  by  solutions  of 


the  complete  master  equation.  Sometimes,  there  are  very 
strong  and  relatively  weak  energy  transfer  contributions 
which  operate  simultaneously  in  one  system  [10];  In  addi¬ 
tion,  two-dimensional  master  equations  have  to  be  solved 
on  the  energy  and  angular  momentum  scales  [9,  11-14], 
such  that  even  the  formal  treatment  of  the  diffusion  problem 
on  these  two  scales  is  nontrivial,  apart  from  the  difficulties 
of  understanding  state-to-state  collisional  energy  transfer 
cross-sections.  In  this  sense,  the  low  damping-small  viscosity 
treatment  of  Kramers  in  chemical  applications  has  to  be 
replaced  by  far  more  complicated  considerations. 

In  the  following  we  briefly  review  additional  mechanistic 
complications  which  may  occur  in  the  combination  of  atoms 
with  atoms  and  with  small  polyatomic  molecules.  In  this 
case,  there  are  activation-deactivation  pathways  which  often 
dominate  the  low  temperature  reactipn  and  which  are  not 
included  in  a  diffusion  model  at  all.  The  related  problems 
deserve  much  more  attention  from  the  side  of  theory  and 
are,  therefore,  emphasized  in  the  following.  The  mechanisms 
considered  probably  involve  major  contributions  from  sol¬ 
vent-reactant  van  der  Waals  clusters.  Furthermore,  since  the 
reactants  are  open  shell  species,  larger  numbers  of  electronic 
states  may  contribute  with  collision-induced  and  cluster- 
enhanced  nonadiabatic  transitions  between  these  states.  Be¬ 
cause  these  effects  vary  over  the  low  to  high  damping  tran¬ 
sition  of  the  Kramers  problem,  they  require  careful  attention 
besides  the  transport  aspects  discussed  in  the  Kramers 
model. 

As  an  example,  we  consider  the  ozone  forming  combi¬ 
nation 

O-bOz  +  M^Oj  +  M  (1,-1) 

and  the  reverse  ozone  dissociation.  In  the  limiting  low  pres¬ 
sure  range  in  the  gas  phase,  the  third  order  rate  coefficient 
has  a  very  strong  temperature  dependence  [15]  (  see  Figs. 
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Low  pressure  third  order  rate  coefficients  WCAr]  of  the  recombi¬ 
nation  O  -1-  Oj  +  Ar— ♦  0}  +  Ar  (closed  circles:  recombination 
experiments,  ^  Ref.  [i5];  open  circles;  converted  from  dissociation 
ett^periments,  ke  Ref.  [IS];  dashed  line;  from  calculated  strong  col¬ 
lision  unimolecular  rate  coefficients,  see  Ref.  [16] 


(symbols  as  in  Fig.  1,  see  Ref.  [15]) 

1  and  2,  for  M  =  Ar  and  He  respectively).  Fig.  1  includes 
theoretical  rate  calculations  [9,16]  for  the  strong  collision 
limit  (j/^£'>  ^  kT).  At  T  >  KXX)  K,  the  experimental 
rate  coefficients  are  about  a  factor  of  100  below  the  strong 
collision  calculation  such  that  the  diffusion  limit  of  the  en¬ 
ergy  transfer  mechanism  seems  to  apply.  How'ever,  with  de¬ 
creasing  temperature  the  rate  coefficient  rises  much  stronger 
than  any  collisional  energy  transfer  model  [4-6]  would 


predict.  At  low  temperatures  it  markedly  exceeds  the  strong 
collison  calculation.  These  observations  suggest  dominant 
contributions  from  the  radical  complex  mechanism  involv¬ 
ing  steps  like 

O  -f  M  ^  OM  (2,-2) 

OM  -F  Oz  O3  -1-  M  (3,-3) 

and/or  contributions  involving  shallow  excited  electronic 
states  of  O3,  see  below.  Before  the  contributing  specifis  and 
states  are  well  characterized  by  quantum-chemical  calcula¬ 
tions  or  separate  experiments,  the  components  of  the  reac¬ 
tion  in  addition  to  the  energy  transfer  mechanism  can  hardly 
be  understood. 

The  situation  described  for  the  ozone  system  is  typical 
and  known  for  atom  recombination  reactions  [17],  The  new 
experiments  indicate  that  small  polyatomic  systems  show 
similarly  complicated  mechanisms  which  also  cannot  be  ide¬ 
alized  by  Kramers’  model. 

3.  The  Low-High  .Damping  Transition  Range 

Investigations  of  the  gas-liquid  transition,  from  moder¬ 
ately  high  carrier  gas  pressures  to  low  viscosity  liquid  sol¬ 
vents,  provides  an  interesting  access  to  the  phenomena  dis¬ 
cussed  in  Kramers’  model.  At  first,  there  is  the  typical  fallolT 
behavior  of  the  standard  energy  transfer  mechanism  of  un¬ 
imolecular  reactions  which,  because  of  its  multi-dimen¬ 
sional-many  coordinate  formalism,  supersedes  the  one-di¬ 
mensional  Kramers  model.  Narrow  Kramers  turn-overs 
.  from  the  low-  to  the  high-damping  regime,  except  for  dia¬ 
tomic  systems,  are  not  expected  within  this  theory  [2,18]. 
The  experimental  results  by  Jonas  and  his  coworkers  (see. 
c-g-  [19])  of  narrow  rate  coefficient  maxima  on  the  pressure 
scale,  therefore,  probably  cannot  be  interpreted  by  a  low- 
high  damping  transition  of  a  transport  mechanism  [20]. 
Besides  the  falloff  pressure  dependence  of  typical  unimolec¬ 
ular  reactions,  there  is  ample  experimental  evidence  now  for 
a  more  complicated  transition  behavior,  which  can  be  at¬ 
tributed  to  mechanisms  involving  clusters  and  electronically 
nonadiabatic  reactions.  For  instance,  the  recombination  of 
iodine  atoms  [21,22]  and  bromine  atoms  [23]  at  high  inert 
gas  densities  [M]  show  marked  deviations  from  the  recip¬ 
rocal  rate  addition  law 

1/k  »  1/ko  -F  l/kjiff  (4) 

(ko  denotes  the  pressure-proportional  low  pressure  second 
order  rate  coefficient  and  kj,t[  indicates  second  order  rate 
coefficient  of  the  diffusion  controlled  reaction).  The  transi¬ 
tion  between  ko  and  kd,iican  be  much  broader  [21  -23]  than 
given  by  Eq.  (4);  for  iodine  recombination  in  gaseous  pro¬ 
pane  [21],  the  reaction  order  exceeds  3;  S-shaped  curves  arc 
observed  in  the  carrier  gas  He.  More  dramatic  deviations 
for  the  recombination  of  chlorine  atoms  [24]  in  Nz  and  CO2 
require  further  confirmation.  Here  one  may  think  of  the 
formation  of  relatively  stable  CIN2  or  CICO2  intermediates 
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which  trap  the  halogen  atoms.  Similar  effects  where  ob¬ 
served  in  the  recombination  of  CHj  radicals  in  as  op- 
posedTo  that  in  Ar  [25]  where  N2CH3  radicals  may  play  a 
role.  These  effects,  which  all  take  place  in  the  gas  pressure 
range  1—100  bar  (at  room  temperature),  suggest  an  impor¬ 
tant  role  of  reactant-carrier  gas  clusters  or  even  reactant- 
carrier  gas  chemical  intermediates.  The  presence  of  large 
quantities  of  I— C2H6  clusters  at  C2H6  pressures  near  1  bar 
has  recently  been  confirmed  by  calculations  [26]. 


lArl/cm'^ 


Fig.  3 

Dependence  of  second  order  rate  coefficients  k  of  the  recombination 
O  +  O2  +  Ar  — *  Oj  +  Ar  on  the  bath  gas  concentration  [Ar] 
(from  Ref.  [15]) 


Fig.  4 

.Simplified  model  of  the  density  dependence  of  rate  coefficients  of 
unimolecular  reactions  according  to  Eq.  (5)  (see  Refs.  [2, 18]j 

Mechanistic  complications  can  lead  to  unexpected  pres¬ 
sure  and  temperature  dependences  in  the  low -high  damping 
transition  range.  As  an  example  we  again  refer  to  the  ozone 


system  where  Fig.  3  illustrates  the  corresponding  experi¬ 
ments  between  100  and  400  K  at  Ar  pressures  up  to  1  kbar. 
The  various  changes  in  reaction  order  appear  surprising  and 
unexpected.  The  full  analysis  has  to  wait  for  better  quantum- 
chemical  calculations  of  excited  electronic  states  and  for  a 
more  elaborate  theory  of  collision-induced  nonadiabatic 
transitions  (see,  e.g.,  the  work  for  I2  in  Ref.  [27]).  Fig.  3  is 
also  in  relation  to  the  “feeling”  of  generations  of  kineticists 
about  electronic  degeneracy  factors  in  atom  recombination: 
at  low  pressures  recombination  was  thought  to  proceed  only 
via  the  electronic  ground  state  whereas  in  liquid  phase  a 
contribution  of  all  or  at  least  a  major  part  of  the  electronic 
slates  correlating  two  radicals  was  suggested.  This  problem 
is  by  no  means  solved.  Fig;  3  shows  how  complicated  the 
transition  between  the  gas  phase  low  pressure  and  the  con¬ 
densed  phase  range  can  be. 

4.  Elementary  Chemical  Reactions  in  the  Kramers- 
Smoluchowski  High  Damping  Range 

In  view  of  the  many  unsolved  problems  and  the  variety 
of  different  phenomena  contributing  to  the  low  and  inter¬ 
mediate  density  ranges  such  as  discussed  in  sections  2  and 
3,  which  have  all  not  been  considered  in  Kramers’  treatment, 
it  appears  reasonable  to  completely  separate  the  treatments 
in  the  low  and  high  damping  ranges  of  the  Kramers  model. 
For  the  low  damping  range,  Kramers’  approach  has  to  be 
replaced  by  conventional  unimolecular  rate  theory  including 
adequate  energy  transfer  models  and  accounting  for  the  ad¬ 
ditional  mechanisms  discussed  in  section  2.  The  combina¬ 
tion  with  the  high  damping  Kramers-Smoluchowski  treat¬ 
ment  then  can  logically  be  achieved  by  modifying  the  bound¬ 
ary  condition  of  the  large-viscosity  Kramers  solution  such 
as  elaborated  in  Ref.  [18].  In  this  way  the  low-viscosity  limit 
of  the  large-viscosity  Kramers  solution  is  replaced  by  the 
general  gas  phase  unimolecular  rate  expression.  It  is  trivial 
to  show  [2, 18]  that,  in  first  approximation  this  again  leads 
to  a  reciprocal  rate  addition  law,  see  Fig.  4, 

1/k  «  l/A'o  +  l/Z^oo  +  lAd.ff  (5) 


where  k^),  and  describe  the  low  pressure  gas  phase,  the 
high  pressure  gas  phase  and  the  diffusion  control  rate  co¬ 
efficients  (being  of  first  order  for  a  unimolecular  reaction,  of 
second  order  for  a  bimolecular  association  reaction).  The 
transition  between  the  different  ranges  in  the  next  approx¬ 
imation  is  corrected  by  suitable  broadening  factors  [28]. 

In  the  present  section  we  inspect  some  experimental  stud¬ 
ies  of  elementary  chemical  processes  in  the  Kramers-Smo¬ 
luchowski  high  damping  range,  iu  particular  with  respect  to 
the  viscosity  dependence  of  the  rate.  We  ask  to  what  extent 
the  effects  of  frequency  dependent  friction  in  the  “turnover 
problem”  (see  e.g.  Refs.  [29,30])  have  become  visible  and/ 
or  which  other  phenomena  may  have  manifested  themselves. 
We  only  consider  studies  in  single  solvents  where  viscosities 
were  laried  by  pressure  (and  temperature)  changes.  Halogen 
atom  recombinations  in  the  gas-liquid  transition  range  in 
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all  cases  were  found  [21— 23, 31],  to  approach  a  oc  l/»? 
relationship  well  characterized  by  Smoluchowski’s  equation 
for  diffusion  control.  This  behavior  was  confirmed  up  to 
5—7  kbar  in  rare  gases,  small  alkanes  like  ethane,  but  also 
larger  liquid  alkanes  like  n-heptane,  methylcyclohexane  and 
i-octane.  Since  no  surprises  were  observed  in  these  cases 
characterized  by  Morse-type  potentials,  similar  experiments 
with  energy  barriers  should  be  inspected. 


Fig.  5 

First  order  rate  coefficients  of  the  photoisomerization  of  trans-stil- 
bene  in  ethane  (  open  circles;  experiments  from  Ref.  [32];  full  line; 
representation  by  Eq.  (5)  with  fitted  threshold  energy:  dashed  line; 
Eq.  (5)  with  threshold  energy  from  isolated  molecule  experiments) 


First  order  rate  coefficients  of  the  photoisomerization  of  trans-stil- 
bene  in  hexane  ( full  circles  and  full  lines  from  Ref.  [35];  dashed 
line  from  Ref.  [34],  open  circles:  solvents  =  n-alkanes  at  1  bar  [33] 

Association  reactions  of  this  type,  for  instance  the  addi¬ 
tion  of  atoms  to  double  bonds  such  as  H  +  ethylene  or 
H  +  benzene  having  small  barriers  in  the  4-12  kJ  mol^' 
range,  have  not  yet  been  studied  in  this  way.  However,  uni- 
molecular  isomerization  reactions  with  small  barriers  are 
ideal  model  systems  for  the  considered  problem.  In  partic¬ 


ular,  the  isomerization  of  electronically  excited  trans-stil- 
bene  and  diphenylbutadiene  have  provided  a  large  amount 
of  relevant  data.  Experiments  in  compressed  ethane  (see  the 
last  results  [32]  shown  in  Fig.  5)  follow  precisely  the  Kra- 
mers-Smoluchowski  equation  approaching  k  cc  1/j)  in  the 
high  damping  limit  (the  log/:  -  logl/Z)  plot  is  chosen  in 
Fig.  5  in  order  to  represent  the  gas-liquid  transition  in.  the 
most  reasonable  way).  While  no  signs  of  a  frequency  de¬ 
pendence  of  the  friction  are  observed  in  this  case,  where 
viscosities  of  the  solvent  up  to  about  0.6  cP  were  applied, 
the  situation  changes  with  more  complex  solvent  molecules. 
For  instance,  experiments  in  compressed  n-hexane  in  the  tj 
=  0.3—3  cP  range  showed  k  cc  t}~‘‘  dependences  with  a  = 
0.3-0.5  [33-35],  see  Fig.  6. 

The  comparison  of  Figs.  5  and  6  shows  a  striking  differ¬ 
ence.  While  the  reaction  in  ethane  at  «  0.5  cP  accurately 
follows  the  1/fj-dependence  of  the  Smoluchowski  limit  of 
Kramers’  theory,  at  the  same  viscosity  strong  deviations 
occur  in  n-hexane.  First,  this  indicates  that  “isoviscosity 
plots”  of  reaction  rates  are  not  meaningful  in  this  case. 
Doubts  arise  whether  they  are  meaningful  in  other  systems. 
Second,  the  temperature  and  pressure  dependences  as  well 
as  the  dependences  on  the  nature  of  the  solvent  [32,36,37] 
show  such  a  complicated  behavior  that  frequency  dependent 
friction,  if  of  importance  at  all,  is  only  one  of  several  factors 
influencing  the  reaction  dynamics  in  dense  media.  Third,  the 
comparison  of  isolated  molecule  isomerization  data  and  the 
construction  of  transition  curves  into  dense  environments 
with  the  actual  measurements  (see  Fig.  5)  shows  dramatic 
differences  in  stilbene  and  smaller  but  still  marked  differ¬ 
ences  in  diphenylbutadiene  [32,37].  What  looks  like  the 
transition  state  theory-low  damping  limit  of  Kramers  theory 
in  Fig.  6,  apparently  is  already  highly  “contaminated”  by 
reactant-solvent  interactions  compared  to  the  isolated  mole¬ 
cule  reaction.  We  have  attributed  this  to  a  modification  of 
the  potential  energy  surface  in  clusters  which  is  typical  for 
the  0.1  - 100  bar  range,  i.e.  like  for  atom  recombination  we 
have  postulated  a  “cluster  mechanism”  operating  in  the  in¬ 
termediate  damping  range.  If  the  Kramers  equation  applies 
at  higher  densities,  such  as  shown  in  Fig.  5,  this  apparently 
means  that  further  solvation  of  the  cluster  here  does  not 
influence  the  potential.  On  the  other  hand,  the  ^/-dependence 
observed  in  n-hexane  may  indicate  stronger  interactions  and 
modifications  of  the  potential  and/or  microviscosity  effects 
such  as  frequency  dependent  friction.  The  effects  cannot  be 
separated  in  a  unique  way  such  as  emphasized  before  [28]. 
Apart  from  the  difference  between  the  “predicted”  and  meas¬ 
ured  curves  in  Fig.  5,  shifts  of  the  onset  of  a  decay  of  k  on 
the  £>“ '-scale  between  different  low  viscosity  solvents 
[32, 37]  clearly  demonstrate  the  presence  of  solvent-specific 
reactant-solvent  interactions  in  the  cluster  range.  For  this 
reason,  studies  of  isomerization  rates  of  energy-  specifically 
excited  isolated  well-defined  stilbene-solvent  clusters  are  of 
great  importance  and  should  be  done  urgently. 

There  arise  further  complications  in  the  analysis  when  the 
temperature  dependences  of  the  rates  are  investigated  in 
addition  to  the  pressure  dependences.  Recent  work  m  this 
direction  [32,37]  has  emphasized  the  different  role  which 
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the  multidimensionality  of.  the  potential  plays  in  the  Smo- 
luchowski  high  damping  and  in  the  unimolecular  reaction 
"  low' damping  regime.  In  the  high  damping  range  the  shape 
of  the  potential  near  to  the  saddlepoint,  i.e.  anharmonicity 
in  the  reaction  coordinate  and  nonlinear  coupling  with  the 
perpendicular  coordinates,  can  have  a  marked  effect  on  the 
temperature  dependence  of  k  in  the  Smoluchowski  limit, 
fhis  aspect  merits  further  attention. 

5.  dh  the  Interpretation  of  Empirical  “Activation 
Volumes” 

Experimentalists  working  on  high  pressure  liquid  phase 
reaction  kinetics  traditionally  represent  their  data  in  the 
language  of  conventional  transition  state  theory,  i.e.  by  de¬ 
riving  “activation  volumes” 

AK+  =  -Rr(dlnk/dp)r.  (6) 

According  to  the  foregoing  discussions,  the  interpretation  of 
AK*  is  a  complicated  task  being  much  more  involved  then 
done  in  the  usual  “naive"  picture.  Solvent-reactant  inter¬ 
actions  in  clusters,  solvent-reactant  “shifts”  of  the  barriers 
in  solution,  as  well  as  pressure  dependences  of  the  transport 
processes  all  are  included  in  the  formal  AK*  [18,28,38]. 
The  picture  of  a  “volume”  obviously  can  be  most  misleading. 
Separating  off  the  transport  contribution',  and  relating  the 
reactant-solvent  modification  of  the  potential  with  the  “tran¬ 
sition  state  activation  volume”  AKtIti  in  the  Smoluchowski 
range  of  Fig.  5  one  would  have  AFtIt  «  0.  A  contribution 
Ak'-rer  ^  0  may  be  present  in  Fig,  6,  however,  being  nonse- 
parable  from  transport  contributions.  Complicated  pressure 
dependences  of  liquid  phase  reaction  rates  such  as  reported 
in  Ref.  [19]  may  as  well  be  interpreted  by  a  superposition 
of  such  static  and  dynamic  reactant-solvent  interactions.  A 
modelling  on  the  molecular  dynamics  level  would  require 
not  only  treatment  of  the  transport  effeccs  [20]  but  also  have 
to  include  quantum-chemical  calculations  of  the  modifica¬ 
tion  of  the  potential  by  the  solvent.  More  work  in  this  di¬ 
rection  is  required. 

Many  helpful  discussions  with  J.  Schroeder  as  well  as  financial 
support  by  the  Deutsche  Forschungsgemeinschaft  are  gratefully  ac¬ 
knowledged. 
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The  pressure  and  temperature  dependence  of  the  rate  coefficient  for  the  singlet  state  photoisomerization 
of  trans-stilbene  and  all-trans-diphenylbutadiene  in  supercritical  and  liquid  alkane  solvents  reveal  the 
importance  of  spraific  solvent  effects  modifying  the  reaction  path  on  the  potential  energy  surface.  In  the 
gas-liquid  transition  range  the  barrier  height  for  the  reaction  seems  to  be  lowered  due  to  increasing 
solvation  of  the  reactants  in  solute-solvent  clusters.  At  higher  pressures,  the  transition  to  the  Smolu- 
chowski-limit  within  each  solvent  is  well  described  by  Kramers’  model.  Differences  between  solvents  can 
be  attributed  to  a  solvent-dependent  barrier  shape.  Deviations  from  this  description  only  appear  for 
stilbene  at  higher  viscosities.  In  part,  they  seem  also  be  due  to  a  specific  influence  of  the  compressed 
solvent  on  the  reaction  path  and  to  a  frequency  dependence  of  the  friction.  Solvent-size  dependent  micro¬ 
friction  effects  do  not  seem  to  be  responsible  for  the  observed  solvent  dependence  of  the  reaction  rates. 
Manifestations  of  multidimensional  barrier  crossing  show  up  in  the  strong  temperature  dependence  of  the 
rate  coefficient  at  constant  solvent  self-diffusion  coefficient.  Apparently,  the  reaction  path  on  the  energy 
surface  changes  with  temperature  leading  to  an  effectively  temperature  dependent  height  and  shape  of  the 
barrier  for  the  reaction  vyith  increasing  excitation  of  “perpendicular"  modes.  Possible  reasons  for  the 
striking  difference  of  the  friction  dependence  of  the  rate  coefficient  between  stilbene  and  diphenylbutadiene 
at  intermediate  to  highTriction  are  also  discussed. 


1.  latroductkM 

The  investigation  of  the  influence  of  solvents  on  the  rates 
of  chemical  reactions  has  been  one  of  the  main  topics  of 
chemical  kinetics  for  several  decades.  The  problem  can  be 
approached  on  different  levels,  Looking  at  the  role  of  the 
solvent  from  the  point  of  view  of  statistical  mechanics  in  an 
abstract,  “non-chemical”  way,  hypothetical  “non-interaci- 
ing”  solvents  simply  act  as  a  heat  bath  and  may  be  consid¬ 
ered  as  a  continuous  viscous  medium  at  liquid  phase  den¬ 
sities.  From  this  point  of  view,  statistical  theories  are  sufli- 
cient  to  describe  solvent  effects  on  reaction  rates  and  enable 
us  to  predict,  e.g.,  the  entire  pressure  dependence  of  a  uni- 
molecular  reaction  from  gas  to  liquid  just  from  the  micro- 
canonical  rate  coeflicients  measured  under  isolated  molecule 
conditions  [1-3].  Such  a  prediction  then  has  to  be  com¬ 
pared  with  experiments  covering  a  pressure  range  as  wide 
as  possible  in  a  single  inert  solvent.  This  approach  opens 
the  possibility  to  test  the  range  of  applicability  of  different 
theoretical  models  as  well  as  —  by  comparing  the  pressure 
dependence  in  different  solvents  —  to  detect  specific  solvent- 
solute  interactions  that  may  obscure  purely  collisional  or 
frictional  effects  in  real  solvents. 

In  this  spirit  [1,2],  we  have  recently  extended  our  earlier 
measurements  [4]  of  the  pressure  and  temperature  depend¬ 
ence  of  two  particularly  well-studied  reactions  [5,6],  the  S,- 
photoisomerization  of  trans-stilbene  and  E,E-1, 3-diphenyl- 
butadiene  (1.3)  (in  the -following  referred  to  as  stilbene  and 
DPB,  respectively)  [7,9].  The  dynamics  of  thest.  two  reac¬ 
tions  has  been  investigatoJ  under  isolated  molecule  condi¬ 
tions  [10—16]  as  well  as  in  numerous,  mostly  -  with  few 
exceptions  [17 -19]  -  liquid  solvents  with  picosecond  time 
resolution.  Detailed  systematic  studies  of  the  viscosity  and 
polarity  dependence  of  the  rate  coefficient  in  homologous 
series  of  nonpolar  [20—23]  and  polar  [19,24—29]  solvents 


have  been  carried  out,  the  temperature  dependence  in  the 
low  viscosity  regime  clo.se  to  the  so-called  “Kramers-turn- 
over”  region  [18,30-31]  and  the  deuterium  isotope  effect 
have  been  investigated  [12,19],  There  have  been  also  two 
studies  of  the  pressure  dependence  in  liquid  solvents 
[23,32],  As  a  result  of  these  experimental  efforts,  three  phe¬ 
nomena  have  emerged  that  appear  to  be  crucial  to  the  un¬ 
derstanding  of  the  solvent  influence  on  the  photoisomeri¬ 
zation  dynamics  in  these  systems; 

(i)  The  turnover  of  the  rate  coefficient  from  the  collisional 
activation  into  the  diffusive  regime  is  not  observed  in  low 
viscosity  liquids  [30,31],  as  one  would  have  expected  on 
predictions  based  on  Kramers’  theory  [33],  but  at  even 
lower  friction  in  supercritical  solvents  [4,17]. 

(ii)  Assuming  that  statistical  reaction  rate  theories  are  ap¬ 
plicable,  thermal  averaging  of  the  microcanonical  rate  co¬ 
efficients  obtained  for  isolated  stilbene  leads  to  a  value  of 
the  high  pressure,  limiting  rate  coefficient  k^o  which  is  an 
order  of  magnitude  below  the  measured  value  in  liquid  so¬ 
lution  [11,34].  For  DPB,  is  only  about  a  factor  of  two 
below  the  measurement  in  liquid  solvents  [35,36]. 

(iii)  In  a  series  of  n-alkane  solvents,  the  observed  nonra- 
diative  decay  rate  of  the  Si-state,  does  not  show  the 
expected  inverse  dependence  on  solvent  viscosity  /;  for  nei¬ 
ther  stilbene  [20]  nor  DPB  [23]. 

No  doubt  remains  that  the  first  observation  can  be  un¬ 
derstood,  if  one  includes  multidimensionality  in  the  theo¬ 
retical  description  of  the  low -damping  region,  which  is  not 
taken  into  account  by  Kramers’  original  treatment  [1,  2, 
37  -  40].  The  physical  explanations  offered  for  the  other  two 
phenomena,  however,  are  still  controversial  and  will  be  dis¬ 
cussed  here  in  the  light  of  our  recent  results  on  the  pressure 
and  temperature  dependence  of  An,  for  stilbene  [7,41]  and 
DPB  [8,9]  in  nonpolar  solvents. 
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2.  Experimratai  Technique 

Decay  rate  coefficients  of  the  Spstate  of  stilbene  in  all  solvents 
and  of  DPB  in  supercritical  solvents,  liquid  ethane  and  propane 
were  measured  by  picosecond  pump-probe  absorption  spectros¬ 
copy  as  described  in  detail  earlier  [4,8],  The  were  determined  from 
the  transient  absorption  decay  at  616  nm  after  excitation  at  308  nm. 
The  FWHM  of  the  UV-excitation  pulse  was  approximately  5  ps, 
its  value  for  the  red  probe  pulse  was  2.S  ps.  the  pump  pulse  energy 
hitting  the  sample  was  about  0.3  mJ  at  308  nm,  and  the  energy  of 
the  616  nm  probe  pulse  was  about  0.05  mJ.  The  plane  of  polari¬ 
zation  of  the  probe  beam  could  be  varied  by  means  of  a  zero  order 
halt-wave  plate  to  eliminate  the  effects  of  overall  rotational  relax¬ 
ation  on  the  transient  absorption  signals.  Samples  of  200  mm  thick¬ 
ness  were  used  in  high  pressure  gas  phase  experiments,  and  of  20 
mm  or  1.8  mm  in  liquid  phase  measurements. 

The  Si-decay  rates  of  DPB  in  liquid  n-alkane  solvents  (pentane 
to  dodecane)  at  room  temperature  were  obtained  from  the  fluores¬ 
cence  lifetimes  measured  by  time-correlated  single  photon  counting 
[9,42].  Excitation  light  pulses  at  308  nm  from  a  frequency-doubled, 
synchronously-pumped  dye  laser  (pulse  autocorrelation  FWHM 
1.4  ps)  were  used  at  the  full  repetition  rate  of  76  MHz.  Fluorescence 
from  the  -7  kbar  high  pressure  cell  was  detected  perpendicularly  to 
the  excitation  beam  in  a  “magic  angle”  arrangement.  The  FWHM 
of  the  instrument  response  function  was  520  ps,  its  time  resolution 
in  conjunction  with  the  high  pressure  fluorescence  cell  about  100  ps. 
For  the  analysis  of  the  fluorescence  decay  histograms  we  used  a 
convolution  and  fitting  procedure  in  conjunction  with  a  Fourier- 
transform  method  to  take  full  advantage  of  the  high  repetition  rate 
of  the  instrument.  Fluorescence  lifetimes  measured  at  ambient  pres¬ 
sure  in  a  standard  quartz  fluorescence  cell  agreed  to  within  2% 
with  literature  data  for  the  lifetime  range  from  150  ps  to  2  ns, 
confirming  the  internal  consistency  of  the  fitting  procedure.  The 
data  scatter  obtained  with  the  high  pressure  cell  was  slightly  worse, 
amounting  to  at  most  5%. 

3.  Results  and  Discussion 

3.1.  Solvation  Effects  at  Low  Friction 

The  comparison  of  the  non-radialive  rate  coelTicients 
of  stilbene  and  DPB  measured  at  low  friction  in  different 
supercritical  solvents  with  the  corresponding  calculated  high 
pressure  gas  phase  limiting  rate  coefilcients  koa  [7.8]  in 
Table  1  shows  an  order  of  magnitude  discrepancy  for  stil¬ 
bene  and  a  systematic  deviation  for  DPB  of  the  order  of 


two.  The  calculations  are  based  on  an  optimized  RRKM- 
fit  [34,35]  to  experimental  specific  rate  constants  k{E) 
[iO- 16]  which  gives  the  reaction  threshold  Eo([M]  =  0)  for 
the  isolated  molecule  and  an  activated  complex  frequency 
scaling  factor.  Thermal  averaging  of  k{E)  over  a  Boltzmann 
distribution  then  leads  to  k^.  In  this  analysis,  one  makes 
—  in  addition  to  some  minor  approximations  [7, 8]  -  the 
assumptions  that 

(i)  knr  is  the  rate  coefficient  for  the  twisting  motion  about 
the  double  bond,  which  is  followed  by  rapid  internal  con¬ 
version  to  the  ground  state  in  a  twisted  geometry  [5,6],  and 
that 

(ii)  This  motion  proceeds  as  a  thermal  adiabatic  reaction 
on  a  singlet  excited  state  potential  energy  surface. 

Following  this  approach,  we  have  proposed  [4]  that  k„ 
exceeds  /:„>  for  both  molecules,  because  the  effective  barrier 
height  for  the  reaction  changes  as  a  “solvation  shell”  grad¬ 
ually  builds  up  around  the  reactants  already  at  densities 
that  are  an  order  of  magnitude  below  that  of,  e.g.,  liquid 
alkanes  at  ambient  temperature.  We  model  this  increasing 
solvation  in  solvent  clusters  [8]  simply  by  the  equilibrium 
coverage  6  of  the  reactant  “surface”  due  to  “adsorption”  of 
sol  vent,  molecules,  which  increases  with  solvent  concentra¬ 
tion  [M]; 

0([M])  = [M])  (1) 

where  /f,  is  the  adsorption  equilibrium  constant.  We  then 
propose  a  linear  dependence  of  the  barrier  height  on  9, 
which  allows  us  to  calculate  A;co([M]): 

£o([M])  =  £o([M]  =  O)-0([M])  (2) 

•{£„{[M]  =  0)-£o(solv)} 

^«>([M])=  I  A:(£)/(£)d£.  (3) 

Co(|.Ml) 

Here  £o(solv)  denotes  the  reaction  threshold  energy  for  the 
reactant  that  is  sufficiently  solvated  in  solvent  clusters.  In 


Table  1 

Comparison  of  non-radiaiive  rate  coelficients  A„  of  stilbene  and  DPB  at  low  fnetion  with  the  calculated  high  pressure  limit  k,^.  Estimates  of  degree  of 
solvation  0  and  barrier  height  Eotsolv)  for  solvated  reactants 


Solvent 

TIK 

A„/10’ s-'  kJVf 

e  ([M])’* 

cm”' 

£o(solv)/ 

(kJ/mol) 

stilbene  £o([M]=0)  =  t300cm' 

(15.5  kJ/mol) 

methane 

(see  text  and  Fig.  2) 

725 

(8.7) 

ethane 

(see  text  and  Fig.  1) 

675 

(8.1) 

propane 

46S 

50  16 

0.86 

(ns 

(8.1) 

DPB  £o([M]  =  0)  =  1100  cm-' 

(13.2  kJ/mol) 

ethane 

388 

50  17.9 

0.96 

850 

(10.2) 

SFs 

388 

32  17.5 

0.96 

930 

(11.1) 

364 

27  14.8 

0.96 

930 

(11.1) 

CO: 

384 

50  17.5 

0.97 

810 

(9.7) 

Helium 

429 

40  25.9 

0.92 

955 

(11.4) 

Taking  m  10^  em’/mol  (see  text)  for  all  solvents  except  Helium  {K,  =  2  lO’  cm',  mol)  and  methane  =  4  10’  cm’,  mol). 
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the  following,  we  will  continue  to  use  the  tenn  “solvated" 
in  this  sense. 

The  gradually  increasing  solvation  of  stilbene  and  DPB 
in  supercritical  ethane  is  also  visibleiin  the  spectral  shift  of 
the  electronic  ground  state  absorption  spectra  [7,  8].  Plots 
of  the  redshift  of  the  absorption  maxima  versus  solvent  po¬ 
larizability  show  a  steeper  slope  in  loty  density  supercritical 
solvents,  where  partial  solvation  in  .solvent  clusters  takes 
place,  than  at  higher  liquid  phase  densities.  From  the  solvent 
density  at  which  the  fairly  abrupt  change  in  slope  occurs, 
we  can  estimate  the  order  of  magnitude  of  for  ethane, 
A, « 10'*  cmVmol.  This  value  is  in  the  same  range  as  those 
estimated  from  the  gas  phase  cage  effect  in  iodine  photolysis 
[43]. 

'*'jth  this  estimate  of  As  we  obtain  from  Eq.  (1)  the  values 
for  9  listed  in  Table  1 .  Using  Eqs.  (2)  and  (3),  we  can  then 
fit  koi  ([M])  to  the  measured  by  choosing  the  appropriate 
value  of  £o(solv).  The  results  of  this  fitting  procedure  are 
listed  in  the  last  column  of  Table  1.  Such  an  analysis  of  the 
rate  coefficients  of  DPB  shows  that  £o(solv)  definitely  varies 
with  the  nature  of  the  solvent.  This  indicates  the  presence 
of  solvent-specific  interactions  that  cause  a  decrease  of  the 
barrier  height  for  the  reaction  in  the  solvated  with  respect 
to  its  magnitude  in  the  isolated  molecule.  We  would  like  to 
emphasize  that  in  this  low  density  range  the  friction  is  not 
sufficiently  high  to  cause  any  barrier  recrossing.  It  is,  there¬ 
fore,  permitted  to  compare  the  measured  directly  with 

kgfj. 


Temperature  dependence  of  the  nonradiativc  rate  coefTidcnt  ka,  of 
stilbene  in  ethane  at  low  friction.  The  solid  line  represents  the  tem¬ 
perature  dependence  of  the  high  pressure  limit  of  the  thermal  rate 
coefficient,  k^,  calculated  for  an  energy  barrier  £o(solv)  =  675  cm"' 
(8.1  kJ/mol) 

Fig.  1  shows  an  Arrhenius  representation  of  the  tempera¬ 
ture  dependence  of  ka,  for  stilbene  at  such  low  densities  in 
ethane.  The  dashed  line  represents  the  calculated  tempera¬ 
ture  dependence  of  k.j^  for  a  barrier  height  £u(sol\)  =  675 
cm  '  (8.1  kJ/mol),  corresponding  to  an  activation  energy 
£a  a:  530  cm  “  ’  (6.3  kJ/mol).  The  energy  barrier  is  effectively 
lowered  by  a  factor  of  about  two  in  solvated  stilbene.  In 


DPB  this  effect  is  much  less  pronounced,  amounting  to  ap¬ 
proximately  25  percent  in  ethane. 

Further  support  for  a  solvation-induced  barrier  shift 
comes  from  a  corresponding  analysis  [8]  of  -values  of 
stilbene  measured  in  methane  at  room  temperature  [18]  as 
shown  in. Fig.  2.  The  dashed  curves  represent  the  density 
dependence  of  the  rate  coefficient  calculated  according  to 
the  Lindemann-Hinshelwood  expression 

k  =  k,[M]kJ(kolM-]  +  k^)  (4) 

with  the  low-pressure  limiting  rate  coefficient  /ro[M]  as 
given  in  Ref.  [8]  and  k^  from  Eq.  (3)  for  £o[M]  =  0)  = 
1300  cm“‘  (15.5  kJ/mol;  lower  curve)  and  £o(solv)  =  725 
cm~'  (8.7  kJ/mol;  upper  curve).  The  experimental  data  dem¬ 
onstrate  the  transition  between  these  two  limits  due  to  in¬ 
creasing  solvation  of  stilbene  in  solvent  clusters,  which  can 
be  modelled  (solid  curve  by  Eqs.  (1)  to  (3)  with  an  equilib¬ 
rium  constant  As  =  4-10^  cmVmol. 


Fig.  2 

Density  dependence  of  the  nonradiative  rate  coefficient  k^,  of  stil- 
benc  in  methane  (data  from  Ref.  [18]).  The  upper  and  lower  dashed 
curves  represent  calculations  of  the  thermal  rate  coefficient  for  en¬ 
ergy  barriers  £o([M]  -=  0)  =  1300  cm”'  (15.5  kJ/mol)  and  £o(solv) 
=  725  cm”'  (8.7  kJ/mol),  respectively.  The  solid  curve  is  calculated 
from  the  solvation  model  (see  section  3.1)  using  an  equilibrium 
constant  of  A,  =  2  •  10’  em’/mol 

The  solvent  dependence  of  As  and  £o(solv)  found  for  DPB 
is  as  one  would  intuitively  expect:  “less  interacting”  solvents 
give  rise  to  smaller  barrier  shifts  and  also  seem  to  have 
smaller  values  of  As,  though  the  latter  are  only  rough  e.sti- 
mates  for  all  solvents  but  methane.  As  we  do  not  know 
which  of  the  electronic  configurations  contribute  signifi¬ 
cantly  to  the  excited  state  potential  energy  surface  for  the 
reaction  and  how  solvent-solute  interactions  might  affect  the 
mixing  of  them,  we  can  only  speculate,  why  the  solvation 
effects  is  much  more  pronounced  for  stilbene  than  for  DPB 
photoisomerization.  Evidently,  the  energy  gap  between  the 
two  lowest  excited  singlet  state  'Ag  and  'By  is  much  smaller 
in  DPB  than  in  stilbene,  and  their  order  in  the  gas  phase  is 
reversed  [14,15,44].  It  seems,  however,  that  the  'Bu-state  is 
the  lower  state  for  both  molecules  in  solution  [23,45].  How 
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this  might  affect  the  energy  barrier  for  the  twist  around  the 
double  bond  or  its  susceptibility  to  solv2nt  interactions  we 
do  not  know  at  present. 

The  solvation  model  should  be  tested  experimentally  by 
preparing  stilbene-solveht  clusters  in  a  supersonic  jet  ex¬ 
pansion  and  measuring  k„  at  different  excitation  energies. 
If  the  cluster  binding  energy  exceeds  the  height  of  the  energy 
barrier,  one  can  study  the  dependence  of  on  cluster  size, 
internal  energy,  and  solvent.  In  this  way  solvent  induced 
changes  in  the  effective  barrier  height  should  become  ap¬ 
parent  that  confirm  the  parameter  values  derived  here. 

The  interpretation  given  here  rests  on  the  assumption  that 
the  photoisomerization  can  be  treated  as  a  thermal  reaction 
on  an  adiabatic  potential  energy  surface.  In  view  of  the  deu- 
teration  effects  on  km  [12,19],  which  seem  to  be  in  conflict 
with  RRKM-calculations,  it  has  been  argued  that  these  con¬ 
ditions  might  not  be  met,  because  of 

(i)  incomplete  internal  vibrational  energy  randomization 
(IVR)  in  the  isolated  molecule  [18,19,36,46],  or 

(ii)  the  non-adiabaticity  of  the  reaction  surface  [11,47], 
which  concerns  the  question  of  the  origin  of  the  energy  bar¬ 
rier  in  the  lowest  Si -state  of  stilbehe  and  DPB  [5,48-50]. 

In  these  alternative  models,  the  apparent  discrepancy  be¬ 
tween  the  nonradiative  decay  rates  for  isolated  and  solvated 
stilbene  is  then  attributed  to 

(i)  the  reaction  rate  being  controlled  by  slow  IVR-proc- 
esses  in  the  isolated  molecule  [19,51],  or  to 

(ii)  a  transition  from  a  diabatic  to  a  adiabatic  process  with 
increasing  friction  due  to  a  slowdown  of  the  passage  through 
the  avoided  curve  crossing  [12]. 

We  have  discussed  these  points  in  detail  previously  [7, 8, 
38],  and  concluded  that,  as  long  as  we  do  not  have  sufficient 
information  on  the  potential  energy  surface  for  the  reaction, 
we  have  no  means  to  entirely  reject  any  of  the  proposed 
explanations.  The  observation  of  solvent-specific  effects, 
however,  seems  to  support  the  view  that  the  effective  reac¬ 
tion  barrier  decreases  due  to  solvent  induced  changes  of  the 
adiabatic  potential  energy  surface. 

If  limited  IVR  alone  would  be  responsible  for  the  obser¬ 
vation  of  an  apparently  higher  barrier  in  the  isolated  mole¬ 
cule,  then  collisionally  assisted  IVR  should  eventually  bring 
down  the  barrier  height  to  its  “real”  intrinsic  value,  irre¬ 
spective  of  the  nature  solvent.  Also,  one  would  not  expect 
limited  IVR  to  be  of  significance  in  a  molecule  of  the  size 
of  DPB. 

Specific  solvent  effects  could  be  accounted  for  in  the 
framework  of  the  diabatic  model,  because  differential  solvent 
shifts  of  the  two  states  involved  could  have  an  effect  on  the 
crossing  point  dynamics.  But  one  would  not  expect  an  in¬ 
crease  in  the  adiabaticity  of  the  reaction  already  at  methane 
densities  where  the  transition  of  km  from  isolated  to  solvated 
stilbene  takes  place  (Fig.  2),  because  collision  rates  there 
would  be  far  too  low  compared  with  the  dwell  time  of  the 
reactant  in  the  crossing  point  region,  as  pointed  out  by 
Fleming  et  al.  [18,19]. 

An  effect  analogous  to  the  shift  of  the  reaction  barrier 
induced  by  intermolecular  interactions  proposed  here  was 
observed  as  a  consequence  of  intramolecular  interactions  in 


4-alkyl-substituted  stilbene,  which  shows  a  significantly 
lower  reaction  barrier  under  isolated  molecule,  conditions 
upon  substitution  with  ethyl  and  propyl  [52]. 

3.2.  Transition  from  Low  to  Intermediate  Friction 

We  can  now  combine  unimolecular  rate  theory  -  rep¬ 
resenting  the  pressure  dependence  of  km  in  the  falloff  regime, 
including  the  lowering  of  the  reaction  threshold  with  density 
as  described  above  —  with  Kramers’  expression  [33]  to 
describe  the  influence  of  increasing  friction  on  the  reaction 
[1,37]: 


/:o[M]fcco 
ko[M]  +  koo 


Fk, 


with 

Fk,  =  [^VK  +  1]'^-^/2®5. 


(5) 


(6) 


The  mass  weighted  friction  coefficient  p  can  be  estimated 
from  the  molecular  parameters  of  stilbene  and  DPB  and  the 
Stokes-Einstein  relation  [7,8,53]  assuming  that  a  hydro- 
dynamic  description  is  applicable.  We  use  [4]  the  solvent 
self-diffusion  coefficient  D  instead  of  solvent  viscosity  as  the 
relevant  parameter  to  describe  solvent  friction  throughout 
the  entire  pressure  range.  The  “imaginary  barrier  frequency” 
<Ob  in  Kramers’  model  describes  the  shape  or  curvature  of 
the  reaction  path  across  the  energy  barrier.  Without  know¬ 
ing  the  potential  surface  for  the  reaction,  however,  one 
should  be  careful  not  to  a  priori  identify  it  with  a  unique 
physical  quantity.  Instead,  it  has  to  be  considered  as  a  fit 
parameter  which  essentially  contains  all  pressure  or  friction 
induced  variations  of  the  prefactor  that  are  not  already 
taken  care  of  by  p  and  koa- 


Fig.  3 

Nonradiative  rate  coclficients  of  stilbene  at  T = 298  K  in  ethane 
(O),  propane  (A),  and  n-butane  (□)  versus  D~'.  The  solid  lines 
represent  model  fits  (see  section  3.2)  with  £o(solv)  =  675  cm  ' 
(8.1  kJ/mol)  and  cu*,  =  2.6  10’- s  '  for  ethane,  Wb  =  4.4  10'-  s  ' 
for  propane,  and  a/t,  =  6.5  10'-  s  '  for  n-butanc 
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Table  2 

Solvent  dependent  of  barrier  heights  £o(solv)  and. imaginary- barrier  frequencies  for  stilbene  and  DPB 

Solvent 

r/K 

£o(solv)/ 

cm"’  (kJ/mot) 

tOb/10'^  s”' 

«/10-“cm-’*> 

Stilbene 

ethane 

298 

675 

(8.1) 

2.6 

42.6 

propane 

298 

675 

(8.1) 

4.4 

62.9 

n-buta.ie 

298 

675 

(8.1) 

6.5 

81.2 

COj 

298 

580 

(6.9) 

Z8 

26.5 

SF« 

298 

590 

(7.1) 

6.0 

Xenon 

298 

600 

(7.2) 

10 

41 

DPB 

ethane 

295 

850 

(10.2) 

0.45 

42.6 

propane 

295 

850 

(10.2) 

0.65 

62.9 

n-butane 

295 

850 

(10.2) 

1.0 

81.2 

a)  Molecular  polarizability  at.  Ref.  [55]. 


The  result  of  modelling  the  isothermal  pressure  depend¬ 
ence  of  k„  for  stilbene  at  T  ?  298  K  in  ethane,  propane 
and  n-butane,  using  Eqs.  {l)-(6)  with  EoCsolv)  as  determined 
independently  at  low  pressures  (Table  1)  and  fitting  cUb  js 
shown  by  the  solid  curves  in  Fig.  3,  a  double  logarithimic 
plot  of  k„  versus  1/A  There  are  two  things  to  note: 

(i)  Kramers*  expression,  Eq.  (6),  perfectly  describes  the 
variation  of  knt  with  friction  in  each  of  the  solvents  (the 
maximum  solvent  viscosity  in  n-butane  is  1.5  mPa-s). 

(ii)  There  is  a  significant  solvent  dependence  of  in 
addition  to  the  purely  frictional  effect.  (This  appears  as  the 
successive  shift  of  the  curves  in  the  region  of  higher  friction. 
The  shift  in  the  falloff  regime  results  from  the  proportion¬ 
ality  between  collision  frequency  and  1/Z)  which  contains 
the  solvent-solute  reduced  mass  as  a  constant).  According 
to  our  model,  this  is  a  consequence  of  the  solvent  depend¬ 
ence  of  COb- 

The  variation  of  co^,  with  solvent,  which  is  found  for  both 
stilbene  and  DPB,  is  shown  in  Table  2.  It  appears  that,  to 
a  first  approximation,  within  the  small  alkane  series  at  least, 
ft)b  increases  with  the  molecular  polarizability  «  of  the  sol¬ 
vent.  For  the  other  solvents,  cOb  is  higher  than  expected  by 
this  correlation.  Apparently  specific  solvent-solute  interac¬ 
tions  modify  not  only  the  barrier  height,  as  in  the  low-den¬ 
sity  region,  but  also  its  shape. 

An  alternative  explanation  could  be  a  variation  of  the 
proportionality  constant  linking  P  and  the  self-diffusion  co¬ 
efficient,  i.e.  a  solvent  dependent  microfriction  factor  [22], 
According  to  existing  microviscosity  models  [54,55]  this 
factor  becomes  increasingly  important  with  decreasing  sol¬ 
ute  to  solvent  size  ratio.  For  a  larger  ratio,  one  would  expext 
hydrodynamic  models  to  give  a  better  description  than  for 
a  smaller  ratio  approaching  unity.  For  the  small  size  solvents 
listed  in  Table  2,  therefore,  <Ub  should  show  a  more  pro¬ 
nounced  variation  for  the  smaller  stilbene  than  for  DPB.  As 
«b  increases  by  about  a  factor  of  three  from  ethane  to 
n-butane  for  both  stilbene  and  DPB,  this  expectation  is  not 
met.  So  either  microfriction  effects  are  not  important  or  the 
hydrodynamic  volume  of  the  moving  molecular  group  is 


about  the  same  in  both  cases.  In  the  latter  case,  this  would 
throw  doubts  on  the  approach  to  use  friction  coefficients 
determined  from  the  overall  rotational  relaxation  of  the 
molecule  to  describe  the  friction  dependence  of  k„  [22,  58, 
59]. 

3.3  Beyond  Intermediate  Friction 

Deviations  from  the  inverse  viscoshy  dependence  of  kn, 
predicted  by  the  Smoluchowski-iimit  of  Kramers’  expres¬ 
sion, 

^  k to  (Oblp  (7) 

in  nonpolar  solvents  for  stilbene  and  DPB  have  been  ob¬ 
served  for  viscosities  t]^2  mPa-s  in  n-alkane  solvents  bu¬ 
tane  to  hexadecane  at  atmospheric  pressure  [20—23],  In 
the  past,  the  weak  decrease  of  with  1/f;  —  corresponding 
to  a  power  law  of  about  —  mostly  has  been  associated 
with  a  breakdown  of  the  standard  hydrodynamic  descrip¬ 
tion  of  the  frictional  solvent  forces  contained  in  the  param¬ 
eter  p  in  Eq.  (7).  It  has  been  attributed  to  the  frequency 
dependence  of  the  friction  [20-23,57],  i.e.  to  non-Mar- 
kovian  behaviour  of  the  solvent,  or,  alternatively,  to  a  break¬ 
down  of  the  Stokes-Einstein  relation  connecting  friction  and 
viscosity  [22,58-61],  i.e.  to  microfriction  effects.  We  have 
proposed  that  a  variation  of  the  barrier  height  with  alkane 
could  be  responsible  for  the  observed  effect  [4]  —  similar 
to  those  occurring  in  polar  systems  [26],  —  although  it  has 
been  claimed  [62]  that  available  activation  parameter  data 
in  liquid  alkane  solvents  at  atmospheric  pressure  preclude 
such  an  assumption. 

Our  recent  study  of  the  pressure  dependence  of  A'„,  for 
DPB  in  n-alkane  solvents  ranging  from  pentane  to  dodecane 
[9]  demonstrates  that  restricting  the  experiments  to  just  a 
variation  of  solvent  may  lead  to  a  qualitatively  different 
picture  of  the  physical  phenomena  underlying  the  photoiso¬ 
merization  dynamics.  Fig.  4  shows  as  one  example  a  linear 
plot  of  kar  for  DPB  versus  l/i/  in  compressed  pentane  and 
dodecane  at  T  =  298  K.  The  points  to  note  are 
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(i)  the  linear  correlation  between  k„  and  1/t], 

(ii)  the  markedly  different  slope  for  the  two  solvents,  and 

(iii)  the  nonzero  intercept  for  infinite  viscosity. 

The  intercept  was  assigned  to  a  second,  viscosity  inde¬ 
pendent  nonradiative  channel  from  the  Si-state  of  DPB, 
probably  internal  conversion  to  the  E,E-ground  state 
[9, 23] .  Its  rate  coefficient  kic  varies  slightly  with  solvent  [9]. 
The  slopes  B*  increase  with  alkane  chain  length.  (The  vari¬ 
ation  in  slope  B*  with  solvent  is  equivalent  to  the  shift  seen 
for  the  three  solvents  ethane  to  butane  in  Fig.  3  as  expressed 
in  a  variable  a>b  in  Table  2).  Fig.  5  shows  a  double  logarith¬ 
mic  plot  of  kiJBs  =  (fc„r  -  kicVBs  versus  demonstrating  the 
perfect  l/»/-dependence. 


decane  (□)  at  T  =  298  K  versus  !/»;.  Solid  lines  represent  linear 
least  squares  fits  to  the  experimental  data 


r7/10"¥as 

Fig.  5 

Viscosity  dependence  of  solvent  scaled  isomerization  rate  coeificient 
kio/Bi  for  DPB  in  n-alkane  solvents  from  ethane  to  dodccane  in 
the  pressure  range  from  0.1  -650  MPa.  (B,  is  the  slope  of  the  linear 
plot  of  /r„  versus  l/i;;  see  section  3.3) 

A  conclusion  that  can  be  drawn  immediately  from  the 
observed  linearity  is  that  the  reaction  rates  are  not  in¬ 
fluenced  by  frequency  dependent  friction.  Microfriction 


models  that  include  available  volume  effects  [55]  and  would 
predict  a  pressure  dependence  of  microviscosity  factors  also 
do  not  apply. 

There  remain  three  possible  explanations  for  the  solvent 
dependence  of  B*;  (i)  a  solvent  dependent  microfriction  fac¬ 
tor,  (ii)  a  variation  of  fcoo  with  solvent,  i.e.  a  solvent  induced 
barrier  shift  of  Bo(solv),  and  (iii)  a  change  of  the  barrier  shape 
(Ob  with  solvent. 


Fig.  6 

Comparison  of  experimental  slopes  B,  (0)  and  slopes  calculated 
from  the  Gierer-Wirtz  microviscosity  model  (solid  line)  and  from 
rotational  relaxation  via  the  Hubbard  relation  (dashed  curve) 
(Ref.  [9],  see  section  3.3) 

In  Fig.  6  we  compare  experimental  Bs-values  with  esti¬ 
mates  of  microfriction  factors  calculated  from  the  modified 
Gierer-Wirtz  model  [54,55],  which  predicts  a  linear  de¬ 
pendence  of  B,  on  solvent  size  [9],  and  with  friction  coef¬ 
ficients  determined  via  the  Hubbard  relation  [63,64] 
from  experimental  molecular  rotational  relaxation  times  in 
the  Si-state  [59,65].  In  both  cases  the  calculated  values  in¬ 
crease  with  solvent  size,  but  the  observed  dependece  of  Bj 
is  qualitatively  different,  showing  first  an  exponential  rise 
followed  by  a  turnover  probably  into  saturation  for  the  two 
largest  solvents  studied.  From  this  apparent  discrepancy  we 
conclude  that  microfriclion  effects  may  contribute  to  some 
extent,  but  that  existing  models  would  predict  a  qualitatively 
different  solvent  dependence  than  observed  [9].  This  is  in 
agreement  with  similar  findings  by  Kim  and  Fleming  for 
stilbene  [22]  and  supports  our  interpretation  that  the  dif¬ 
ferent  cub-values  for  ethane  to  butane  in  the  intermediate 
friction  regime  indicate  solvent-induced  barrier  shape 
changes  and  are  not  caused  by  changing  microfriction  fac¬ 
tors. 

As  the  hydrodynamic  Kramers-Smoluchowski  expression 
represents  the  variation  of  the  rate  coefficient  of  DPB  with 
friction  in  longer  chain  alkane  solvents,  solvent-induced  bar¬ 
rier  height  and  shape  variations  remain  as  a  possible  cause 
for  the  strong  solvent  dependence  of  the  slopes.  As  we  find 
no  variation  of  £u(solv)  for  DPB  from  ethane  to  propane 
to  butane,  one  can  assume  as  a  first  approximation  that 
there  will  probably  be  also  little  variation  with  further  in- 
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creasing  aikane  chain  length,  and  that  changes  of  a)b  may 
be  of  greater  importance. 


10~®Pas/7j 

Fig.  7 

Nonradiative  rate  coefficients  k„,(p)/i(:„,(p  =  0.1  MPa)  of  stilbenc 
and  DPB  at  T  =  298  K  in  compressed  n-hexane.  (O)  stilbene, 
Ref.  [41];  (•)  stilbene,  Ref.  [32]  (calculated  from  fluorescence 
quantum  yields);  (□)  DPB,  Ref.  [9].  The  dashed  line  corresponds 
to  a  linear  least  squares  fit,  the  dashed  curve  to  a  power  law 

Does  the  Kramers-Smoluchowski  description  also  hold 
for  stilbene  photoisomerization  in  single  solvents  in  the  same 
friction  regime?  In  Fig.  7  we  compare  the  viscosity  depend¬ 
ence  of  the  rate  coefficients  for  stilbene  and  DPB  in  com¬ 
pressed  hexane  relative  to  their  respective  values  at  atmos¬ 
pheric  pressure.  The  strongly  nonlinear  behaviour  of  the 
stilbene  rate  coefficient  corresponds  to  a  fractional  power  of 
0.29  [41]  (indicated  by  the  dashed  curve),  which  is  fairly 
close  to  the  exponent  0.32  found  for  the  alkane  series 
[20,21,30,66].  This  result  agrees  with  a  recent  detailed 
study  of  Kim  and  Fleming  [22],  who  conclude' that  the 
frequency  dependence  of  the  friction  contributes  signifi¬ 
cantly  to  the  observed  viscosity  dependence  rather  than  mi¬ 
croviscosity  effects.  Since  probably  mainly  the  size  ratio  of 
twisting  moiety  to  solvent  molecule,  which  must  be  very 
similar  for  stilbene  and  DPB,  determines  to  what  extent  the 
actual  friction  deviates  from  that  measured  by  solvent  vis¬ 
cosity,  our  results  for  DPB  also  rule  out  microfriction  as  a 
major  contributor  to  the  observed  deviations. 

Whether  frequency  dependent  friction,  pressure  induced 
changes  of  the  potential  surface  parameters  or  the  multidi¬ 
mensionality  of  the  barrier  crossing  process  [68,74,78,79] 
are  responsible  for  the  observed  phenomena,  is  still  an  open 
question.  Further  experiments  on  the  pressure  and  tempera¬ 
ture  dependence  of  the  rate  coefficient  at  high  friction  are 
needed  to  answer  it.  It  would  be  surprising,  however,  if  the 
striking  difference  between  stilbene  and  DPB  would  be 
caused  by  effects  due  to  multidimensional  barrier  crossing 
in  stilbene  that  would  not  appear  in  DPB.  This  would  also 
contradict  the  experimental  manifestations  of  multidimen¬ 
sionality  we  find  in  the  temperature  dependence  of  for 
stilbene  and  DPB  (see  section  3.4  below). 

It  might  be  that  it  is  frequency  dependent  friction  which 
is  more  important  in  stilbene  than  in  DPB,  because  the  time 


scale  of  the  reaction  in  hexane  at  the  same  viscosity  is  more 
than  one  order  of  magnitude  shorter  for  stilbene.  An  analysis 
of  the  pressure,  dependence  of  k„f  in  hexane  along  different 
isotherms  indicates,  however,  that  possibly  more  than  one 
effect  is.  involved  [41].  A  comparison  with  corresponding 
measurements  in  methylcyclohexane  again  reveals -the  im¬ 
portance  of  specific  solvent  effects  [41],  although  it  remains 
difficult  to  decide  whether  the  different  viscoelastic  response 
of  the  solvents  or  a  potential  energy  surface  effect  is  re¬ 
sponsible.  A  comparative  high  pressure  study  of  stilbene  and 
DPB  in  alcohol  solvents  [67],  where  the  reaction  for  both 
molecules  is  much  faster  due  to  a  much  lower  barrier,  how¬ 
ever,  reveals  the  same  difference  in  viscosity  dependence  as 
in  hexane:  rate  coefficients  for  DPB  are  linear  in  l/i;  in  each 
solvent,  while  for  stilbene  they  show  the  power  dependence 
found  in  solvent  series  experiments  [24-27,66].  In  the  in¬ 
termediate  to  high  friction  regime,  independent  of  the  nature 
of  the  solvent,  there  seems  to  be  a  basic  difference  between 
stilbene  and  DPB  photoisomerization  dynamics,  the  origin 
of  which  still  has  to  be  clarified  in  further  experiments. 

3.4.  Multidimensional  Barrier  Crossing 

The  original  Kramers  model  treats  the  diffusive  barrier 
crossing  as  a  one-dimensional  process  in  which  a  single 
mode  becomes  the  reaction  coordinate.  A  multidimensional 
theory  has  only  been  fully  developed  fairly  recently 
[68-73],  and  the  importance  of  friction  anisotropy  [74,75] 
and  the  topology  in  the  barrier  region  has  been  recognized 
[76,77].  Experimentally,  the  multidimensional  barrier  to¬ 
pology  can  manifest  itself  in  the  form  of  the  temperature 
dependence  of  the  rate  coefficient  [8,80],  which  —  by  high 
pressure  techniques  —  can  be  measured  in  a  single  solvent 
at  approximately  constant  self-diffusion  coefficient  or  vis¬ 
cosity  in  the  intermediate  and  high  friction  regimes  [7,8]. 
Figs.  8  and  9  show  Arrhenius  plots  of  for  stilbene  and 
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Fig.  8 

Temperature  dependence  of  the  nonradiative  rate  coefficient  of 
stilbene  in  ethane  at  constant  friction  {D  «  5-10“'  cmVs):  (O)  ex¬ 
periment;  dashed  line:  calculated  from  Eq.  (5)  with  temperature- 
independent  parameters  wt,  and  £(solv),  solid  line,  calculated  with 
temperature-dependent  parameters  (see  section  3.4) 
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Fig.  9 

Temperature  dependence  of  the  nonradiative  rate  coeflicient  k„  of 
DPB  in  ethane  at  constant  friction  (D  «  4- 10"^  cmVs):  (O)  exper¬ 
iment;  dashed  line;  calculated  from  Eq.  (S).with  temperature-inde¬ 
pendent  parameters  (Ub  and  £(solv);  solid  line;  calculated  with  tem- 
perature^ependerit  parameters  (see  section  3.4) 


Nonradiative  rate  coefficients  of  stilbene  in  ethane  versus  D~' 
at  different  temperatures.  The  solid  lines  represent  model  calcula¬ 
tions  (see  section  3.4). 

(O)  T  =  298  K,  iso(solv)  =  675  cm"'  (8.1  kJ/mol),  Wb  =  2.6/ps; 

(□)  T  =  330  K,  £o(solv)  =  675  cm"'  (8.1  kJ/mol),  Wb  =  2.6/ps; 

(A)  T  =  356  K,  £o(solv)  =  625  cm"'  (7.5  kJ/mol),  (%  =  3.0/ps; 

(O)  T  =  375  K,  £o(solv)  =  590  cm"'  (7.1  kJ/mol),  Wb  =  4.0/ps 

DPB  at  intermediate  friction  in  ethane  for  approximately 
constant  D  together  with  the  temperature  dependence  pre¬ 
dicted  by  Eqs.  (5)  and  (6)  {dashed  curves)  with  input  para¬ 
meters  from  Table  2.  The  discrepancy  between  experiment 
and  model  is  quite  pronounced.  Additional  information 
comes  from  the  pressure  dependence  of  in  ethane  along 
different  isotherms.  Figs.  10  and  11.  The  solid  curves  in  these 
plots  correspond  to  fits  obtained  by  allowing  parameters 
£0(50^)  and  Wb  to  vary  with  temperature  -  the  only  way 
our  model  can  account  for  the  shift  and  increasing  broad¬ 
ening  of  the  isotherms  with  temperature.  If  we  use  the  tem¬ 
perature  variation  of  £o(solv)  and  Wb  found  from  fitting  the 


isotherms  and  recalculate  the  Arrhenius  plot  correspond¬ 
ingly,  we  obtain  the  solid  curves  in  Figs.  8  and  9,  which 
agree  much  better  with  the  measured  temperature  depend¬ 
ence. 


Nonradiative  rate  coefficients  k^  of  DPB  in  ethane  versus  Z)"'  at 
different  temperatures.  The  solid  lines  represent  model  calculations 
(see  section  3.4). 

(O)  T  =  295  K.  £o(solv)  =  850  cm"'  (10.2  kJ/mol),  Wb  =  0.38/ps 
(□)  r  =  340  K.  £o(solv)  =  850  cm"'  (10.2  kJ/mol),  Wb  =  0.80/ps 
(A)  T  ~  370  K.  £o(solv)  =  850  cm"'  (10.2  kJ/mol),  (Ot.  =  1.1/ps 

Modelling  /:„,(?)  in  this  way  [7, 8]  demonstrates  that,  the 
higher  activation  energies  in  the  intermediate  friction  re¬ 
gimes  as  compared  to  the  values  we  find  in  the  low  friction 
region  are  caused  predominantly  by  a  significant  increase  of 
««b  with  temperature  -  in  the  case  of  stilbene  the  effective 
barrier  height  £o(solv)  actually  seems  to  derease  slightly  as 
the  temperature  increases.  The  temperature  dependence  of 
tOb  for  DPB  and  stilbene  in  ethane  and  propane  can  be 
represented  by  the  expression 

(«b(r,)  »  WbCr,  ^  1)  +  «t(7;  - 1)' ;  r,  =  r/r„f  (8) 

where  the  first  term  is  the  cOb -value  from  Table  2,  r„f  = 
3{X)  K,  and  ot  takes  the  values  13.6/ps  for  stilbene  and 
9.7/ps  K-  for  DPB. 

We  have  discussed  this  temperature  effect  in  detail  [7,8] 
and  inspected  one-dimensional  barrier  anharmonicity  (i.e. 
barrier  shape  effects)  and  multidimensional  barrier  crossing 
as  possible  explanations  for  this  behavior.  Anharmonicity 
effects  are  by  far  too  smalt  to  account  for  the  observed  large 
temperature  coefficients  [7].  We  concluded  that  these  de¬ 
viations  from  the  one-dimensional  Kramers-model  are 
manifestations  of  multidimensional  barrier  crossing  proc¬ 
esses.  We  propose  that  with  increasing  thermal  excitation 
of  “perpendicular”  low  frequency  modes  the  reaction  path 
on  the  potential  energy  surface  may  change  because  the 
motion  along  the  perpendicular  coordinates  has  a  much 
weaker  friction  dependence  than  the  "main”  reaction  coor¬ 
dinate.  (This  is  equivalent  to  the  model  proposed  by  Agmon 
and  Kosloff  [68]  to  explain  the  observed  viscosity  depend- 
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ehce  of  stilbene  at  high  friction).  If  the  curvature  of  the 
barrier  region  increases  with  increasing  perpendicular  mode 
amplitude  —  as  shown  schematically  in  Fig.  12  —  the  sys¬ 
tem  may  cross  the  barrier  at  some  distance  from  the  saddle 
point,  because  the  traversal  time  will  be  shorter  and  the 
probability  of  recrossing  consequently  lower.  Because  dif¬ 
fusion  along  the  perpendicular  coordinates  is  much  faster, 
a  Boltzmann  distribution  can  be  maintained  in  this  mode 
whose  high  energy  tail  feeds  the  fast  crossing  channel.  In  a 
different  terminology  this  means  that  the  separatrix  of  the 
system  due  to  anisotropic  friction  shifts  away  from  the  sad¬ 
dle  point  (73,74,80]. 


Fig.  12 

Schematic  representation  of  a  potential  energy  surface  F(qi,  qi) 
which  shows  a  “sharpening”  of  the  imaginary  barrier  frequency  <Ub 
of  the  reaction  coordinate  qi,  when  a  perpendicular  coordinate  r/j 
is  excited  (see  section  3.4) 

We  have  described  a  simple  model  [7],  showing  that  the 
change  of  the  effective  curvature  along  the  reaction  path 
with  the  energy  £p  in  the  perpendicular  mode,  e.g.  rwt.  » 
const.  '£p",  can  lead  to  a  corresponding  temperature  de- 
pendece  Wt,  a  const.  •  T".  According  to  our  model  we  find 
for  both  stilbene  and  DPB  n  «  2.  This  would  imply  that 
the  degree  of  multidimensionality  is  similar  for  barrier  cross¬ 
ing  in  stilbene  and  DPB. 

.  In  this  picture,  the  activation  energies  observed  in  liquid 
solution  [5,62]  at  intermediate  or  high  friction  do  not  cor¬ 
respond  to  the  sum  of  an  intrinsic  and  “viscous”  barrier,  but 
—  in  a  formal  sense  —  in  addition  reflect  the  temperature 
dependence  of  the  prefactor  due  to  the  multidimensional 
dynamics  at  intermediate  friction.  Only  in  the  low  friction 
regime  is  the  “intrinsic”  barrier  of  the  solvated  molecule 
directly  related  to  the  activation  energy.  In  this  sense,  it  does 
not  seem  to  be  significant  whether  or  not  barrier  heights 
determined  under  isolated  molecule  conditions  agree  with 
isoviscous  activation  energies  measured  in  liquid  solution. 

Recently,  Park  and  Waldeck  [78]  have  inferred  the  mul¬ 
tidimensional  nature  of  the  barrier  crossing  from  a  slight 
increase  of  isoviscous  activation  energies  of  -,,4’-dimethyl- 
stilbene  with  viscosity  in  a  series  of  n-alkanes.  The  evidence 
is  not  very  conclusive,  however,  as  solvent  size  effects  could 
also  be  involved  and  the  general  caveat  concerning  isovis¬ 
cosity  plots  remains,  as  the  authors  note.  They  put  forward 


further  evidence  for  multidimensionality  following  their 
apalysis  of  multiexponential  fluorescence  decays  for  3,3’-di- 
methylstilbene  [79],  which  they  interpret  as  being  caused 
by  phenyl  ring  motion  on  the  sahie  timescale  as  isomeri¬ 
zation.  Photoisomerization  of  cis-stilbene  also  seems  to  ex¬ 
hibit  multidimensional  character  [81]. 

Neglecting  differences  in  emphasis  and  argument ,  it  seems 
clear  that  experiments  under  a  variety  of  conditions  probe 
different  details  of  the  potential  energy  surface  and  begin  to 
reveal  its  multidimensional  character.  Whether  the  excited 
electronic  reaction  surface  is  modified  by  solute-solvent  in¬ 
teractions  or  whether  one  is  probing  different  reactions 
paths  on  a  solvent  independent  surface  remains  to  be  clar¬ 
ified.  In  view  of  the  experimental  information  available,  a 
simple  one-dimensional  picture  is  certainly  no  longer  suffi¬ 
cient.  Though  we  did  not  find  pressure  dependent  intrinsic 
barriers  for  the  smaller  alkanes,  which  represent  one  of  the 
effects  behind  formal  “activation  volumes”,  this  does  not 
necessarily  mean  that  such  effects  may  not  be  present  in 
higher  alkane  solvents.  A  complete  separation  of  the  ob¬ 
served  effects  in  terms  of  frequency  dependent  friction,  pres¬ 
sure  and  solvent  dependent  barrier  shifts,  and  multidimen¬ 
sional  barrier  crossing  is  a  difficult  task.  It  cannot  be  ac¬ 
complished  by  the  analysis  of  measurements  at  ambient 
pressure  alone.  Additional  studies  of  the  temperature  and 
pressure  dependence  appear  obligatory. 

4.  Conclusion 

In  the  present  article  we  have  presented  evidence  for  sol¬ 
vent-cluster  induced  modifications  of  the  potential  energy 
surface  for  photoisomerization  of  stilbene  and  DPB.  Our 
anlysis  allowed  us  to  deduce  the  threshold  energy  for  iso¬ 
merization  of  solvated  stilbene  and  DPB  in  a  variety  of 
solvents  at  low  friction. 

At  intermediate  friction,  our  analysis  of  the  pressure  de¬ 
pendence  showed  that  the  hydrodynamic  form  of  Kramers 
equation  is  fully  adequate  to  represent  the  observed  de¬ 
pendence  of  the  rate  coefficient  on  friction  for  DPB  in  sol¬ 
vents  up  to  dodecane.  The  observed  solvent  dependence  can 
be  reproduced  neither  by  existing  microfriction  models  nor 
by  introducing  rotational  friction  coefficients.  By  analogy 
we  suggest  that  microfriction  effects  are  also  not  important 
in  stilbene  photoisomerization.  The  hydrodynamic  Kramers 
model  also  holds,  for  stilbene  in  small  solvents.  In  hexane, 
deviations  occur  which  possibly  can  be  attributed  to  fre¬ 
quency  dependent  friction  effects. 

The  solvent  dependence  of  the  rate  coefficient  turns  out 
to  be  a  consequence  of  a  variation  of  potential  surface  par¬ 
ameters.  Their  apparent  variation  with  temperature  is  a 
manifestation  of  the  multidimensional  character  of  the  bar¬ 
rier  crossing  process  in  both  stilbene  and  DPB.  Most  prob¬ 
ably,  however,  the  multidimensionality  is  not  responsible  for 
deviations  from  an  inverse  viscosity  dependence  in  higher 
alkane  solvents,  because  DPB  and  stilbene  behave  differ¬ 
ently  under  these  conditions,  whereas  the  pressure  depend¬ 
ence  of  “stiff -stilbene,  where  the  phenyl  rings  are  fixed 
in  a  five  membered  ring  containing  the  ethylenic  carbon 
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atoms,  the  nonradiative  rate  coefficients  show  a  behaviour 
almost  identical  to  that  observed  for  stilbene  [82]. 
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Advantages  of  NMR  techniques  to  obtain  the  rate  data  for  simple  isomerizations  in  liquid  solutions  and 
advantages  of  using  high  pressure  to  change  the  viscosity  of  the  solution  are  discussed.  After  a  brief 
overview  of  our  experiments  on  cyclohexane,  1,1-dilluorocycIohexane,  and  N,N-dimethyltrichloroacet- 
amide,  the  discussion  focuses  on  the  ethylene  rotation  in  n-cyclopentadienylethylenetetrafluoroethylene- 
rhodium  in  several  solvents.  —  The  experimental  data,  as  interpreted  in  terms  of  stochastic  models  of 
isomerization  reactions,  indicate  a  Kramers  turnover  for  the  pressure  dependence  of  the  rotation  of 
coordinated  ethylene  in  the  Rh  complex  in  solution.  In  fact,  the  observation  of  the  energy-controlled 
regime  in  this  system  may  be  the  consequence  of  the  so-called  heavy  metal  atom  bottleneck  effect  which 
reduces  the  intramolecular  energy  transfer  within  the  molecule.  The  experimental  dependences  of  the  rates 
upon  solvent  viscosity  and/or  Enskog  collision  frequency  show  that  solvent  shear  viscosity  represents  only 
an  approximative  measure  of  the  coupling  of  the  reaction  coordinate  to  the  medium. 


1.  Introduction 

It  is  quite  remarkable  to  note  the  current  level  of  activity 
[1—4]  in  both  theoretical  and  experimental  studies  which 
can  trace  back  their  origin  to  the  seminal  Kramers  work 
[5]  published  in  1940. 

According  to  theoretical  models  [6-10]  describing  the 
dynamical  solvent  effects  on  reaction  rates  in  liquid  solu¬ 
tions,  the  reaction  coordinate  is  coupled  to  the  solvent,  en¬ 
abling  the  system  to  gain  sufficient  energy  to  cross  the  bar¬ 
rier,  lose  energy,  and  become  trapped  into  the  product  well. 
In  absence  of  electrostatic  interactions,  this  coupling  is  pro¬ 
duced  by  collisions  between  the  solvent  and  solute  mole¬ 
cules.  In  contrast  to  classical  transition  state  theories  for 


isomerization  reactions,  the  stochastic  models  propose  a  de¬ 
pendence  of  the  transmission  coefficient  k  upon  so-called 
“collision  frequency”  a,  which  reflects  the  actual  coupling  of 
the  reaction  coordinate  to  the  surrounding  medium.  Ac¬ 
cording  to  theoretical  models,  the  transmission  coefficient  k 
is  found  to  be  a  strong  nonmonotonic  function  of  a  with 
two  different  limits.  Activation  due  to  collision  rate  is  lim¬ 
iting  and  K  is  proportional  to  a  for  the  energy -controlled 
regime  at  low  collision  frequencies.  At  high  collision  fre¬ 
quencies  in  the  diffusive  regime,  particles  which  have  crossed 
but  not  yet  cleared  the  barrier  may  suffer  collisions  and 
recross  the  barrier.  The  reaction  in  this  limit  is  said  to  be 
diffusion  controlled  and  the  rate  is  inversely  proportional 
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to  a.  Between  these  two  regimes  there  is  a  nonmonotonic 
transition,  Kramers  turnover  (crossover). 

In  our  laboratory  we  observed  such  turnover  behavior 
for  the  chair-chair  inversion  of  cyclohexane  in  several  sol¬ 
vents  [11],  Hochstrasser  et  al.  [12]  have  reported  Kramers 
turnover  region  in  the  isomerization  of  trans-stilbene  by 
using  high  pressure  gaseous  ethane.  Troe  et  al.  [13]  have 
also  observed  Kramers  turnover  for  trans-stilbene  combin¬ 
ing  experiments  performed  both  in  liquid  and  in  gas  at  high 
pressure.  However,  the  great  majority  of  systems  [2,14] 
studied  in  dense  liquid  media  show  the  high  friction  behav¬ 
ior. 

It  was  not  surprising  that  our  results  for  isomerization  of 
cyclohexane  were  met  with  a  considerable  degree  of  skep¬ 
ticism  as  the  prevalent  view  was  that  the  rapid  internal  en¬ 
ergy  flow  would  prevent  observation  of  the  low  friction  re¬ 
gime  in  dense  liquid  solvents.  However,  in  their  multidi¬ 
mensional  molecular  dynamics  calculations,  Chandler  et  al. 
[15]  have  reported  that  observation  of  the  inertial  behavior 
depends  strongly  on  the  relative  strength  between  the  inter- 
molecular  coupling  and  the  intramolecular  coupling.  They 
concluded  that  the  RRKM  picture  of  unimolecular  kinetics 
does  not  describe  cyclohexane  isomerization  in  liquid  so¬ 
lutions  as  the  energy  exchange  between  the  molecule  and 
the  stochastic  bath  occurs  with  similar  ease  as  the  energy 
rearrangement  among  intramolecular  modes. 

Clearly,  the  inefficient  internal  energy  flow  is  the  key  in¬ 
gredient  in  order  to  observe  the  energy  controlled  regime 
or  the  Kramers  turnover  for  a  system  in  dense  solvent  fluids. 
Therefore,  we  turned  our  attention  to  systems  where  we  may 
expect  an  inefficient  internal  energy  flow  [16].  The  theoret¬ 
ical  predictions  by  Marcus  et  al.  [17]  and  by  Uzer  and 
Hynes  [18]  about  the  heavy  metal  atom  bottleneck  effect 
on  internal  energy  redistribution  in  a  molecule  provided  the 
main  motivation  for  our  experiments  dealing  with  Rh  com¬ 
plexes  in  liquid  solutions.  Experimental  studies  on  several 
organometallic  compounds  [19]  have  also  suggested  that  a 
heavy  metal  atom  acted  as  a  barrier  which  reduced  the  rate 
of  intramolecular  vibrational  energy  transfer  between  the 

Molecular  Structure  of  Rh  Complexes 


(CjHj)Rh(CjH4),  (C2Hj)Rh(CjF4)(CjH4) 

Fig.  1 

Molecular  structure  of  .t-cyclopentddienjldiethjlcnerhodium  and 
n-cyclopentadienylethylenetctrafluoroethylenerhodium 


ligands,  however,  this  effect  was  not  observed  for  another 
system  [20]. 

In  our  recent  studies  [21,22]  we  investigated  the  effects 
of  temperature  and  pressure  on  the  internal  rotation  rate  of 
coordinated  ethylene  in  7i-cyclopentadienyldiethylenerhod- 
ium  and  n-cyclopentadienylethylenetetrafluoroethylene- 
rhodium  in  several  liquid  solvents.  Fig.  1  shows  the  molec¬ 
ular  structure  of  the  Rh  complexes.  It  was  found  that  the 
rotation  of  coordinated  ethylene  is  initially  accelerated  by 
pressure,  reaches  a  maximum  and  then  decreases  at  high 
pressure.  The  experimental  data,  as  interpreted  in  terms  of 
stochastic  models  of  isomerization  reactions,  indicate  a  Kra¬ 
mers  turnover  for  the  pressure  dependence  of  the  rotation 
of  coordinated  ethylene  in  the  Rh  complexes.  The  obser¬ 
vation  of  the  energy  controlled  regime  in  this  system  may 
be  the  consequence  of  the  so-called  heavy  metal  atom  bott¬ 
leneck  effect  which  reduces  the  intramolecular  energy  trans¬ 
fer  within  the  molecule.  Table  I  summarizes  the  results  of 
our  experimental  studies  dealing  with  the  dynamical  solvent 
effects  on  reaction  rates  in  dense  liquid  solvents. 

This  contribution  has  several  goals.  First,  we  shall  discuss 
the  advantages  of  using  pressure  as  an  experimental  variable 
together  with  an  indication  of  relative  merits  of  high  reso¬ 
lution  NMR  techiques  to  investigate  reaction  rates  in  liquid 
solution.  Second,  the  question  of  Kramers  turnover  for 
isomerization  of  cyclohexane  and  1,1-difluorocyclohexane 
will  be  briefly  revisited.  Third,  the  study  of  temperature  and 
pressure  effects  on  ethylene  rotation  in  n-cyclopentadienyl- 
ethylenetetrafluoroethylenerhodium  in  several  liquid  sol¬ 
vents  will  be  reviewed  with  the  aim  showing  that  viscosity 
represents  only  an  approximate  measure  of  the  coupling  of 
the  reaction  coordinate  to  the  reaction  medium. 

Experimental 

For  studies  listed  in  Table  1,  the  experimental  procedures  and 
equipment  have  been  discussed  in  detail  in  the  original  references 
[11,21—24].  Thus,  only  a  few  comments  about  our  experiments 
dealing  with  ethylene  rotation  in  n-cyclopentadienylethylenetetra- 
fluoroethylenerhodium  will  be  made. 

The  high  resolution  FT  NMR  experiments  were  performed  on 
the  300  MHz  NMR  spectrometer  (GN-300)  which  was  equipped 
with  an  Oxford  Instruments,  Inc.  super-conducting  7.0  Tesla  mag- 


Table  1 

Summary  of  recent  results 


System 

Process 

Result 

Ref. 

Cyclohexane 

Conformalional 

Isomerization 

Kramers 

Turnover 

[11] 

t,l-difluorocycIohexane 

Conformational 

Isomerization 

9 

[23] 

N,N-Dimelhyllrichloro- 

acetamide 

Hindered 

Rotation 

Diffusive 

Regime 

[24] 

ir-cyclopentadienyldielhylene- 

rhodium 

Ethylene 

Rotation 

Inertial 

Regime 

[21] 

a-cyclopentadienylethylenetetra- 

lluuroelhylenerhudium 

Ethylene 

Rotation 

Kramers 

Turnoier 

[22] 
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net.  A.  commercial  GN-300  variable  temperature  probe  was  used 
for  the  temperature  study  and  a  homebuilt,  high-resolution,  high- 
pressure  NMR  probe  was  used  for  the  pressure  study.  This  probe 
has  ah  exceptional  resolution  of  1  part  in  10‘  for  8  mm  sample 
without  spinning,  and  allows  one  to  achieve  pressures  up  to.  5000 
,bar.  the  rate  constants  were  obtained  from  the  NMR  spectra  by 
the-complete  lineshape  analysis  using  the  iterative  lineshapc  anal¬ 
ysis  proposed  by  Jonas  et  al.  [25]. 

Results  and  Discussion 

In  all  our  studies  we  used  high-pressure,  high-resolution 
NMR  techniques  to  investigate  the  dynamical  solvent  effects 
on  the  reaction  rates  in  liquid  solutions.  It  is  appropriate  to 
comment  on  the  importance  of  using  pressure  as  an  exper¬ 
imental  variable  in  the  studies  of  dynamical  solvent  effects 
on  reaction  rates,  as  the  collision  frequency  which  reflects 
the  coupling  of  the  reaction  coordinate  to  the  medium  can 
be  related  through  simple  hydrodynamic  arguments  to  shear 
viscosity  tj.  The  collision  frequeny  a  in  different  solvents  is 
given  by  the  coefficient  of  friction  ( 


However,  there  are  some  disadvantages  connected  with 
the  use  of  the  NMR  line  shape  technique  [25]  to  calculate 
the  experimental  rates.  For  this  technique  to  be  applicable, 
motions  must  fall  within  a  narrow  timescale  and  the  re¬ 
stricted  range  of  measurable  rates  leads  to  a  relatively  large 
error  in  determined  activation  parameters.  This  inherent 
weakness' of  the  NMR  lineshape  analysis  approach  can  be 
overcome  in  studies  currently  in  progress  in  our  laboratory 
using  the  NMR  rotating  frame  technique  [28]  to  measure 
rates.  For  example,  for  cyclohexane  the  highest  measurable 
rate  by  the  NMR  lineshape  technique  is  about  5-10^  s“', 
whereas  the  NMR  rotating  frame  method  allows  one  to 
measure  rates  up  to  5-10’  s~'. 

In  the  following  we.  shall  discuss  selected  results  obtained 
in  our  studies  listed  in  Table  1.  In  order  to  clarify  our  dis¬ 
cussion  we  have  to  mention  several  equations  used  in  our 
analysis  of  the  experimental  data. 

The  stochastic  models  introduce  a  transmission  coeffieient 
to  account  for  the  collision  effect  on  reaction  rates  as 


«  =  C/ni  (1) 

and  the  molecular  mass  m  of  the  solute.  An  estimate  for  ( 
can  be  obtained  by  applying  the  Stokes  law 


koU  -  K  •  ^TST  >  (4) 

where  A'ob$  is  the  observed  isomerization  rate  and  kjsr  is  that 
predicted  by  the  classical  transition  state  theory  given  by 


(  =  cnti(a/2)  (2) 

where  a  is  the  hard-core  diameter  and  the  c  is  equal  to  4  in 
the  slipping  boundary  limit,  whereas  it  is  6  for  the  sticking 
boundary  limit.  Both  theoretical  [26]  and  experimental  [27] 
studies  show  that  the  slipping  boundary  conditions  are  ap¬ 
propriate  for  cases  discussed  in  our  experiments.  Therefore, 
the  collision  frequency  is  given  by 

«  =  — J/ff.  (3) 

m 


with  the  symbols  having  their  usual  meaning. 

The  relationship  between  the  transmission  coefficient  k 
and  the  solvent  viscosity  provides  a  practical  way  to  discuss 
the  isomerization  dynamics.  Since  k  and  k^sT  cannot  be  de¬ 
termined  independently  [11,23],  we  must  evaluate  the  ratio 
of  K{ti)lK(ijo).  The  normalized  transmission  coefficient  can 
be  obtained  from 


In  most  studies  the  shear  viscosity  ij  is  changed  by  the  use 
of  different  solvents  but  in  the  high  pressure  experiment, 
viscosity  can  be  varied  by  changing  pressure.  One  has  to 
realize  that  viscosity  represents  only  an  approximative 
measure  of  the  degree  of  coupling  of  the  reaction  coordinate 
to  the  reaction  medium  and  consequently  by  changing  sol¬ 
vents  one  may  influence  the  reaction  rate  by  different  mo¬ 
lecular  shape,  size,  or  strength  of  the  intermolecular  inter¬ 
actions  of  the  solvent  molecule  used.  Therefore,  different 
solvents  of  the  same  shear  viscosity  may  not  have  the  same 
effect  on  the  reaetion  rate  measured.  Clearly,  using  the  same 
solvent  and  ehanglng  its  viscosity  by  pressure  represents  a 
much  cleaner  experiment. 

As  most  of  the  studies  of  simple  isomerization  reactions 
involve  laser  spectroscopic  techniques,  one  should  also  com¬ 
ment  on  the  relative  merits  of  the  NMR  technique.  There 
are  several  advantages  of  using  NMR  to  study  isomeriza¬ 
tion,  and  hindered  rotation  in  liquid  solutions.  The  system 
chosen  can  be  very  simple  and  the  molecule  can  be  studied 
in  its  ground  state.  For  example,  the  chair-chair  isomeri¬ 
zation  of  cyclohexane  is  a  relati\ely  simple  process  which 
can  be  characterized  by  two  degress  of  freedom. 


«•(>;)  ^  k(>])  ( (F-Fo)AK-^\ 

Kino)  kino)  RT  ) 


(6) 


where  Kino)  and  k(no)  are  the  transmission  coefficient  and 
the  observed  rate  constant  at  a  chosen  reference  point.  ?o 
is  pressure  at  the  reference  point. 

Fig.  2  shows  the  schematic  dependence  of  the  normalized 
transmission  coefficient  upon  viscosity  »/  and  as  gen¬ 
erated  from  the  experimental  data  for  cyclohexane  isomer¬ 
ization  [11,23]  in  several  dense  solvents.  In  our  original 
work  we  calculated  the  =  - 1.5  cmVmol  which  com¬ 
pares  favorably  with  the  value  A  =-10  cmVmol  given 
by  Lc  Noble  [11].  From  Fig.  2,  w'e  see  that  the  actual  de¬ 
pendence  of  the  normalized  transmission  coefficient  is  a  sen¬ 
sitive  function  of  the  AF^t  value.  In  addition,  we  also  dis¬ 
cussed  in  detail  why  should  be  pressure  independent. 
Nevertheless,  even  if  our  estimate  of  AF^j  was  off  by 
0.5 -1.0  cmVmol,  the  experimental  data  will  still  exhibit 
inertial  behavior  for  isomerization  of  cyclohexane  in  dense 
liquid  solvents. 

The  situation  is  not  that  straightforward  for  isomerization 
of  1,1-difluorocyclohexane  (DFCH)  as  shown  in  Fig.  3.  For 


246 


J.  Jonas  and  X.  Peng:  High  Pressure  NMR  Studies  of  the  Kramers  Turnover  etc. 


DFCH. isomerization  we  assumed  =  —1.5  cmVmol 
basing  our  estimate  on  analogy  with  cyclohexane.  It  is  un¬ 
likely  that  A  for  DFCH  isomerization  is  greatly  different 
from  that  of  cyclohexane.  However,  we  cannot  rule  out  the 
possibility  that  may  be  —2.0  or  —2.5  cm^mol  which 
would  bring  the  isomerization  clearly  in  the  diffusion  con¬ 
trolled  regime.  Therefore,  on  the  basis  of  the  experimental 
data  [23]  obtained,  we  cannot  determine  with  certainty 
whether  DFCH  isomerization  exhibits  inertial  behavior. 


Fig.  2 

Schematic  dependence  of  normalized  experimental  transmission 
coefficient  k((j)/k(3cP)  upon  shear  viscosity  and  APi^  for  confor¬ 
mational  isomerization  of  cyclohexane  at  228  k  (for  details,  see 
Ref.  [11]) 


SCS  0285-2 


<(v) 

k(3cP) 


Fig.  3 

Schematic  dependence  of  normalized  experimental  transmission  co¬ 
efficient  k(7/)/k(3cP)  upon  shear  viscosity  »/  and  AP4t  for  confor¬ 
mational  isomerization  of  1,2-difluorocyclohcxanc  in  the  tempera¬ 
ture  range  218—253  K  (for  details,  see  Ref.  [23]) 


In  contrast  to  the  results  for  cyclohexane  and  DFCH  we 
found  that  the  hindered  rotation  of  N,N-dimethyltrichlo- 
roacetamide  [24]  falls  into  the  diffusive  regime.  The  pressure 
dependence  of  the  hindered  rotation  about  the  amide  C— N 


bond  of  N,N-dimethyltrichloroacetamide  (DMTCA)  has 
been  studied  at  282.3  K  in  n-pentane  and  methylcyclohexane 
solvents  using  the  high-resolution,  high-pressure  nuclear 
magnetic  resonance  (NMR)  technique.  The  experimental  ro¬ 
tation  rate  k  decreases  with  increasing  pressure  in  both  sol¬ 
vents  and  the  correlation  of  the  rates  with  solvent  viscosity 
shows  that  the  rotation  falls  into  the  strongly  coupled 
diffusive  regime.  Interpretation  of  the  experimental  k  vs.  tj 
dependence  in  terms  of  the  Kramers  model  fails  to  account 
for  the  leveling  off  of  the  rate  constant  at  high  viscosities. 
The  Grote-Hynes  theoretical  model  [29],  which  assumes 
frequency-dependent  friction,  reproduces  well  the  observed 
rate  behavior  with  viscosity  of  the  solvent. 

Another  study  [22]  listed  in  Table  1  dealt  with  the  effect 
of  temperature  and  pressure  on  the  internal  rotation  rate  of 
coordinated  ethylene  in  n-cyclopentadienylethylenetetra- 
fluoroethylenerhodium  in  liquid  solution.  The  solvents  used 
in  this  study  were  n-pentane-di2,  carbon  disulfide  and  me- 
thylcyclohexane-d|4.  The  activation  energy  (56.3  ±  0.84  kJ/ 
mol)  for  the  internal  rotation  of  ethylene  was  independent 
of  solvent  and  pressure  as  determined  from  conventional 
Arrhenius  type  plots  and  isoviscosity  plots.  It  was  found 
that  the  rotation  of  the  coordinated  ethylene  is  initially  ac¬ 
celerated  by  pressure,  reaches  a  maximum  and  then  de¬ 
creases  at  high  pressure.  The  strong  pressure  dependence  of 
the  observed  activation  volume  for  the  rotation  suggested  a 
strong  collisional  contribution  to  the  activation  volume  and 
the  presence  of  dynamical  solvent  effects.  The  experimental 
data,  as  interpreted  in  terms  of  stochastic  models  of  isom¬ 
erization  reactions,  indicated  a  Kramers  turnover  for  the 
pressure  dependence  of  the  rotation  of  coordinated  ethylene 
in  the  Rh  complex  in  solution.  In  fact,  the  observation  of 
the  energy-controlled  regime  in  this  system  may  be  the  con¬ 
sequence  of  the  so-called  heavy  metal  atom  bottleneck  effect 
which  reduces  the  intramolecular  energy  transfer  within  the 
molecule. 


SCS  02l2-a 


at  258.2  and  273.2  K  for  meth>kyclohexane-di4  (G),  n-pentanc-di2 
(A)  and  CS4  (□) 
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in.tlM  following  section,  we  shall  focus  on  the  experimen¬ 
tal  finding  that  the  observed  pressure  dependence  of  ethylene 
rotation  of  the  Rh  complex  studied  was  very  different  in  the 
metbylcydohexane  solvent  than  the  dependence  obtained 
for  the  CS:  and  n-pentane  solvents.  This  striking  difference 
in  viscosity  dependence  for  the  solvents  used  is  depicted  in 
Fig.  4,  which  plots  the  preexpontential  factor  k*  as  a  func¬ 
tion  of  solvent  viscosity  rj  for  the  ethylene  rotation  in 
n-cyclopentadienylethylenetetrafluoroethyienerhodium. 
The  conventional  definition  of  the  preexponential  factor  [8] 
is  used 

k^  k*  np(-EJRT) .  .  (?) 

Fig.  4  shows  that  within  experimental  error,  the  preexpo- 
nehtial  factor  is  almost  the  same  for  CSj  and  n-pentane-d|i 
solvents.  One  should  also  mention  that  the  Kramers  turn¬ 
over  occurs  at  relatively  high  viscosity  ~7  cP  for  methyl- 
cyclphexane-d|4  while  viscosity  is  2  cP  for  the  turnover  point 
both  for  n-pentane-di:  and  CS2  solvents.  The.  .Sjeinner- 
Wolynes  model  [8]  fits  well  the  experimental  data  for  <pSj 
and  n-pentane-d|2  solvents  but  it^does  not  fit  the  data  for 
the  most  viscous  solvent  of  methylcyclohexane-dn.  It  is  ev¬ 
ident  from  Fig.  4  that  the  preexponential  factor  k*  is  rela¬ 
tively  insensitive  to  viscosity  changes  in  methylcyclohexane 
solvent,  particularly  for  high  viscosity  values. 

In  order  to  look  for  an  explanation  of  this  experimental 
finding,  we  follow  the  suggestion  by  Garrity  and  Skinner 
[30]  that  viscosity  increases  faster  than  the  collision  fre¬ 
quency  for  high  packing  fractions.  Therefore  we  calculated 
the  Enskog  hard  sphere  collision  frequency  ate  for  the  sol¬ 
vents  used  and  plotted  «£  as  a  function  of  viscosity  in  Fig.  5. 
Indeed,  this  figure  shows  that  the  viscosity  of  methylcyclo- 
hexane-di4  solvent  increases  rapidly  while  the  collision  fre¬ 
quency  ixe  falls  in  the  same  range  as  the  collision  frequency 
for  CS2  and  n-pentane-di2  solvents.  If  one  plots  the  preex¬ 
ponential  factor  k*  versus  the  Enskog  collision  frequency 
(Xe  as  shown  in  Fig.  6,  one  concludes  that  the  results  for  thw. 
methylcyclohexane  solvent  are  consistent  with  the  other  two 
solvents.  In  fact,  the  experimental  k*  values  span  the  same 
collisional  frequency  range,  and  the  Kramers  turnover  oc- 


Enskog  collision  frequency  ot^  as  a  function  of  shear  viscosity  for 
n-pentane  (A);  carbon  disulfide  (□)  and  methylcyclohexane  (O) 


The  preexponential  .factor  k*  as  a  function  of  Enskog  collision 
frequency  Ke  for  ethylene  rotation  in  (C}H5)Rh(C2H4)(C2F4)  at 
258.2  K  and  283.2  K  for  methyicyclohexanc-du  (O);  n-pentane-d|2 
(AlandCSjfD). 

curred  at  6-7  ps"'.  However,  so  far  there  is  no  explanation 
why  k*  in  methylcyclohexane  solvent  is  consistently  lower 
than  its  values  in  the  other  two  solvents. 

Naturally,  there  may  be  other  reasons  for  this  unusual 
behavior  for  the  methylcyclohexane  solvent.  For  example, 
in  our  earlier  high-pressure  studies  [31]  of  self-diffusion  and 
viscosity  in  liquid  methylcyclohexane  in  the  dense  liquid 
region,  we  found  that  the  rough  hard  sphere  model  is  not 
strictly  applicable  for  this  liquid.  In  order  to  obtain  an  agree¬ 
ment  betweejii  experiment  and  theory,  we  had  to  assume  that 
the  degree  9.!  coupling  between  the  rotational  and  transla¬ 
tional  motions  is  strongly  temperature  dependent.  One 
should  alsp  point  out  that  it  has  been  reported  in  the  study 
of  stilbene  isomerization  [32]  that  the  data  point  for  meth¬ 
ylcyclohexane  solvent  deviated  strongly  from  the  relation¬ 
ship  found  for  other  solvents. 

In  spite  of  the  phenomenological  nature  of  our  discussion, 
we  can  conclude  that  solvent  viscosity  represents  only  an 
approximative  measure  of  the  degree  of  coupling  of  the  re¬ 
actions  coordinate  to  the  reaction  medium  and  the  rela¬ 
tionship  between  reaction  rates  and  solvent  shear  viscosity 
may  break  down  for  high  viscosity  solvents  at  high  packing 
fractions.  Experiments  aimed  at  improving  our  understand¬ 
ing  of  isomerization  processes  in  highly  viscous  liquids  are 
in  progress  in  our  laboratory  by  using  the  NMR  rotating 
frame  techniques  and  extension  of  the  high  pressure  limit 
from  5  kbar  to  10  kbar. 

This  work  was  supported  in  part  by  the  National  Science  Foun¬ 
dation  under  grant  NSF  CHE  85-09870. 
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Femtosecond  laser  studies  on  cis-stilbene  photoisomerization  in  alkane  solvents  shew  a  weak  friction 
dependence  on  the  excited  state  lifetime.  A  possible  barrier  crossing  process  is  indicated  when  these  results 
are  compared  with  various  potential  models.  The  anisotropy  values  of  the  transient  absorptions  allow  the 
assignment  of  the  various  excited  states  to  A  type  in  Cj  symmetry.  Anisotropy  measurements  in  the  regions 
of  product  ground  state  absorptions  demonstrate  a  high  alignrient  between  reactant  cis  and  product  trans 
and  a  low  alignment  between  cis  and  product  dihydrophenant  Irene  (DHP)  transition  dipoles.  These  results 
indicate  a  significant  angular  displacement  of  the  ethylene  bond  during  isomerization.  In  addition,  time 
resolved  absorption  studies  detecting  product  trans  fluorescence  estimate  an  initial  internal  temperature 
of  725  ±  100  K  which  decays  with  ca.  14  ps  time  constant. 


Introduction 

The  isomerization  of  stilbene  has  been  extensively  studied 
as  a  model  for  photoinduced  molecular  rearrangement  and 
as  a  probe  of  solvent  effects  associated  with  isomerization 
and  molecular  rotation  [1-5].  The  isomerization  of  trans- 
stilbene  in  the  first  excited  state  involves  a  barrier  crossing 
process  which  takes  many  tens  of  picoseconds  depending 
on  solvent  [4].  Vibrational  cooling  of  excited  truns-stilbene 
molecules  occurs  in  about  20  ps,  which  is  shorter  than  the 
excited  state  lifetime  [5].  Recent  femtosecond  experiments 
have  allowed  the  study  of  the  isomerization  from  the  cis  side 


of  the  potential  surface  which  has  long  been  assumed  to  be 
barrierless  as  shown  in  Fig.  1  [1,2].  The  cis-stilbene  excited 
state  decays  in  ca.  1  ps  in  alkane  solvents,  forming  cis,  trans, 
and  dihydrophenanthrene  (DrIP)  with  quantum  yields  of 
0.55, 0.35,  and  0.1  respectively  [6].  The  rapid  disappearance 
of  the  excited  cis  population  makes  possible  the  observation 
of  spectra  and  dynamics  of  intermediates  and  product 
foi,ned  during  the  isomerization  [2,7].  Vibrational  energy 
transfer  may  also  Le  observed  after  the  disappearance  of  cis 
population  [8].  In  this  paper  several  results  are  discussed 
which  were  obtained  by  transient  absorption  experiments 
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which  probe  optically  excited  cis-stilbene  and  fluorescence 
experiments  which  measure  the  appearance  of  frans-stilbene 
by  exciting  the  trans  molecules  produced  by  the  isomeri¬ 
zation  and  observing  their  fluorescence. 


Potential  energy  diagram  for  stiibcne  ground  and  excited  states 
showing  the  transient  absorption  and  fluorescence  detection  ex¬ 
periments 


Experimeatal 

The  laser  system,  transient  absorption,  and  fluorescence  experi¬ 
ments  have  been  described  in  detail  elsewhere  [2, 8].  Briefly,  a  CPM 
laser  which  is  amplified  in  a  four  stage  NdiYAG  pumped  amplifier 
and  then  frequency  doubled  is  used  to  excite  cis-stilbene  at  312  nm. 

For  the  transient  absorption  experiments  probe  wavelengths  in 
the  visible  are  obtained  by  continuum  generation  in  a  cell  of  H2O. 
Narrow  slices  of  the  continuum  are  selected  with  a  set  of  interfer- 
enK  filters.  This  probe  can  also  be  frequency  doubled  to  obtain 
wavelengths  in  the  ultraviolet. 

In  the  fluorescence  experiment  a  second  pump  beam  at  312  nm 
is  used  to  excite  the  trans-stilbene  molecules  created  by  the  first 
pump  pulse.  The  fluorescence  from  the  excited  trans  molecules  is 
collected  by  a  photomultiplier  tube  perpendicular  to  the  pump 
beams, 

A  half-wave  plate  in  the  pump  arm  of  both  experiments  allows 
the  rotation  of  the  pump  beam  polarization  to  give  the  parallel  and 
perpendicular  polarization  geometries  for  anisotropy  studies. 

Friction  Dependence  of  Cis  Relaxation 

Transient  absorption  measurements  carried  out  with  cis- 
stilbene  in  a  series  of  n-alkane  solvents  and  at  a  number  of 
probe  wavelengths  show  a  weak  friction  dependence  [2]. 
The  excited  state  lifetime  ranges  from  about  1  ps  in  hexane 
to  1.4  ps  in  hexadecane.  C/s-stilbene  exhibits  transient  ab¬ 
sorption  spectra  in  the  visible/1  R  and  ultraviolet  regions  of 
the  spectrum.  The  visible/I  R  transient  has  peaks  at  650  nm 
and  450  nm.  The  ultraviolet  transient  spectrum  starts 
around  390  nm  increasing  toward  higher  energy  where  it 
overlaps  with  the  ground  state  spectra.  The  viscosity  data 
were  taken  at  650  nm  in  the  visible  and  at  350  nm  in  the 
ultraviolet.  The  friction  dependence  is  similar  for  both  the 
visible  and  the  ultraviolet  transients.  In  fact,  across  the  entire 
spectrum  the  transient  absorption  rises  with  an  instrument 


function  limited  rise  and  decays  with  a  lifetime  characteristic 
of  a  particular  alkane  solvent.  This  indicates  that  any  spec¬ 
tral  shift  arising  from  the  population  moving  along  a  bar¬ 
rierless  potential  energy  surface  does  not  occur  within  our 
time  resolution 


Three  possible  models  for  the  ds-stilbene  ground  and  excited  state 
surfaces 

Models  for  m-Stilbene  Isomerization 

The  transient  absorption  data  allow  the  comparison  of 
the  isomerization  process  with  some  simple  models.  Three 
models  which  could  possibly  describe  the  excited  state  sur¬ 
face  are  shown  in  Fig.  2.  Because  ^c/s-stilbene  is  not  planar 
due  to  the  repulsion  of  the  phenyl  ring  hydrogens  there  must 
exist  a  double  minimum  around  the  180°  (cis)  configuration 
as  is  shown  in  b.  and  c.  of  Fig.  2.  The  first  potential  in  Fig. 
2  shows  an  inverted  symmetric  potential  for  the  excited  state. 
The  Brownian  motion  of  a  particle  in  a  harmonic  force  field 
was  first  considered  by  Chandrasekhar  [9].  The  motion  of 
a  particle  on  an  inverted  well  follows  as  a  straightforward 
extension  of  this  form  [2].  The  decay  curve  for  excited  state 
c/s-stilbene  in  hexane  may  be  modeled  as  Brownian  motion 
on  an  inverted  well  of  frequency  w  =  4  x  10'^  s~'.  However, 
when  the  empirical  angular  friction  factor  j?  appropriate  for 
hexane  (/?  =  1.18x10'^  s“')  is  replaced  by  the  value  ap¬ 
propriate  for  hexadecane  {/?  =  5.88x10*^  s~'  [10])  the 
model  predicts  a  much  longer  lifetime  than  is  observed  ex¬ 
perimentally.  This  model  also  predicts  the  wrong  functional 
form  for  the  decay  with  the  theoretical  curves  being  highly 
nonexponential  due  to  Brownian  motion  on  top  of  the  po¬ 
tential  surface. 

The  second  potential  drawn  in  Fig.  2  is  a  displaced  in¬ 
verted  harmonic  well.  Brownian  motion  on  this  model  po¬ 
tential  surface  has  many  of  the  characteristics  of  the  first 
surface  in  Fig.  2.  It  predicts  a  stronger  friction  dependence 
than  observed  experimentally.  It  also  predicts  improper 
functional  forms  for  the  decay  of  electronically  excited  c/s- 
stilbene. 

The  third  model  in  Fig.  2  is  one  in  which  cis-stilbene  is 
excited  into  shallow  wells  displaced  from  180  .A  compari- 
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son  of  the  data  to  a  one  dimensional  Kramers  equation  gives 
a  barrier  on  the  order  of  g  =  3kT  [2].  With  a  barrier  this 
size  Kramers  theory  may  not  be  valid  but  it  does  provide  a 
qualitative  prediction,  along  with  the  absence  of  excited  cis- 
stilbene  spectral  shifts,  that  the  region  where  c/s-stilbene 
manifests  its  transient  absorption  at  times  in  excess  of  a  few 
hundred  femtoseconds  may  be  a  shallow  well  on  the  poten¬ 
tial  surface. 

These  results  in  the  non-polar  alkane  solvents  indicate 
ithe  possible  existence  of  a  small  barrier  to  isomerization  in 
the  cis  side  of  the  excited  potential  surface.  Recent  experi¬ 
ments  by  Fleming  and  co-workers  show  an  early  spectral 
shift  in  alcohol  solvents  [11].  This  indicates  that  the  poten¬ 
tial  surface  in  these  polar  solvents  is  barrierless  and  confirms 
the  notion  that  the  shape  of  the  cis-stilbene  excited  state 
surface  is  solvent  dependent. 


State  Assignments 

The  measured  anisotropy  signal  in  a  transient  absorption 
experiment  is; 


r(0  = 


hit)  -  lAt) 
hit)  -b  2/j.(0 


where  /j(t)  and  /j.(f)  are  the  signal  intensity  for  parallel  and 
perpendicular  pump  and  probe  beam  polarization  respec¬ 
tively.  This  anisotropy  measures  the  quantity: 


r(t)  =  0.4<?2[cos<I»{()]> 

where  <l>it)  is  the  instantaneous  angle  between  the  transition 
dipoles  in  the  pumpprobe  transitions.  The  absorption  ani¬ 
sotropy  provides  information  on  the  symmetry  of  the  states 
involved  in  the  two-photon  pump  probe  process.  The  ex¬ 
citation  of  c/s-stilbene  at  312  nm  involves  an  A— »B  type 
transition.  The  visible  transients  probed  around  650  nm  in 
both  cis  and  frnns-stilbene  have  anisotropies  for  the  ground 
to  excited  state  dipoles  near  0.4.  A  value  of  r  =  0.4  is  the 
maximum  for  this  type  of  experiment.  This  indicates  that 
the  transition  dipole  of  the  excited  transition  is  nearly  par¬ 
allel  to  that  for  the  transition  dipole  pumped  al  312  nm. 
The  c/s-stilbene  ultraviolet  transient  has  r  =  0.15  for  a  350 
nm  probe.  The  ground  stale  of  stilbene  is  of  A  type  and  the 
first  excited  state  is  B  therefore  the  positive  anisotropies 
indicate  the  upper  levels  in  these  pump-probe  experiments 
are  of  A  type  because  excitations  of  A— >B-»B  would  give 
r=-0.2. 


Reaction  Coordinate 

The  ultraviolet  absorption  of  cis-stilbene  overlaps  the 
ground  state  absorption  of  tra/is-stilbene  in  the  region  of 
330  nm.  Anisotropies  in  this  region  give  information  on  the 
reaction  coordinate  bj  measuring  the  alignment  between  the 
reactant  cis  and  product  trans  molecules.  The  transient  ab¬ 
sorption  decay  and  anisotropy  in  hexadecane  at  330  nm  is 
shown  in  Fig.  3.  In  the  region  between  420  nm  and  520  nm 
the  spectrum  of  dihydrophenanthrene  (DHP)  is  observable 


after  the  decay  of  the.  cis- population.  The  DHP  is  formed 
by  a  ring  closing  of  the  phenyl  rings.  In  both  spectral  regions 
the  excited  cis  signal  decays  in  1.4  ps  in  hexadecane  to  a 
long  time  product  absorption  as  seen  in  Fig.  3.  This  longer 
time  absorption  partially  decays  due  to  vibrational  cooling 
i.e.  a  spectral  shift  taking  tens  of  picoseconds.  The  c/s-stil¬ 
bene  isomerization  allows  the  measurement  of  the  reaction 
dipole  for  two  separate  reaction  pathways.  The  product  an¬ 
isotropy  at  the  earliest  times  remains  high,  r  =  0.20  for  cis 
to  trans  and  is  r  =  0.17  for  cis  to  DHP.  At  longer  times  the 
anisotropy  decays  due  to  rotational  diffusion  but  in  hex¬ 
adecane  the  conventional  rotational  relaxation  time  is  long 
enough  that  it  does  not  influence  the  interpretation  of  the 
alignment  of  reactant  and  product. 


Fig.  3 

Magic  angle  transient  absorption  decay  curves  (solid  lines)  and 
anisotropies  (open  circles)  for  excited  cis-stilbene  in  hexadecane  in 
the  regions  of  irniis-stilbene  ground  state  (330  nm)  and  the  dihy¬ 
drophenanthrene  absorption  (480  nm) 

The  trfliis-stilbene  So— >S|  transition  dipole  is  known  to 
lie  along  the  longest  axis  of  the  molecule  [11  ].  The  transition 
dipole  for  c/s-stilbene  has  not  been  measured  but  a  recent 
calculation  predicts  the  dipole  to  lie  close  to  the  ethylene 
bond  [13].  The  cis  and  trans  transition  dipoles  for  the 
ground  to  first  excited  state  are  shown  in  relation  to  the 
molecules  in  Fig.  4.  A  simple  exilon  model  predicts  the  DHP 
(Si-*S,)  transition  to  be  directed  perpendicular  to  the  Ci 
symmetry  axis  and  along  the  longest  polyene  axis  [14].  The 
measured  anisotropies  at  times  after  the  decay  of  the  excited 
cis  population  are  quite  high  for  both  trans  (r  =  0.2)  and 
DHP  (r  =  0.17).  This  indicates  substantial  alignment  be¬ 
tween  the  reactant  and  product  transition  dipoles. 
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One  model  to  explain  the  high  product  anisotropies  con¬ 
siders  the  reaction  product  dipoles  to  lie  on  the  surface  of 
a  cone  around  a  line  along  the  reactant  cis-stilbene  ethylene 
bond.  The  data  indicate  a  cone  angle  of  about  35®  for  trans- 
stiibene  product  and  38°  for.  DHP  in  such  a  model.  If  the 
isomerization  to  trans-stilbene  proceeded  as  a  simple  rota¬ 
tion  about  the  double  bond,  as  shown  in  Fig.  4,  a  cone  angle 
of  60°  would  be  predicted  from  the  trans  and  cis  transition 
dipoles.  This  would  lead  to  an  anisotropy  of  r  =  —0.05. 
Since  the,  measured  anisotropy  is  much  greater  it  is  possible 
that  the  isomerization  is  not  a  simple  rotation  about  the 
double  as  is  usually  assumed.  The  results  require  that  the 
ethylene  bond  rotate  by  an  angle  of  ca.  25°  during  the  isom¬ 
erization  in  order  to  produce  this  high  anisotropy.  The  DHP 
product  anisotropy  of  r  =  0.17  indicates  this  reaction  path¬ 
way  also  must  involve  a  significant  rotation  of  the  ethylene 
bond  being  a  lower  value  than  is  expected  for  a  simple  ring 
closing  with  the  ethylene  bond  axis  fixed  in  space. 


Fig.  4 

Transition  dipole  directions  for  the  isomerization  of  c/s-stiibcnc. 
The  simple  rotation  about  the  double  bond  relating  these  structures 
{cis,  twisted,  and  trans)  predicts  a  much  lower  anisotropy  than  is 
observed 

A  full  interpretation  of  the  anisotropy  must  consider  over¬ 
all  rotations  in-  the  laboratory  frame  about  a  definite  axis 
fixed  in  each  molecule.  To  minimize  the  friction  on  the  cis 
to  trans  isomerization  ,  the  whole  molecule  may  be  forced 
to  rotate.  Furthermore,  the  conrotatory  motions  of  the 
phenyl  rings  of  a  cis-like  structure  must  generate  a  torque 
that  could  lead  to  a  reorientation  of  the  whole  molecule. 


Such  effects  involving  the  coupling  of  internal  and  overall 
motions  have  been  considered  by  Moro  for  butane  isom¬ 
erization  [16].  Our  results  indicate  a  reorientation  of  the 
ethylene  bond  in  both  the  cis  to  trans  and  cis  to  DHP  re¬ 
actions  suggesting  that  if  the  motion  is  dominated  by  the 
coupling  of  internal  and  overall  rotations  it  is  most  likely 
to  occur  as  a  result  of  phenyl  ring  rotations  common  to 
both  the  DHP  and  trans  reaction  coordinates.  Additional 
experimental  and  theoretical  efforts  are  needed  to  separate 
these  various  angular  motions. 

Vibrational  Cooling 

Trans-stilbene  molecules  formed  from  the  isomerization 
of  cis  can  have  excess  internal  energy.  The  ground  state 
spectrum  of  the  trons-stilbene  product  shifts  with  time  con¬ 
stants  on  the  order  of  20  + 10  ps  [8].  The  shift  in  the  spec¬ 
trum  and  the  decay  of  the  longtime  absorption  in  the  tran¬ 
sient  absorption  curves  results  from  the  difference  between 
the  extinction  coefficients  of  the  hot  and  cold  molecules.  The 
decay  is  slightly  longer  toward  the  absorption  peak  and 
faster  on  the  edges.  These  observations  suggest  that  the  in¬ 
ternal  energy  resulting  from  the  isomerization  can  be  gauged 
by  assuming  a  definite  initial  temperature  achieved  by  dis¬ 
tributing  the  excess  energy  over  a  substantial  fraction  of  the 
internal  modes. 

The  fluorescence  experiment  on  c/s-stilbene  in  solution 
was  first  done  by  Yoshihara  and  coworkers  but  with  insuf¬ 
ficient  time  resolution  to  measure  the  appearance  of  trans- 
stilbene  [15].  The  time  resolution  of  the  solution  experi¬ 
ments  presented  here  is  able  to  detect  the  ground  state  trans- 
stilbene  formation.  The  fluorescence  experiment  provides  a 
good  measure  for  the  cooling  of  trans  molecules.  As  seen  in 
Fig.  1  after  the  formation  of  excited  cis-stilbene  by  the  pump 
beam  hot  trans  molecules  are  formed  in  ca.  1  ps.  The  hot 
ground  state  trans  molecules  are  excited  after  a  time  delay 
(t)  between  the  pulses  and  the  integrated  fluorescence  signal 

DELAY  TIME  (ps) 


-110  -5.5  0  5.5  tt.O 

DELAY  TIME  (ps) 


Fig.  5 

Magic  angle  fluorescence  intensit)  of  (nius-stilbene  as  a  function  of 
delay  lime  between  the  excitation  pulse  which  excites  ground  state 
cis-stilbene  and  the  second  pulse  whieh  excites  the  formed  trmis- 
stilbenc  product.  The  sloiv  rise  of  the  signal  arises  because  the  hot 
trails  molecules  geneiated  initially  do  not  fluoresce  cfTiciently 
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is  detected.  For  time  delay  t  =  oo  the  fluorescence  excitation 
pulse  probes  the  room  temperature  trans  molecules.  ISecause 
the  pump  and  fluorescence  excitation  beams  are  of  approx¬ 
imately  equal  energy  the  trans  fluorescence  signal  will  be  at 
a  minimum  at  time  zero  and  rise  nearly  symmetrically  on 
either  side  of  zero  delay  as  seen  in  Fig.  5.  The  data  in  Fig.  5 
is  for  cis-stilbene  in  hexadecane.  The  solid  line  fit  of  the  data 
is  from  a  model  that  includes  the  variation  of  the  fluores¬ 
cence  quantum  yield  with  temperature  [8],  The  quantum 
yield  changes  as  a  result  of  the  barrier  to  isomerization 
which  renders  the  fluorescence  temperature  dependent.  The 
fit  models  the  temperature  decay  as  a  single  exponential  with 
a  lifetime  of  14  ps,  The  data  for  cis-stilbene  in  hexane  is 
identical  with  that  for  hexadecane  indicating  that  the  cool¬ 
ing  of  the  molecules  is  not  noticeably  solvent  depenac;.it  for 
these  alkane  solvents. 

Energy  Partitioning 

From  the  fluorescence  experiment  it  is  possible  to  obtain 
an  estimate  of  the  initial  internal  temperature  of  the  hot 
trans  molecules.  Acceptable  fits  to  the  data  are  found  for 
temperatures  of  725  K  ±  100  K  [8].  A  calculation  assuming 
that  the  excess  energy  is  distributed  over  all  the  internal 
modes  of  the  molecule  predicts  an  internal  temperature  of 
1325  K  following  the  absorption  of  one  32050  cm''  photon. 
The  ca.  600  K  difference  between  the  measured  temperature 
and  the  maximum  temperature  suggest£..that  the  isomerizing 
stilbene  molecule  loses  a  significant  portion  (about  65%)  of 
its  energy  into  the  solvent  very  rapidly  i.e.  before  the  ap¬ 
pearance  of  trans.  The  rest  of  the  photon  energy  is  found  in 
the  internal  modes,  of  the  trans  molecule  which  cool  with 
the  above  mentioned  14  ps  time  constant.  This  is  the  first 
time  that  energy  partitioning  between  internal  and  external 
friction  pathways  has  been  identified  experimentally  and  the 
result  presents  a  significant  challenge  to  theory. 

Conclusions 

The  femtosecond  experiments  on  c/s-stilbene  discussed 
here  lead  to  a  better  understanding  of  the  isomerization 
process.  The  cis  molecules  are  excited  onto  a  potential  sur¬ 
face  which  may  be  barrierless  or  have  shallow  minima 
nearby  depending  on  the  solvent  system.  The  isomerization 


to  frans-stilbene  and  dihydrophenanthrene  requires  rotation 
of  the  ethylene  bond  in  the  laboratory  frame.  The  trans- 
stilbene  and  DHP  are  formed  with  considerable  internal 
energy.  The  rates  of  appearance  of  trans  and  DHP  are  not 
significantly  different  from  the  disappearance  of  excited  cis. 
The  hot  trans  molecules  having  already  lost  two-thirds  of 
their  excess  energy  when  first  detected  cool  with  a  charac¬ 
teristic  time  of  about  14  +  3  ps. 
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wish  to  thank  Dr.  G.  Moro  for  helpful  suggestions  regarding  the 
coupling  of  internal  and  external  motions. 
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Two  aspects  of  barrierless  processes  are  discussed.  Adiabatic  processes  are  discussed  briefly  in  the  context 
of  diffusion  to  a  sink.  Second,  a  multi-level  Redfield  theory  is  developed  as  a  model  for  rate  processes 
where  vibrational  relaxation  and  dephasing  occur  on  the  time  scale  of  the  electronic  process.  The  results 
of  numerical  calculations  are  presented  and  deviations  from  the  Golden  Rule  predictions  discussed. 


Introduction 

Kramers  in  his  seminal  1940  paper  [1]  considered  the 
problem  of  escape  over  a  potential  (or  free  energy)  barrier. 
It  is  a  natural  extension  of  his  ideas  to  include  processes 
that  have  little  of  no  intrinsic  barrier.  Because  of  the  intrinsic 
time  scale  of  nuclear  motion,  barrierless  processes  in  chem¬ 
istry  and  biology  are  very  rapid  and  their  study  has  ad¬ 
vanced  in  parallel  with  developments  in  ultrafast  laser  spec¬ 
troscopy.  Examples  of  barrierless  processes  in  chemistry  in¬ 
clude  some  isomerization  reactions,  a  range  of  electron 
transfer  reactions  as  well  as  many  diffusion  controlled  re¬ 
actions  in  solution.  Barrierless  reactions  also  seem  to  be 
common  in  biological  processes.  For  example,  the  isomeri¬ 
zation  reactionTfig^ering  the  visual  process  and  thp  rebind- 
Ing  of  CO,  to  heme  in  myoglobin  are  believed  to  lack  bar¬ 
riers.  Pwhaps  the  most  striking  barrierless  reaction  in  nature 
is  the  primary  charge  separation  step  in  photosynthesis. 
Here  the  ultrafast  initial  electron  transfer  step  (~3  ps)  ac¬ 
tually  speeds  up  2— 4  times  as  the  temperature  is  lowered 
from  300  K  to  10  K  [2].  Electronic  energy  transfer  between 
the  prosthetic  groups  of  the  bacterial  reaction  center  is  even 
faster  than  the  electron  transfer;  recent  estimates  from  hole 
burning  [3]  and  ultrafast  [4]  spectroscopy  place  the  energy 
transfer  rate  in  the  30—50  fs  range.  In  this  case  the  conven¬ 
tional  separation  between  electronic  and  vibrational  phase 
relaxation  and  energy  relaxation  time  scales  is  unlikely  to 
exist. 

In  descriptions  of  barrier  crossing  processes  two  types  of 
approaches  have  been  conventionally  employed.  For  non- 
adiabatic  processes  the  Golden  Rule  is  used  to  calculate  the 
rate,  whereas  for  adiabatic  processes  in  the  presence  of  dis¬ 
sipation  Kramers  theory  provides  an  appropriate  descrip¬ 
tion.  In  the  following  section  we  briefly  sketch  theoretical 
models  appropriate  to  barrierless  processes  in  these  two  lim¬ 
its.  In  fact  the  second  approach  we  describe  —  multi-level 
Redfield  theory  —  is  applicable  to  both  regimes  and  to  sys- 
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terns  with  or  without  barriers.  However,  in  the  present  paper 
we  restrict  ourselves  to  systems  where  the  barrier  is  rather 
small. 

Theory 

1.  Adiabatic  Processes 

In  the  adiabatic  case,  when  the  barrier  is  very  small  or 
lacking,  Bagchi,  Fleming  and  Oxtoby  [5,6]  proposed  a  the¬ 
ory  in  which  the  reactive  motion  is  modeled  by  the  damped 
motion  of  a  Brownian  partfcle  on  a  potential  surface.  The 
decay  of  population  from  the'iftilial  state  occurs  through  a 
coordinate  dependent  sink.  One  of  the  most  striking  char¬ 
acteristics  of  such  processes  is  the  potential  lack,  of  time  scale 
separation  between  reactive  mot  yn  and  the  inverse  “rate” 
of  reaction.  Clearly  in  this  situation  non-steady  state  dy¬ 
namics  might  be  rather  common  and  the  form  of  the  pop¬ 
ulation  decay  depends  on  the  competition  between  diffusive 
motion  toward  the  sink  and  removal  of  population  from  the 
sink  region.  Many  aspects  of  the  diffusion  to  a  sink  model 
have  recently  been  discussed  in  detail  [6]  and  here  we  re¬ 
strict  ourselves  to  some  comments  on  the  form  of  the  pop¬ 
ulation  decay  in  various  regimes. 

In  more  quantitative  terms  the  dynamics  of  the  popula¬ 
tion  decay  can  be  described  in  terms  of  two  rate  constants, 
the  time  averaged  rate,  A'l,  and  the  long  time  rate  ki.  These 
are  given  by 

A',-'  =  T  P{t)dt 
0 

and 

0 

A'l  =  -  lim  -^InPfr) 

i-*oo  Of 

where  P(t)  is  the  population  at  time  t.  The  dynamics  of 
adiabatic  barrierless  processes  are  controlled  primarily  by 
the  dimensionless  parameter  Icq  =  koCIfio)^.  Here  ko  is  the 
decay  rate  at  the  sink,  C  is  the  friction  coefficient,  /<  the 
reduced  mass  and  w  the  radial  frequency  of  the  potential 
surface.  The  parameter  effectively  determines  how  long  it 
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takes  to  attain  a  steady  state  condition,  after  which  the  pop¬ 
ulation  decay  is  exponential.  A  quantitative  analysis  can  be 
made  via  an  eigenvalue  analysis  of  the  Smoluchowski  equa¬ 
tion  [6],  where  the  eigenvalues  correspond  to  the  popula¬ 
tion  decay  rates.  For  small  values  of  Icq  only  the  smallest 
eigenvalue  contributes  to  the  observed  decay  due  to  the 
large  gap  between  the  lowest  and  next  to  lowest  eigenvalues. 
As  Icf)  is  increased,  the  gap  becomes  smaller  and  more  than 
one  eigenvalue  can  fall  within  the  dynamic  range  of  the 
measurement.  An  interesting  feature  of  this  analysis  is  that 
in  the  region  of  large  ^o.  the  density  of  the  eigenvalue  spec¬ 
trum  may  be  large  enough  that  the  observed  dynamics  will 
once  again  appear  exponential  due  to  the  inability  of  the 
instrument  to  resolve  the  various  decay  components.  Thus 
the  appearance  of  exponential  population  decay  does  not 
necessarily  invalidate  the  possibility  of  non-steady  state  dy¬ 
namics.  Recent  experiments  on  the  isomerization  of  cis-stil- 
bene  are  consistent  with  this  analysis  [7]  although  the  pres¬ 
ence  or  absence  of  a  small  potential  barrier  is  not  fully  es¬ 
tablished  at  present  [7—9].  Fluorescence  decays  in  the 
lowest  viscosity  solvents  appear  exponential,  but  in  the  most 
viscous  solvent  (largest  ^o).  decanol,  as  Fig.  1  shows  the 
decay  is  clearly  non-exponential  consistent  with  this  solvent 
lying  in  the  intermeditate  Ho  range. 


Tima  (ps) 


Fig.  1 

Fluorescence  decay  of  cis-stilbenc  in  decanol  detected  at  430  +  5 
nm.  The  intensity  scale  is  logarithmic  and  the  decay  is  clearly  non¬ 
exponential 

An  extensive  review  of  barrierless  dynamics  in  the  context 
of  a  diffusional  approach  has  recently  appeared  and  inter¬ 
ested  readers  are  referred  to  that  article  for  further  details 
[6]. 

2.  Nonadiabatic  Processes 

The  diffusion  to  a  sink  model  can  roughly  account  for 
some  effects  of  nonadiabiticity  via  finite  decay  rate  models 
[6],  but  the  approach  is  purely  classical.  In  this  section  we 
sketch  our  initial  efforts  to  develop  a  fully  quantum  me¬ 
chanical  model  for  such  processes.  Much  effort  has  been 
expended  over  the  past  decade  in  attempting  to  take  into 
account  the  role  of  nuclear  motion,  including  collective  sol¬ 


vent  or  lattice  modes,  in  determining  the  details  of  the  dy¬ 
namics.  Much  of  this  work,  especially  in  the  field  of  electron 
transfer  has  taken  a  semi-classical  path,  in  which  the  motion 
along  a  specific  nuclear  coordinate  -  the  “reaction  coor¬ 
dinate”  -  is  treated  classically  incorporating  the  effects  of 
friction  provided  by  the  very  large  number  of  orthogonal 
degrees  of  freedom.  In  such  a  description  quantum  mechan¬ 
ics  enters  only  at  the  point  of  intersection  between  the  dia- 
batic  reactant  and  product  surfaces.  At  this  .configuration 
the  Schroedinger  equation  is  solved  to  compute  the  prob¬ 
ability  of  making  a  transition  from  one  surface  to  another. 
This  standard  surface  hopping  model  has  proved  valuable 
in  understanding  the  role  of  friction  in  non-adiabatic  proc¬ 
esses  and  in  understanding  the  transition,  from  non-adia- 
batic  to  adiabatic  behavior  in  electron  transfer  [10].  In  ul¬ 
trafast  processes,  even  in  the  condensed  phase  at  high  tem¬ 
peratures,  the  possibility  exists  that  quantum  interference 
effects  play  a  role  in  the  dynamics,  The  description  of  such 
effects  does  not  fall  in  the  realm  of  the  standard  surface 
hopping  or  Landau-Zener  approach.  Quantum  effects  will 
be  important  when  there  are  strong  resonances  or  when 
phase  is  preserved  on  the  time  scale  of  the  electronic  tran¬ 
sition  matrix  element. 

Onuchic  and  Wolynes  [11]  have  recently  presented  a 
semi-quantitative  discussion  rooted  in  trajectory  based  ar¬ 
guments  to  describe  quantum  effects  on  dynamics.  In  this 
paper  we  introduce  a  density  matrix  formalism  based  on 
Redfield  relaxation  theory  [12],  appropriate  to  electron  or 
electronic  energy  transfer  in  molecular  systems  and  which 
enables  quantitative  exploration  of  many  of  the  issues  raised 
by,  Onuchic  and  Wolynes.  Redfield’s  theory  has  been  widely 
used  in  the  field  of  magnetic  resonance  and  to  a  lesser  extent 
in  optical  spectroscopy  [13].  By  explicitly  treating  a  subset 
of  nuclear  degrees  of  freedom  quantum  mechanically,  and 
through  a  judicious  choice  of  representations,  we  develop  a 
multi-level  theory  that  is  valid  for  arbitrarily  strong  elec¬ 
tronic  coupling  and  properly  takes  account  of  the  influence 
of  finite  vibrational  and  electronic  dephasing  rates  and  vi¬ 
brational  energy  relaxation  rates.  Thus,  the  theory  has  the 
property  that  it  interpolates  between  the  coherent  and  in¬ 
coherent  limits  of  transport  for  sufficiently  weak  damping 
and  between  the  adiabatic  and  nonadiabatic  rate  descrip¬ 
tions  for  over-damped  systems.  A  significant  feature  of  our 
approach  is  that  parameters  relating  to  vibrational  relaxa¬ 
tion  and  dephasing  time  scales  are  entered  in  the  site  rep¬ 
resentation  where  some  experimentalist’s  intuition  can  be 
brought  to  bear  in  setting  the  magnitudes  of  the  parameters. 
In  addition,  the  light-matter  interaction  is  included  explicitly 
in  the  Hamiltonian  so  that  in  experiments  involving  optical 
preparation  the  initial  stste  may  be  properly  specified. 

3.  Formalism 

A  detailed  description  of  the  formalism  will  be  given  else¬ 
where  [14].  Here  we  give  some  brief  details  of  the  approach 
and  set  up  a  simple  model  of  electron  transfer. 

The  effective  Hamiltonian  considered  as  a  model  for  elec¬ 
tron  transfer  between  electronic  states  11}  and  12}  is 
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H  =  [H,(e)+  VM.Q)mO\HH2{Q)+  >^2(g.0]|2><2| 

+  /[|1><2!  +  12><1|]  +  Hsf. 

Q  refers  to  the  single  system  coordinate  (i.e.  “reaction  coor¬ 
dinate”)  and  q  to  the  set  of  bath  coordinates.  In  what  follows, 
the  reaction  coordinate  is  treated  quantum  mechanically  in 
order  to  properly  incorporate  the  effect  of  finite  vibrational 
relaxation  and  dephasing  times.  The  remaining  degrees  of 
freedom  (solvent  or  lattice  modes)  are  assumed  to  relax 
quickly  compared  to  motion  along  Q  and  are  thus  treated 
as  a  thermal  reservoir.  The  operators  Hi{i  =  1,2)  are  effective 
Hamiltonians  for  sites  1  and  2  and  are  averaged  over  the 
bath  variables.  Vi(q,Q)  is  the  operator  coupling  state  (i)  to 
the  bath  and  represents  fluctuations  in  the  system  energies 
from  their  canonical  averages.  Vi(q,Q)  is  chosen  so  that 
both  population  relaxation  and  pure  dephasing  interactions 
are  present,  the  exchange  interaction  giving  rise  to  electron 
transfer  is  denoted  by  J.  Finally,  Hsf  is  the  system  field 
interaction  which  determines  the  nature  of  the  initially  pho- 
toexcited  state. 

In  second  quantized  notation,  the  system  Hamiltonian  is 

=  J{|1><1|  -  12X21}  +  a,(fc  +  <>-^)|l><ll 

+  92{b  +  b^)\2)  <2| 

+  7{|l><2|  +  y{|l>  <21  +  12X11} 

where  d  =  £i  +  gf/coi  -  (£>  +  glM)  is  the  energy  dif¬ 
ference  between  the  origins  of  the  two  excited  electronic 
states  and  gi  is  the  displacement  (in  energy  units)  of  excited 
state  I.  b*  and  b  are  the  creation  and  annihilation  operators 
for  the  system  coordinate. 

The  system-bath  interaction,  V(q,Q),  is  parametrized  by 
matrix  elements  of  the  fluctuating  bath  variables  between 
the  system  states.  The  rate  constant  for  vibrational  relaxa¬ 
tion  between  states  «  and  n  —  1  is  given  by  =  ny'- 

where  y'  is  the  off-diagonal  fluctuation  constant.  Similarly 
the  pure  dephasing  rate  for  levels  m  and  «  is  given  by 
A'*,n  =  {m-n)y-  where  y  is  the  diagonal  fluctuation  con¬ 
stant. 

The  picture  described  by  our  model  Hamiltonian  is  thus 
two  displaced  wells,  each  with  a  manifold  of  vibrational 
levels,  undergoing  relaxation  and  dephasing  coupled  by  a 
purely  electronic  interaction  that  leads  to  a  splitting  of  the 
surfaces  in  the  crossing  region.  The  multilevel  nature  of  the 
model  does  not  allow  for  an  analytical  solution  for  the  dy¬ 
namics,  thus  we  rely  on  numerical  procedures.  However,  the 
dynamics  that  emerge  provide  a  realistic  description  of  the 
competition  between  dissipative  processes  such  as  popula¬ 
tion  relaxation  and  pure  dephasing  and  coherent  exchange. 
A  detailed  discussion  of  the  strategy  for  solving  for  the  dy¬ 
namics  of  our  model  will  be  given  elsewhere  [14],  In  brief, 
we  choose  to  work  in  a  basis  that  diagonalizes  that  part  of 
the  Hamiltonian  that  depends  only  on  the  system  coordinate 
and  the  electronic  exchange  interaction.  We  call  this  rep¬ 
resentation  the  eigenstate  representation  and  the  original 
representation  the  site  representation.  By  choosing  an  ap¬ 


propriate  form  for  the  fluctuation  operators,  Vi{q,Q),  we 
can  calculate  the  appropriate  energy  and  phase  relaxation 
rates  in  the  site  representation.  To  properly  describe  the 
dissipative  processes  in  the  eigenstate  representation,  we 
perform  the  same  canonical  transformation  on  the  fluctua¬ 
tion  operators  that  we  used  to  diagonalize  the  system  Ham¬ 
iltonian  [15].  We  thus  transform  the  problem  of  two  man¬ 
ifolds  undergoing  electron  transfer  and  relaxation  to  a  single 
manifold  undergoing  only  relaxation  processes. 

The  dynamics  of  the  system  are  found  by  solving  the 
Redfield  equations  for  the  reduced  density  operator  in  the 
eigenstate  representation  [12, 16].  This  involves  treating  the 
system-bath  interaction  to  secound-order.  The  appropriate 
equations  are  of  the  form 

Qi)  =  — ia)y  +  Z  RijiiQii- 

The  elements  of  the  Redfield  tensor  (Ry*()  describe  the  var¬ 
ious  relaxation  processes  involving  the  system  eigenstates. 
It  is  important  to  note  that  the  states  labelled  by  i.J  are 
admixtures  of  vibronic  states  belonging  to  states  |1>  and 
|2>. 

Once  the  dynamics  are  computed  by  finding  the  eigen¬ 
values  and  eigenvectors  of  the  Redfield  tensor,  we  transform 
back  to  our  original  basis  of  site  states  and  trace  over  the 
reactant  manifold  to  obtain  the  population  of  state  |1>.  In 
addition  to  correctly  incorporating  quantum  effects,  which 
arise  from  the  persistence  of  phase  coherence,  the  procedure 
described  above  is  nonperturbative  in  the  electronic  cou¬ 
pling,  J,  and  thus  interpolates  between  the  weak  and  strong 
coupling  limits. 

Numerical  Results 

Fig.  2  shows  adiabatic  potential  surfaces  for  a  typical 
system  we  have  studied.  Note  that  the  diabatic  surfaces  cross 
close  to  the  minimum  of  the  reactant  well  and  thus  the 
electron  transfer  process  is  activationless  (i.e.  at  the  Marcus 
maximum). 

The  first  set  of  calculations  we  describe  uses  a  very  short 
excitation  pulse  to  prepare  an  initial  state  that  can  be  written 
as  a  coherent  superposition  of  vibronic  states.  The  transition 
dipole  operator  is  chosen  such  that  only  vibrational  states 
in  state  |1>  are  initially  excited.  The  pulse  is  short  enough 
that  the  entire  bandwidth  is  coherently  prepared,  leading  to 
a  wavepacket  that  is  localized  at  the  value  of  Q  correspond¬ 
ing  to  the  minimum  of  the  ground  state  geometry  (Q  =  0). 
The  populations  and  phase  coherence  are  determined  by  the 
appropriate  Franck-Condon  factors,  via 

e  =  -  [HsF.g] ;  Hsf  =  -ft-Eit) . 

This  is  the  appropriate  form  for  the  Liouville  equation  in 
the  impulsive  excitation  limit  (i.e.  when  the  temporal  width 
of  the  excitation  pulse  is  short  compared  to  any  free  motion 
of  the  system). 

The  population  remaining  in  state  11)  as  a  function  of 
time  was  calculated  as  the  electronic  coupling,  J,  was  pro- 
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Q 


Fig.  2 

Initial  and  final  state  potential  surfaces  for  a  typical  activationless 
process.  The  minima  of  the  two  states  are  at  Q  3;  ±0.72.  Here  Q 
is  a  dimensionless  coordinate  defined  by  Q  =  (Ma/hY'^q  where  M 
is  the  mass  a  the  frequency  and  q  the  actual  coordinate 


where  FG  is  the  Franck-Condon  factor,  and  5£  the  energy 
mismatch'between  initial  and  final  vibronic  levels,  f  is  the 
level  width  and  contains  contributions  from  both-Ji  and  T$ 
processes.  Thus  the  Golden  Rule  rate  scales  as  J^F  for  small 
5£  {near  resonance  case),  however  for  finite  5£  the  rate 
initially  increases  with  increasing  level  width,  then  turns 
over.  Fig.  3  shows  how  the  Redfield  rate,  defined  as  the  1/ 
e  decay  time,  scales  with  J\  In  this  particular  system,  the 
rate  follows  the  Golden  Rule  up  to  about  7=15  cm“*.  For 
higher  J  values  the  rate  becomes  progressively  faster  than 
the  Golden  Rule  prediction.  The  vibrational  frequency  in 
this  case  is  co  =  180  cm"'.  For  calibration  purposes,  we 
note  that  the  electronic  coupling  describing  the  primary 
charge  separation  in  photosynthesis  is  estimated  to  be  in 
the  range  20-30  cm"'  [2]. 

The  Golden  Rule  breaks  down  when  the  effective  elec¬ 
tronic  coupling  strength  gives  rise  to  transfer  on  a  time  scale 
that  is  competitive  with  the  population  relaxation  and  de¬ 
phasing  processes  that  lead  to  equilibration  in  the  reactant 
well.  A  particularly  useful  way  of  understanding  the  break¬ 
down  of  the  Golden  Rule  approximation  may  be  obtained 
by  looking  at  the  ensemble  averaged  value  of  the  coordinate 
operator  as  a  function  of  time  calculated  from 


1/e  decay  time  vs.  the  square  of  the  electronic  coupling  calculated 
from  Redfield  equations.  The  Golden  Rule  prediction  is  shown  for 
comparison.  Parameters  are:  (0i  =  (Oi=  190  cm"',  J  =  200  cm"', 
dt  =  —95  cm"',  92  =  95  cm"',  T  =  298  K.  The  diagonal  and  off- 
diagonal  fluctuation  constants  are  =  9.0  cm"'y'^  =  4.0  cm"'. 
Q  =  +0.72  for  states  11>  and  12>,  respectively.  The  dashed  line 
shows  the  extrapolation  of  the  Golden  Rule  7*  dependence 


gressively  increased.  In  a  multilevel  system,  such  as  de¬ 
scribed  here,  the  effective  coupling  strength  will  vary  with 
each  initial  level  due  to  varying  Franck-Condon  factors  be¬ 
tween  states  in  different  manifolds.  If  dephasing  is  much 
faster  than  the  time  scale  of  the  electronic  coupling  then  the 
Golden  Rule  expression  should  be  valid,  with  the  rate  con¬ 
stant  given  by 


<e«)>  =Tr[t(t)0]. 

The  initial  excitation  pulse  is  such  that  a  number  of  vibra¬ 
tional  levels  are  coherently  prepared.  This  leads  to  an  av¬ 
erage  value  for  Q  that  is  initially  displaced  from  the  mini¬ 
mum  of  state  |1>.  The  subsequent  ensemble  averaged  tra¬ 
jectory  shows  in  a  detailed'way  the  competition  between  the 
-electronic  coupling  which  tends  to  take  <g>  to  values  cor¬ 
responding  to  state  |2>  and  dephasing  which  leads  to  values 
of  <g>  corresponding  to  the  equilibrium  configuration  of 
the  reactant  state.  Fig.  4  shows  such  a  plot  for  7  =  0.  The 
oscillatory  motion  is  due  to  the  vibrational  coherence  which 


Ensemble-averaged  value  for  the  reaction  coordinate,  <2(r)>,  as  a 
function  of  time  for  the  parameters  of  Fig.  3. 7  =  4.0  cm"' 


J.  M.  Jean  et  al.:  Classical  and  Quantum  Models  of  Activationless  Reaction  Dynamics 


257 


damps  out  due  to  the  system-bath  interaction.  In  this  case 
the  dephasing  time,  is  approximately  600  fs. 

Fig.  5  shows  a  similar  plot  for  /  =  4  cm~'  The  motion 
of  population -into  the  final  state  is  revealed  by  the  pro¬ 
gressive  increase  in  the  value  of  <j2>.  All  coherence  has 
vanished  before  any  significant  increase  in  <2>  from  the 
value  —go  has  occurred.  In  this  case  the  Golden  Rule  and 
Redfield  rates  are  identical.  By  contrast,  Fig.  6  shows  results 
for  /  =  12  cm“‘,  just  at  the  .point  where  the  Golden  Rule 
expression  breaks  down.  Here,  the  vibrational  coherence 
persists  as  population  is  depleted  from  the  initial  electronic 
state.  The  stutter  seen  in  the  oscillation  at  about  1.6  ps 
results  from  the  interference  between  the  electronic  coher¬ 
ence,  oscillating  at  a  frequency  of  27,  and  the  vibrational 
coherence,  oscillating  at  the  vibrational  frequency. 


Ensemble-averaged  value  for  the  reaction  coordinate,  sgttj/,  as  a 
function  of  time  for  the  parameters  of  Fig.  3. 7  =  12.0  cm“‘ 


The  interaction  between  electronic  and  vibrational  co¬ 
herence  is  even  more  evident  in  Fig.  7  where  the  ensemble 
averaged  energy  <H{l)>,  is  plotted  against  the  ensemble  av¬ 
eraged  coordinate  <g(t)>,  for  a  somewhat  different  set  of 
parameters  (see  figure  caption).  The  corresponding  popu¬ 
lation  decay  is  shown  in  Fig.  8.  Aside  from  a  brief  induction 
period  during  the  first  100  fs,  the  decay  is  quite  exponential 
and  experimentally  there  would  be  little  to  indicate  that 
phase  coherence  was  playing  a  significant  role.  However,  in 
this  case  the  decay  time  of  1.7  ps  is  approximately  three 
times  faster  than  the  Golden  Rule  prediction. 


Avarog*  Enargy  va  Avaroga  0 


Ensemble-averaged  energy,  <//  (<)>,  vs.  ensemble-averaged  coordi¬ 
nate,  <g{»)>.  Parameters  are:  W|  =  w>  =  400  cm*', d  =  400  cm”', 
Hi  -150  cm*',  pj  =  150  cm*',  T  =  298  K]  J  =  10.0  cm*', 
y’  =  4.0  cm”'y''  =  4.0  cm*'.  The  minima  of  the  two  states  are  at 
Q  =  ±0.53  in  this  calculation 


RadfUtd  Dynonic* 


Timo  (ps) 

Fig.  8 

Population  of  initial  utatc  a^  a  function  of  time  for  the  parameters 
of  Fig.  7 
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In.  general,  it  is  difllcult  to  predict  the  range  of  validity  of 
the  Golden  Rule  formula  or  even  the  nature  of  deviations 
from  the  Golden  Rule  in  multirlevd  systems.  The  increased 
complexity  brought  about  by  having  many  coupled  levels 
with  different  dephasing  times  and  effective  7  values  can  lead- 
to  a  wide  range  of  behaviours  deluding  on  parameter  val¬ 
ues  and  even  on  the  nature  of  the  initial  state.  In  the  case 
just  discussed,  significant  enhancement  of  the  rate  (above 
that  predicted  from  the  Golden  Rule)  was  observed  due  to' 
the  presence  of  coherence.  We  surmise  that  because  the  lev¬ 
els  in  state  |1>  are  essentially  resonant  with  those  of  state 
|2),  the  relatively  slow  dephasing  time  allows  the  levels  to 
remain  resonant  for  a  substantial  period  of  time  before  fluc¬ 
tuations  destroy  the  overlap.  It  is  important  to  stress  that 
the  results  shown  above  arise  from  the  presence  of  many 
coupled  levels  and  do  not  occur  in  an  isolated  three  level 
system.  Such  a  system  is  shown  in.  Fig.  9  along  with  the 
1/e  decay  time  as  a  function  of  P.  For  small  values  of  //r 
the  rate  follows  the  Golden  Rule  prediction.  At  larger  values, 
the  rate  starts  to  fair  below  the  Golden  Rule  prediction.  Of 
course,  at  sufficiently  high  values  of  Jjr  the  concept  of  a 
rate  is  meaningless,  and  the  population  dynamics  will  have 
an  oscillatory  component. 


l/e  decay  time  vs.  the  square  of  the  electronic  coupling  calculated 
from  the  Redfield  equations.  The  Golden  Rule  prediction  is  shown 
for  comparison.  Parameters  are  cui  =  wj  =  800  cm"',  d  =  800 
cm"',  g\  =  —400  cm”',  gi  =  400  cm"', 0.0,  =  9.0  cm"' 


The  method  described  above  presents  a  realistic  approach 
to  understanding  chemical  rate  processes  when  the  dynam¬ 
ics  are  complicated  by  the  presence  of  vibrational  relaxation 
and  dephasing  on  the  time  scale  of  the  electronic  transition. 


Summary 

We  have  discussed  barrierless  processes  from  two  per¬ 
spectives.  A  purely  classical  diffusive  model  was  used  to  dis¬ 
cuss  some  aspects  of  barrierless  reactions  involving  large 
amplitude  motion.  Secondly,  our  initial  studies  of  quantum 
effects  in  vibronic  systems,  where  the  vibrational  structure 
and  dynamics  are  included  explicitly,  was  described.  We 
plan  to  extend  this  latter  work  in  studies  of  criteria  for  adi- 
abaticity,  and  of  energy  transfer  in  moderately  strongly  cou¬ 
pled  systems,  for  example,  to  investigate  the  influence  of 
correlation  in  fluctuations  at  the  two  sites. 

This  work  was  supported  by  grants  from  the  NSF.  We  thank 
David  Todd  for  his  help  with  the  manuscript. 
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Comparison' of  the  fluorescence  kinetics  of  two  dialkylaminobenzonitriles  with  different  hindrance  to 
planarity  1s  used  to  extract  information  on  the  polar-solvent  induced  shape  changes  of  the  excited-state’ 
potential  surface  for  TICT  formation.  The  conical  intersection  between  B*  and  A*  states  is  shown  to 
move  to  smaller  twist  angles  as  solvent  polarity  increases. 


Introduction 

Just  as  the  well-known  technique  of  solvatochromic  meas¬ 
urements  is  able  to  yield  information  on  the  dipole  moment 
of  excited  states  from  the  red-  or  blueshift  of  absorption 
and/or  fluorescence  spectra  in  solvents  of  different  polarity 
[1  -  3],  the  measurement  of  the  solvent  polarity-dependence 
of  reaction  rates,,  called  solvatokinetics  here,  can  provide 
information  on  the  electronic  nature  of  the  transition  state 
and  the  dependence  of  barrier  heights  and  barrier  positions 
on  solvent  polarity.  This  field  is  relatively  new,  and  only 
scarce  data  can  be  found  in  the  literature.  Regarding  ground 
state  reactions,  examples  for  both  retarding  [4]  and  accel¬ 
erating  [5]  influence  of  increasing  solvent  polarity  have  been 
observed.  In  excited-state  reactions,  too,  cases  of  reaction 
rates  increasing  [6—8]  and  decreasing  [9]  with  solvent  po¬ 
larity  have  recently  been  found. 

The  four  examples  cited  refer  to  stilbene  and  related  dyes 
which  undergo  trans-cis  or  cis-trans  isomerization  in  the 
excited  and/or  ground  state.  In  this  case,  the  qualitatively 
different  solvatokinetic  dependences  can  directly  be  linked 
to  the  theoretical  model  of  Biradicaloid  Charge  Transfer 
(BCT)  states  [10-13],  and  they  result  from  the  crossover 
of  a  polar  and  a  nonpolar  state  for  the  conformation  with 
a  90“  twisted  stilbenoid  double  bond,  when  donor  and  ac¬ 
ceptor  substituents  are  introduced  [9]. 

The  well-known  Twisted  Intramolecular  Charge  Transfer 
(TICT)  state  [12-15]  can  be  viewed  as  a  subclass  of  BCT 
stales  [10-13]  where  an  essential  single  bond  is  twisted, 
and  where  the  electronic  structure  is  that  of  a  radical  cation/ 
radical  anion  pair.  Recent  solvatokinetic  measurements  of 
the  ps  formation  rale  A'ba  of  the  TICT  state  A*  from  its 
precursor  state  B*  for  dimethylaminobenzonitrile 
(DMABN)  in  isoviscous  mixtures  of  alkylnitriles  and  al¬ 
kanes,  and  in  homologous  series  of  alkylnitriles  [8,16]  es¬ 
tablished  that  the  observed  kinetics  is  accelerated  when  sol¬ 
vent  polarity  increases  and  everything  else  is  kept  constant. 
This  lead  to  the  notion  of  solvent-polarity  dependent  acti¬ 
vation  energies,  similarly  as  observed  in  the  stilbene  exam¬ 
ples  [6-8].  In  the  case  of  DMABN,  increasing  solvent  po¬ 
larity  lowers  the  activation  energy  for  TICT  formation 
[8. 16]  although  the  term  “activation  energy”  should  be  han¬ 


dled  with  caution  in  view  of  the  recent  interpretations  of 
Tier  formation  as  a  barrierless  process  [12,17,18]. 

This  letter  is  intended  to  bring  additional  light  into  these 
questions  and  reports  solvatokinetic  measurements  on  two 
derivatives  of  DMABN  which  differ  in  initial  conditions 
(twist  angle).  A  large  body  of  evidence  is  available  indicating 
that  substituted  N-phenyl-piperidines  are  substantially 
twisted  in  the  ground  state  (Ai^gs  =  A<^fc  —  30°,  see  scheme 
1)  whereas  N-phenyl-pyrrolidines  are  close  to  planar  (see 
references  cited  in  [19]).  The  corresponding  4-cyano-com- 
pounds,  N-(4-cyanophenyl)-piperidine  (PIPBN)  and  -pyr¬ 
rolidine  (PYRBN)  also  show  this  feature  as  evidenced  by  an 
analyris  of  their  photoelectron  spectra  [20].  The  TICT  for¬ 
mation  rates  Aba  of  these  two  compounds  (see  scheme  1) 
differ  by  a  factor  of  more  than  10  in  n-butyl  chloride,  and 
the  faster  reaction  of  PIPBN  was  interpreted  as  being  the 
result  of  pretwisting  in  the  ground  state  [20].  Comparison 
of  the  solvatokinetics  of  these  two  dyes  (“differential  solva¬ 
tokinetics”)  should  thus  allow  to  yield  information  on  where 
along  the  excited  state  reaction  potential  the  activation  bar¬ 
rier  is  placed  and  how  it  moves  upon  changing  the  solvent 
polarity. 

Scheme  1 
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Experimental 

The  synthesis  and  .purification  of  PYRBN  and  PIPBN 
■have  been  described  previously  [19].  Solvents  used  were 
spectrograde  or  purified  by  repeated  fractional  chromatog¬ 
raphy  and,  where  necessary,  subsequent  distillation.  Fluo¬ 
rescence  decay  kinetics  at  low  temperatures  were  measured 
using  a  time-correlated  single  photon  counting  setup  and 
cooling  equipment  described  in  detail  elsewhere  [21,22]. 
Synchrotron  radiation  from  BESSY  was  used  as  excitation 
source  (Ae,  =  300  ±  10  nm).  The  short  wavelength  fluores¬ 
cence  Fb  was  monitored  at  350  +  lO-nm.and  its  decay 
analysed  by  the  iterative  reconvolution  technique  [23]  with 
a  kinetic  model  according  to  Eq.  1  (sum  of  exponentials). 

/((()  =  S  ^iexp(-t/T,).  (1) 

In  all  cases,  three  exponentials  or  less  were  sufficient  for  an 
acceptable  fit  (x^  ^  1.2).  The  nonexponential  nature  of  the 
decays  did  not  change  when  observed  through  a  polarizer 
set  at  the  magic  angle  (54.7°).  Temperatures  were  kept  far 
below  Ti  the  equilibration  temperature  around  which  the 
excited  states  equilibrium  B*  A*  can  be  established  within 
the  excited  states  lifetime  [14, 19, 24],  thus  all  kinetics  belong 
to  the  “irreversible  kinetic  region"  represented  by  simple 
B*-»  A*  reaction.  This  is  also  evidenced  by  the  fact  that  the 
long-time  decay  constants  of  the  short  (Fb)  and  the  long- 
wavelength  band  (Fa)  are  significantly  different  [25,26]. 

Although  a  multiexponential  model  yields  acceptable  fits, 
other  kinetic  models,  of  a  nonexponential  nature,  have 
equally  ben  discussed  [12,17,25,27,28],  especially  to  de¬ 
scribe  the  kinetics  observed  in  alcohols.  In  these  solvents, 
plots  of  log  7  (0  vs  t  are  curved  for  Fb.  A  multiexponential 
model  (according  to  Eq.  (1))  can  faithfully  describe  this  cur¬ 
vature  even  though  the  (nonexponential)  kinetics  may  have 
nothing  to  do  with  several  independent  species  constituting 
the  FB-fluorescence.  Therefore,  the  recovered  time  constants 
Ti  cannot  directly  be  compared,  and  due  care  has  to  be  taken 


to  include  the  weights  associated  with  T|  (Eq.  1)  into  the 
analysis. 

One  of  the  simplest  ways  to  do  this  is  to  use  the  mean 
decay  time  f  defined  by  Eq.  2  which  is  a  measure  for  the 
time-integrated  fluorescence  (i.e.  proportional  to  the  fluo¬ 
rescence  quantum  yield  [21]). 

f  =  S  A,  T,/S  Ai .  (2) 

t  I 

Results 

Fig.  1  shows  examples  of  the  Fb  decays  observed  in  different 
solvents.  In  all  cases  the  decay  of  PYRBN  (when  measured  by  f)  is 
slower  than  the  decay  of  PIPBN  fluorescence.  The  results  of  the 
fits  are  presented  in  Table  1. 

This  table  also  contains  the  decay  time  xv  measured  at  77  K 
where  the  twisting  motion  is  thought  to  be  frozen.  Then,  TICT 
formation  rates  ^ba  can  be  readily  obtained  by  using  Eq.  ^  They 
are  summarized  in  Table  2,  together  with  the  ratio  of  the  rate 
constants  for  PIPBN  and  PYRBN  as  a  function  of  solvent.polarity 
(measured  by  A/ =  (e  — l)/(2£  +  l)  -  («*  — l)/(2n^  +  l)  [1]). 

Atba  =  (f)"'  -  T7I' .  (3) 

It  is  evident  from  Fig.  1  and  Table  1  that  nonexponential  behaviour 
is  mainly  observed  in  the  more  polar  solvents  butyronitrile  and 
propanol  (larger  values  of  A:).  But  also  in  medium  polar  solvents 
like  n-butyl  chloride,  a  long  decay  component  can  be  observed, 
although  of  very  small  weight  (Aj  <  1  %)  and  negligibly  affecting 
the  value  of  f.  The  nature  of  this  long  decay  component  is  not  yet 
completely  clear  but  it  could  be  indicative  of  a  residual  nonexpo- 
nentiality.  It  is  not  linked  to  the  B*  xi  A*  equilibration  process  and 
is  observed' for  all  the  TICT  forming  compounds  investigated  so 
far  [25].  It  does  not  diminish  upon  repeated  purification.  The  pres¬ 
ent  results  and  conclusions,  however,  are  not  affected  by  it  in  any 
way. 

Discussion 

The  above  results  can  be  understood  using  the  simple 
model  of  a  double-well  S|  -potential  with  a  barrier  (or  region 
with  an  approximately  flat  potential)  separating  B*  and  A* 
states,  as  schematically  shown  in  Fig.  2.  Due  to  the  steric 
repulsions  in  PIPBN  operative  for  near-planar  conforma- 


Table  1 

Decay  components  T,(ns).  relative  weighty  A,  t%)  and  derived  mean  relaxation  times  for  the  decay  of  Fb  fluorescence  of  PYRBN  and  PIPBN  in  different 
solvents  at  low  temperature 


Solvent 

Temp. 

Compound 

riMi) 

rzf/lz) 

rst/lj) 

f 

EOE*> 

-105“C 

PYRBN 

2.19(1.0) 

2.19 

PIPBN 

0.32(0.996) 

3.45  (0.004)‘> 

- 

0.32** 

EOE/1'” 

-120"C 

PYRBN 

2.02(0.92) 

4.8  (0.08) 

- 

2.24 

PIPBN 

0.34(0.99) 

2.61  (001) 

“ 

0.36 

BCP> 

-120X 

PYRBN 

2.96 

- 

- 

2.96 

PIPBN 

0.315  (0.99) 

3.9  (0.01) 

- 

0.35 

BCN/l*” 

-120  C 

PYRBN 

1.00(0.51) 

2.32  (0.49) 

- 

1.65 

PIPBN 

0.19(0.85) 

0.67  (0.14) 

3.1  (0.01)«* 

0.26« 

ii-propanol 

-105X 

PYRBN 

0.91  (0.43) 

3.6  (0.57) 

~ 

2.46 

PIPBN 

0.18(0.47) 

1.27  (0.35) 

2.86  (0.18) 

1.05 

BC1‘» 

77  K 

PYRBN'* 

5.5  (1.0) 

5.5 

PIPBN” 

3.4 

diethylether, ’’’  dielhjlelher, isopentane (9.1),  '  n-bulyl  chloride,'’’  n-bul>ronitrile,isobutjionitnl6(9.1), ''  solvenl  independent, ”  slightly  nonexpon.ntial  ivith 
curvature  depending  somewhat  on  solvent,  **  equilibration,  longest  time  constant  equal  to  decay  time  of  Fa. 


0 


0 
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Table  2 

Tier  formation  rate  constants  Atb*  for  PIPBN  and  PYRBN,  and  their  ratio  r.  For  solvent  abbreviations,  see  Table  1.  Low-temperature 
viscosity  values  ri  are  also  given 


Solvent 

Temperature 

*I(cP) 

(PIPBN)/10’ s-' 

^BA 

(PYPBN)/10’ s-' 

r 

EOE 

-lOS'C 

2.1 

283 

27 

10.5 

EOE/I 

-120'C 

■248  . 

26 

9.5 

BCl 

-no'c 

280 

15 

19 

BCN/I 

-120°C 

355 

43 

8.3 

■  n-propanol 

-105“C 

900 

66 

20 

3.3 

tions,  which  arc  larger  than  for  PYRBN,  an  additional  steric 
potential  is  introduced  (for  both  So  and  S|),  but  the  rest  of 
the  potential,  for  larger  twist  angles,  is  thought  to  be  roughly 
unaffected.  Consequently,  PIPBN  starts  its  reactive  motion 
on  the  S|  surface  much  closer  to  the  “critical  twist  angle” 
<f>„  where  thc-downward  slope  of  the  TICT  potential  starts 
than  PYRBN. 

The  potential  depicted  in  Fig.  2  with  the  unbroken  line  is 
multidimensional  in  nature,  i.e.  it  involves  not  only  the  twist 


Decay  curves  of  the  Fb  fluorescence  in  diethylether  at  —  105  'C  (a) 
PIPBN,  b)  PYRBN)  and  in  n-butyronitrile/isobutyronitrile  (9:1)  at 
-m''C  (c)  PIPBN  d)  PYRBN).  The  flgure  also  contains  the  fitted 
curves  (unbroken  line;  and  the  expenmental  prompt  response  func¬ 
tion.  The  longest  decay  components  for  a)  and  c)  (with  very  small 
weight)  are  attributed  to  excited  state  equilibration 


angle  (j>  as  reaction  coordinate  but  also  an  additional  re¬ 
active  mode  of  symmetry  species  B  (in  the  point  group  C:) 
of  yet  unknown  nature  [38],  The  presence  of  an  additional 
mode  follows  from  considerations  of  fluorescence  polariza¬ 
tion  measurements  [29]  and  state  correlations  [30].  At  the 
intersection  at  <l>„  of  the  zero-order  B*  and  A*  states  (in¬ 
dicated  by  the  broken  lines),  a  conical  intersection  develops 
[30,31],  and  the  system  does  not  have  to  go  over  the  top 
of  that  barrier  but  can  follow  the  unbroken  potential  with 
reduced  (or  altogether  absent)  activation  barrier. 


Fig.  2 

Schematic  Sj-potentials  for  PYRBN  and  PIPBN.  PYRBN  is  as¬ 
sumed  to  possess  a  potential  minimum  at  a  twist  angle  0  =  0 

whereas  steric  repulsion  ( - )  leads  to  a  twist  angle  of  0  is;  30“ 

for  PIPBN.  The  zero  order  potential  curves  for  B*  and  A*  states 
( - )  cross  at  the  critical  twist  angle  0„  where  a  conical  inter¬ 
section  develops  providing  a  potential  ( - ^)  with  strongly  low¬ 

ered  or  absent  activation  energy  from  B*  to  A* 

As  the  TICT  (A*)  state  is  considerably  more  polar  than 
the  B*  state  [14,15],  an  increase  of  solvent  polarity  will 
preferentially  lower  the  A*  with  respect  to  the  B*  state  thus 
shifting  0„  to  lower  twist  angles  (and  lowering  any  activa¬ 
tion  barrier  which  might  be  present)  as  indicated  in  Fig.  3a). 
If  the  solvent  polarity  is  high  such  that  the  initial  twist  angle 
of  PIPBN  (~30°)  exceeds  0„  then  the  reactive  motion  starts 
off  with  a  nonzero  gradient  and  corresponds  to  driven  dif¬ 
fusion  which  is  faster  than  diffusion  over  a  barrier  or  along 
a  flat  potential  (applicable  to  PYRBN  for  twist  angles  be¬ 
tween  0®  and  0„). 

The  dilTusion  along  the  flat  portion  of  the  potential 
(0"  <  0  <  0„)  can  be  modelled  by  the  “staircase  model”, 
leading  to  a  stochastic  differential  equation  the  solution  of 
which  has  recently  been  presented  [32,33].  In  this  model 
(Fig.  3b),  the  reactive  system  can  emit  (Fb)  fluorescence  as 
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long  ^  it  diffuses  along  the  flat  portion  of  the  potential.  The 
diffusion  starts  at  x  ==Xo;  at  x  =  0,  it  is  reflected;  and  at  x  =  a 
(corresponding  to  4>ct  in  ouf  case)  the  system  reacts  and  thus 
instantaneously  stops  to  emit. 

q) 


Fig.  3 

a)  Schematic  Sj  potential  for  PYRBN  (see  Fig.  2)  under  the  influence 
of  varying  solvent  p</iarity.  For  weakly  polar  solvents  (— — ), 
is  situat^  at  larcvr  twist  angles  than  for  strongly  polar  ones 
4>'et),  b)  Staircase  model  { - )  for  calculating  the  sur¬ 
vival  probability  on  the  flat  part  of  a  potential  { - )  similar  to 

that  of  a).  For  the  significance  of  a  and  xo,  see  text 

The  time-dependent  fluorescence  Intensity  /((r)  is  propor¬ 
tional  to  the  survival  probability  P  (r)  on  the  surface  the 
average  decay  rate  of  which  is  given,  under  simplifying  as¬ 
sumptions,  by  Eq.  (4)  [33], 

Jt  _ 1—  (4) 

^  (a-xo)(a-l-x„) 

where  kT  has  the  usual  meaning,  ^  is  the  solvent  friction,  g 
the  location  of  the  sink  or  step,  and  .Vo  the  initial  condition 
(starting  twist  angle  in  our  case). 

Eq.  (4)  predicts  that,  as  a  (or  ^„)  decreases  the  survival 
time  gets  shorter,  and  thus  the  reaction  rate  increases  (for 
all  other  conditions  being  equal).  The  isoviscous  experiments 
by  Hicks  et  al.  [8,16]  showing  a  positive  solvatokinetic  be¬ 
haviour  i.e.  increased  reaction  rate  with  increased  solvent 
polarity  can  thus  be  interpreted  in  two  ways:  i)  variation  of 
the  barrier  height  [8,16]  or  ii)  variation  of  the  barrier  po¬ 
sition,  or  of  (/)„  defining  the  edge  of  a  flat  portion  of  the 
surface.  On  the  basis  of  recent  discussions  of  kinetics  on 
barrierless  and  low-barrier  potentials  and  from  the  com¬ 
parison  of  measured  activation  energies  with  those  of  the 
solvent  viscous  flow  [12,17,18]  the  second  possibility  seems 
to  be  more  likely  although  reality  may  also  well  correspond 
to  a  mixture  of  both  cases. 


The  kinetic  ^data  presented  here  are  not  isoviscous.  Due 
to  the  lack  of  low-temper ature  viscosity  data  of  most  of  the 
solvents  used  only  few  values  for  ij  [34]  could  be  included 
into  Table  2. 

These  values  make  evident,  that  at  temperatures  around 
—  105°C,  propanol  possesses  a  considerably  higher  viscosity 
than  the  nonhydroxylic  solvents  used,  for  these  low  vis¬ 
cosity  solvents,  an  overall  acceleration  in  rate  is  observed 
especially  for  the  strongly  polar  butyronitrile. 

Comparison  of  the  two  dyes  PYRBN  and  PIPBN,  how¬ 
ever,  in  a  way  eliminates  the  conditions  of  different  viscosity, 
and  the  rate  ratio  r  yields  evidence  for  the  change  of  the 
position  of  (/>„. 

By  application  of  Eq.  (4)  to  the  present  problem,  Eq.  (5) 
is  derived,  where  the  initial  conditions  xo  have  been  set  0® 
and  30°  for  PYRBN  and  PIPBN,  respectively,  and  where  a 
has  been  identified  with  <f>„. 

^  fcBA(PIPBN)  ^ 

kBA  (PYRBN)  {(}>„ -iO)  {<!>„  + 30)  ‘ 

From  Eq.  (5),  r  is  expected  to  increase  and  to  approach 
infinity  as  <!>„  tends  towards  30°.  In  reality,  a  maximum  but 
finite  value  for  r  may  be  expected.  Eq.  (5)  is  not  applicable 
to  cases  with  (f)„  <  30°  (more  polar  solvents),  and  an  ap¬ 
propriate  stochastic  model  would  have  to  include  both  a 
flat  and  a  curved  potential  region.  It  can,  however,  easily  be 
seen  that,  as  (j)„  decreases  below  30°,  the  relaxation  of 
PIPBN  starts  off  with  driven  diffusion  whereas  for  PYRBN 
a  flat  potential  region  remains  which  has  to  be  crossed.  We 
therefore  expect  r  to  decrease  for  <i>„  decreasing  below  30° 
and  to  reach  its  lowest  value  for  <!>„  approaching  0°  (which 
is,  of  course,  a  somewhat  unphysical  case).  Thus,  the  ob¬ 
served  r-dependence  on  solvent  polarity  (Table  2)  with  its 
maximum  reached  for  n-butyl  chloride  can  be  interpreted 
to  signify  <pt,  ^  30°  in  this  solvent,  with  <j)„  >  30°  in  diethyl- 
ether,  and  (^cc  <  30°  in  n-butyronitrile  and  propanol. 

The  very  low  value  of  r  in  propanol  is  probably  related 
to  an  additional  source,  namely  the  competition  between 
the  reactive  motion  along  (j>  (^ba)  and  that  of  the  more  or 
less  concerted  solvent  relaxation,  A',oiv.  In  alcohols,  A'soiv  is 
espe:ially  slow  such  that  Aba  and  Asoi,  have  the  same  time 
scale,  and  a  two-dimensional  diffusion  model  should  be  used 
in  this  case.  This  problem  is  dealt  with  in  a  separate  paper 
[35]  and  can  account  both  for  the  nonexponentialities  ob¬ 
served  (Table  1)  and  the  observation  of  A*-rise  times  being 
shorter  than  B*-decay  time  [12,17,36].  Additionally,  H- 
bond  formation  may  play  a  role  in  alcohols  [8,37]. 

Finally,  it  should  be  mentioned  that  nonexponentialities 
are  inherent  in  the  staircase  model  [32,33],  and  that  the 
theoretical  long-time  decay  constant  given  by  Eq.  (6)  [33] 
does  not  depend  any  more  on  the  initial  condition  Xq,  (dif¬ 
ferent  to  the  average  decay  rate  constant,  Eq.  (4)) 

.  1  it'Ar 

^loag  —  ^  ^  (Oj 

but  only  on  a,  on  temperature  and  on  solvent  friction  ^  The 
long  decay  components  observed  in  Table  1,  with  their 
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weight  increasing  with  solvent  polarity,  could  well  be  due 
to  this  latter  source. 
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Recently  we  applied,  for  the  first  time,  the  general  theory  of  dilation  analyticity  (or:  Complex  Scaling 
Method,  eSM)  to  quantum  statistics  of  nonequilibrium.  A  novel  kind  of  (universal)  coherence  was  revealed 
from  first  quantum  theoretical  principles.  The  corresponding  irreducible  structures  we  called  coherent- 
dissipative  structures,  since  they  represent  a  short-lived  and  spatially  restricted  cooperative  phenomenon. 
The  crucial  points  of  the  theory  are  stressed.  Similarities  as  well  as  differences  with  (i)  the  BCS-states  of 


Ber.  Bunsengei.  Ph)S.  Chem.  95  1 1991/  No.  J 


4  t’Cll  terlagigeielliJiuft mbll,  lf'-6940  lleinheim,  IVVI 


mi5-yi)2i  Vi  ms-oJOJ  i  3.50t.25,i) 


264 


C.  A.  Chatzidimitriou-Dreismann  e<  al;  Proton  Delocalization  etc. 


superconductivity,  (ii)  the  dissipative  structures  of  the  Brussels  school,  and  (iii)  Yang’s  concept  of  ODLRO 
are  mentioned.  Very  recently  the  general  theory  was  applied  to  different  dynamical  processes  in  amorphous 
condensed  matter,  and  specific  and  quantitative  predictions  were  made.  In  connection  with  current  work, 
we  discuss  here  in  some  detail  two  new  predicted  effects  concerning  protonic  delocalization  in  water  (and 
other  materials)  and  proper  experiments  to  test  them.  These  effects  are:  (1)  a  novel  relation  between  proton 
transfer  rates  and  proton  mobility  in  water;  (2)  an  anomalous  decrease  of  proton  mobility  in  H2O/D2O 
mixtures.  Both  effects  are  shown  to  contradict  the  predictions  of  all  thus  far  existing  theories  or  models. 

Current  experimental  results  verify  undoubtedly  our  theoretical  predictions. 


1.  Introduction 

Recently  we  studied  the  possibilities  for  an  extension  of 
the  theory  of  dilation  analytic  operators  of  quantum  me¬ 
chanics  [1,2]  (also  called  Complex  Scaling  Method,  . CSM) 
into  the  Liouville  (or:  superoperator)  level  [4,3].  Thc'Start- 
ing  point  of  this  work  was  the  conjecture  that  an  intrinsic 
physical  connection  between  the  CSM  and  the  conceptual 
basis  of  Prigogine’s  novel  theory  of  microscopic  irreversi¬ 
bility  [5-11]  may  exist.  Our  corresponding  theoretical  in¬ 
vestigations,  which  are  based  on 

(i)  the  CSM  of  ordinary  quantum  mechanics  and 

(ii)  Coleman’s  density  matrix  theory  for  fermionic  systems 
[12,13], 

led  us  to  the  first  “extension”  of  the  CSM  into  the  canonical 
ensemble  formalism  of  quantum  statistics  [4]. 

An  unexpected  theoretical  result  is  that  the  fermionic  sec¬ 
ond-order  density  matrix  7’*^’,  after  proper  CSM-transfor- 
mation  and  “thermalization”,  may  contain  submatrices  y 
that  have  no  diagonal  representation. 

The  physical  meaning  of  this  surprising  finding  is  that  the 
quantities  y,  which  are  associated  with  quantum  correla¬ 
tions,  represent  a  new  kind  of  “undivisible  units”  (or:  struc¬ 
tures),  due  to  the  fact  that  the  well-known  probabilistic  in¬ 
terpretation  for  the  diagonal  elements  y,j  (i  =  1, ...  s)  of  y 
is  now  impossible. 

These  units  we  called  coherent-dissipative  structures,  be¬ 
cause  they  are  short-lived,  short-ranged,  and  exhibit  a  finite 
minimal  dimension  in  the  space  of  state  functions  (i.e., 
the  corresponding  Hilbert  space  after  the  application  of 
CSM):  additionally,  and  most  surprisingly,  increasing  tem¬ 
perature  seems  to  support  their  extension.  These  structures 
represent  a  new  cooperative  (or  synergetic)  phenomenon 
that  may  be  of  significance  for  dynamical  processes  in  con¬ 
densed  matter.  As  their  existence  follows  “from  first  prin¬ 
ciples”  of  quantum  theory,  we  also  studied  [4]  their  con¬ 
nection  with  (and  difference  to)  (i)  the  “standard”  coherent 
states  of  quantum  theory  (like  the  BCS  states  of  supercon¬ 
ductivity  [14]),  (ii)  Prigogine’s  dissipative  structures  of  phe¬ 
nomenological  irreversible  thermodynamics  [15,16],  and 

(iii)  Yang’s  concept  of  off-diagonal  long-range  order  (OLD- 
RO)  [17]. 

Very  recently  we  succeeded  with  the  application  of  the 
above  general  CSM-theory  of  quantum  correlations  to  dif¬ 
ferent  and  concrete  dynamical  processes  in  condensed  amor¬ 
phous  matter  [18  -  25].  The  predictive  power  of  our  theory 
was  recently  demonstrated  by  its  different  experimental  ap¬ 
plications  [18,19,  22—26],  and  its  quantitative  predictions 
[20]  concerning  certain  new  experiments  [22,26],  which 
have  been  motivated  by  the  theory,  cf.  Sections  3  and  4. 


Thus  far  the  existing  theoretical  and  experimental  results 
strongly  indicate  that  quantum  correlations  (as  revealed  by 
our  general  CSM-theory)  play  a  fundamental  role  in  the 
dynamics  of  condensed  matter  and  -  this  being  a  crucial 
point  -  they  can  explicitly  be  associated  with  concrete  ex¬ 
perimental  results. 

In  Section  2  a  short  outline  of  the  general  theory  is  given. 
Section  3  contains  the  application  of  the  theory  to  the  phys¬ 
ical  context  of  proton  transfer  reactions  and  proton  mobility 
in  water,  a  predicted  novel  relation  between  these  quantities 
[20]  and  certain  very  recent  experimental  results  [26].  Sec¬ 
tion  4  presents  the  predicted  “anomalous”  decrease  of  pro¬ 
tonic  conductance  in  H2O/D2O  mixtures  [20]  and  the  ex¬ 
perimental  confirmation  of  this  effect  [22]. 

2.  A  Short  Outline  of  the  CSM-Theory  of  Coherent- 

Dissipative  Structures 

Trying  to  make  the  paper  as  self-contained  as  possible,  a 
short  outline  of  our  general  CSM-theory  of  thermally  acti¬ 
vated  (or;  supported)  quantum  correlations  in  condensed 
matter  is  given  in  this  section.  For  the  full  proofs,  see 
Ref.  [4]. 

(A)  We  start  with  the  presentation  of  the  crucial  formal- 
mathematical  ingredients  of  the  theory  and  its  main  result. 

There  is  an  algebraic  corollary  due  to  Reid  and  Brandas 
(for  the  proof,  see  [27])  which  states  the  following: 

The  sxs  Jordan  block  C5(0)  represented  by  the  matrix 


is  similar  to  the  s  x  s  matrix  q  with  matrix  elements 


(lu 


(.  k+l-2 
■  exp  1 17C  — 


(2) 


where 

\  <k.l  <s.  (3) 

From  this  corrolary  it  follows  that  there  does  not  exist  any 
similarity  transformation  (unitary  or  not)  which  can  diag¬ 
onalize  q. 

(B)  The  proper  theoretical  entity  for  the  description  of  the 
quantum  entanglement  between  physical  states  in  the  level 
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of  “two-particle-”  (better:  two-states-)  correlations  is  the  sec¬ 
ond  order  reduced  density  operator  (or:  matrix)  f®.  For 
fermionic  systems,  many  fundamental  results  concerning  r® 
have  been  achieved,^  a  considerable  part  of  them  being 
proved  by  Coleman  [12,13]. 

Coleman  considered  the  f®  defined  with  respect  to  the 
AGP  function  where  Njl  is  the  number  of  “paired 

fermions”.  This  Junction  is  constructed  with  the  aid  of  the 
geminal 

|Sf(l,2)>=  S  gklk.k  +  s}  (4) 

of  rank  s,  with  s  >  N/l,  where  |/c>  and  k  +  s)  are  “one- 
particle”  functions,  and  the  AGP  (“antisymmetrized  geminal 
power”),  which  is  defined  by 

{0(1.2)0(3,4) ...  9{N-  1,  AO} ,  (5) 

An  being  the  conventional  antisymmetrization  operator.  In 
the  specially  important  case  where  the  eigenvalues  of  the 
corresponding  first  order  reduced  matrix  r“*  (g)  are  all 
equal,  the  AGP  function  is  called  extreme.  In  this  case,  all 
the  wave  amplitutes  gi  in,(4)  are  equal. 

It  was  proved  by  Coleman  that  exhibits  a  simple 

“box  and  tail”  matrix  form,  if  it  is  represented  in  the  basis 


The  “coherent”  part  Ff*,  which  is  representable  by  a  wave 
function,  is  intrinsically  connected  with  the  BCS-function  of 
superconductivity;  see  below.  Our  theoretical  work  showed 
however  that  —  for  the  description  of  thermally  activated 
quantum  correlations  -  the  relevant  part  of  the  density 
operator  F®  is  the  small  box  part  Ff,  Eq.  (9),  where  the 
constant  depends  on  the  (finite)  number  of  particles  N 
and  the  appompanying  (finite  number  ol)  fermionic  degrees 
of  freedom  s, 


N{N- 
4s(s-l)  ’ 


(11) 


where  s  >  N.  (Full  details  are  given  in  [12, 13]  and  also  in 
[4]). 

(C)  In  order  to  apply  the  above  density  matrix  formalism 
.0  a  physical  microdynamical  process  exhibiting  irreversi¬ 
bility,  the  focus  is  on  the  resonance  picture  of  unstable  stales 
[4].  Here  enters  the  CSM  into  the  formalism.  The  “part  of 
the  ensemble”-correlations  represented  by  the  quantum  cor¬ 
related  density  operator  (9)  is  then  subjected  to  the  “ther- 
malization  transformation” 


y  =  -^6""  F^^e 

Zj 


-i. 


(12) 


{{|i.i  +  s>,l  :S  i  ^  s},  9^  /  +  s.  1  i.j  ^  2s}}.  (6) 

In  the  following  we  consider  extreme  AGP’s  exclusively.  In 
this  case  lg>  is  an  eigenfunction  of  the  matrix  F*^*(3*'^) 
corresponding  to  the  large  eigenvalue  of  the  matrix 
remaining  eigenvalues  are  equal  and  consitule 
a  (2s +  1)  (s-1)  degenerate  eigenvalue  F^/\  which  is  very 
small,  if  2s/N  >  1.  The  matrix  F®(g'^'-)  can  therefore  be 
decomposed  as  follows: 

F®  =  F®(0^/') 

=  FgL  +  Fl^L,  (7) 

=  (Ft»  +  F§>)  +  F¥>i„ 
where  the  “large  box  part”  is  given  by 

F<d-\g>mg\,  (8) 

with 

[gy^-^llk.k+sy, 

\/s  * 

the  “small  box  part”  is  defined  by 
F?  =  Ak«E  l/r,/:+s>  (s,.,  -  |U-i-s> , 

and  the  completely  uncorrelated  “tail  part”  is  given  by 


with  the  standard  abbreviation  /?  =  l/k^T.  This  transfor¬ 
mation  makes  the  connection  with  the  canonical  ensemble 
formalism  of  statistical  mechanics.  The  notation  (...)'  iofers 
to  complex  scaled  quantities.  Here,  e.g.,  H‘  represents  the 
appropriate  complex  scaled  second  order  reduced  Hamil¬ 
tonian,  and  Z  is  the  appropriate  normalization  factor. 

Further  straightforward  derivations  within  our  general 
eSM-theory  showed  that,  in  the  important  special  case 
where  all  the  paired  states  \{k,k  +  sfy  have  the  same  (real) 
energy,  i.c. 

£*  =  E,  {k  =  1,2, ...  s),  (13) 

the  considered  density  operator,  Eq.  (12),  takes  the  form 
y  =  Y,^y,,\(k,k  +  srX(U  +  Sr\  (14) 

with 

=  (15) 

Here,  the  familiar  Boltzmann  factor,  exp(— ^£),  appears  ex¬ 
plicitly.  Parenthetically,  the  general  CSM  formalism  asso¬ 
ciates  with  the  “widths”  the  “lifetimes”  in  the  standard 
(9)  way,  i.e. 


F?i,  =  Ag»  Z,  \k.lXk.l\. 

k<l 

k+s^l 


(jQj  The  following  crucial  point  should  now  be  observed.  The 
matrix  elements  yu,  Eq.  (15),  of  the  operator  y  become  pro- 
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pdrtional  to  the  matrix  elements  of  the  matrix  q,  Eq.  (2),  if 
the  restrictive  quantization  conditions 

(17) 

are  fulfilled.  In  this  specific  case  the  equality 

fkt  X^^qici  =  const  •  .  (18) 

holds  true. 

In  more  physical  terms,  if  the  “widths”  e*  and  the  energies 
Ek  of  the  complex  scaled  pairs  |(A;,^+s)°)  fulfill  the  condi¬ 
tions  (13)  and  (17),  then  the  matrix  elements,  Eq.  (15),  of  the 
density  operator  y  constitute  a  Jordan  block  similar  to  C,(0), 
Eq.  (1).  This  is  a  very  important  result,  because  it  means 
that  in  this  case  the  operator  y  has  no  diagonal  represen¬ 
tation,  Furthermore  this  implies  that  all  the  “paired”  states 
constituting  y  coalesce  and  act  “cooperatively”  as  an  undi- 
visible  unit,  Thus  the  well-known  probabilistic  interpreta¬ 
tion  of  the  diagonal  elements  y^k  is  completely  lost  here. 

It  should  be  pointed  out  that  this  surprising  finding  is 
intrinsically  connected  with  the  application  of  the  CSM  into 
the  formalism,  since  the  proved  Jordan  block  structure  of  y 
is  necessarily  connected  with  the  complex  factors 

ji(e4+t,) 

e ' 


appearing  in  (15).  The  density  operator  y,  Eq.  (14),  gives  the 
mathematical,  representation  of  the  coherent-dissipative 
structures,  i.e.,  the  synergetic  phenomenon  of  interest. 

(b)  From  the  quantization  conditions  (17)  and  further 
physical  reasoning,  we  finally  derived  the  result  that  the 
minimal  “dimension”  Smia  of  y  is  given  by 


4iikuT 

h 


(19) 


T„|  represents  the  relaxation  time  (or  lifetime)  characterizing 
the  specific  microdynamical  process  of  a  microsystem.  Thus 
Smin  determines  the  minimal  “size”  (in  the  space  of  CSM- 
transformed  state  functions)  that  the  Jordan  block  at  least 
must  have,  and  at  the  same  time  it  defines  the  new  “unit”, 
i.e.  a  coherent-dissapative  structure.  As  s„„„  is  direct  pro¬ 
portional  to  T,  one  may  conclude  that  the  thermal  motion 
supports  the  extension  of  these  structures. 

In  this  context  it  is  also  interesting  to  observed  that  the 
trace  of  y  representing  coherent-dissipative  structures  van¬ 
ishes  identically,  as  e.g.  one  immediately  sees  from  Eq.  (1). 
Our  current  investigations  indicate  that  this  result  may  be 
of  considerable  importance  in  the  physical  context  of  laser 
light  scattering  on  water,  because  it  can  be  connected  - 
under  specific  conditions  -  with  an  additional  light  scat¬ 
tering  component  from  “strongly”  H-bonded  regimes;  cf. 
[20,21]. 

(£)  The  above  structures  we  have  called  coherent-dissi¬ 
pative  due  to  (i)  the  new  kind  of  coherence  associated  with 


the  appearance  of  Jordan  blocks  in  the  CSM-transformed 
density  matrix  y,  and  (ii)  the  finjte  lifetime  Tki  of  these  struc¬ 
tures. 

The  physical  context  of  the  above  formalism  as  well  as 
the  physical  meaning  of  different  restrictive  conditions  ap¬ 
pearing  therein  have  been  discussed  in  detail  [4,21].  Here 
let  us  mention  three  important  points  which  are  related  to 
the  fundamentals  of  our  general  CSM-theory  of  quantum 
correlations  in  condensed.matter. 

(i)  It  has  been  proved  by  Blatt  [28]  and  repeatedly  pointed 
out  by  Coleman  [12, 13]ithat  the  BCS  ground  state  ansatz 
is  “equivalent”  to  an  AGP  ansatz,  Eq,  (5).  More  specifically, 
the  superconducting  state  is  here  represented  by  the  large 
box  part  r^\  Eq.  (8),  which  is  representable  by  a  wave  func¬ 
tion.  Also  it  should  be  pointed  out  that  the  coherent-dissi¬ 
pative  structures  always  have  finite  lifetime  and  extension 
(in  Hilbert  space).  In  contrast  to  this,  a  superconducting 
state  has  an  infinite  lifetime  and  may  contain  all  particles  of 
the  system  (at  T  =  OK). 

(ii)  The  following  similarity  exists  between  the  coherent- 
dissipative  structures  and  the  well  known  dissipative  struc¬ 
tures  [15, 16]  of  Prigogine  and  coworkers:  Both  cannot  have 
a  “size”  smaller  than  a  critical  one;  and  both  cannot  exist, 
if  they  are  not  in  contact  with  the  environment.  On  the  other 
hand,  it  should  be  stressed  that  the  dissipative  structures  are 
concepts-  of  phenomenological  thermodynamics,  whereas 
the  coherent-dissipative  structures  are  concepts  of  micro¬ 
scopic  theory.  These  remarks  support  the  following  specu¬ 
lation:  The  formalism  of  coherent-dissipative  structures  may 
represent  the  framework  in  which  the  phenomenological  dis¬ 
sipative  structures  could  be  established  “from  first  princi¬ 
ples”. 

(iii)  It  has  been  pointed  out  [4]  that  the  aforementioned 
extreme  condition  on  the  AGP  is  a  necessary  condition  for 
the  appearance  of  Yang’s  concept  of  off-diagonal  long-range 
order  (ODLRO)  [17].  As  shown  above,  the  appearance  of 
coherent-dissipative  structures  is  intrinsically  connected 
with  the  existence  of  off-diagonal  terms  in  the  thermalized 
and  complex  dilated  Therefore,  and  in  order  to  prevent 
possible  confusion  and  misunderstanding,  it  should  be 
stressed  that  coherent-dissipative  structures  are  intimately 
(although  not  in  the  “BCS  sense”)  connected  with  Yang’s 
ODLRO,  the  connection  being  even  strengthend  by  the  fact 
that  the  corresponding  density  operator  y  has  no  diagonal 
representation.  In  this  context,  one  should  also  observe  that 
no  intuitively  appealing  explanation  (i.e.,  an  explanation  in 
classical  mechanical  terms)  of  the  emergence  of  coherent- 
dissipative  structures  is  possible.  Namely,  as  Yang  points 
out:  “Since  off-diagonal  elements  [of  the  density  matrix] 
have  no  classical  analog,  the  off-diagonal  long-range  order 
...  is  a  quantum  phenomenon  not  describable  in  classical 
mechanical  terms”  [17]. 

(F)  The  different  applications  [18-25]  of  the  above  gen¬ 
eral  CSM-theory  make  use  of  the  following  ansatz  [21]  con¬ 
cerning  the  actual  delocalization  (m  coordinate  space)  of 
coherent-dissipative  structures: 


(20) 
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The  symbols  haVe  the  following  meanings:  S  may  represent 

—  depending  on  the  specific  application  —  (i)  a  transport 
coefficient,  or  (ii)  the  geometrical  size  of  a  coherent-dissi¬ 
pative  structure;  X  the  specific  microscopic  quantum  system; 
Simn,x  the  “size”  (in  the  space  of  state  functions)  of  the  struc¬ 
ture  as  given  by  the  main  formula  (19);  the  conventional 
thermal  de  Broglie  wavelength  of  one  quantum  system  X; 
and,  finally,  Fx(Hd!,  •■•)  a  functioftal  of  the  “effective”  or 
“relevant”  Hamiltonian  Htn  being  proper  to  the  dynamics 
of  X  in  the  condensed  system.  F  may  depend  on  some  ex¬ 
ternal  parameters,  too. 

One  should  observe  that  the  specific  “mechanism”,  Hdt, 
being  responsible  for  the  microdynamics  of  the  system  ap¬ 
pears  explicitly  in  this  ansatz.  However,  its  actual  form  is 
often  not  needed,  as  the  different  successful  applications 
[18—25]  demonstrate. 

3.  Coherent-Dissipative  Structures  and  Proton  Transfer  in 

Water 

One  of  the  oldest  and  most  fundamental  problems  in  the 
physical  chemistry  of  water  is  the  evaluation  of  the  rate 
constants  characterizing  the  following  processes  [29]: 

HjO-*- -b  H2O  H2O  +  HjO-"  (21a) 

OH-  +  HjO  H2O  +  OH-  .  (21  b) 

These  processes  play  an  important  role  in  many  biological 
processes,  too.  With  the  pioneering  work  of  Meiboom  [30] 
it  has  been  proved  that  one  can  measure  these  reaction  rates, 
ki,  and  activation  energies,  £„  (with  i  =  1,2)  by  NMR  spec¬ 
troscopic  methods;  see  below.  The  study  of  proton  transfer 
reactions  in  water  is  also  of  importance  to  the  understanding 
of  the  excess  (or:  anomalous)  conductivities  (or:  mobilities) 
of  the  hydronium  (H30^)  and  hydroxyl  ions  in  water  and 
aqueous  solutions.  Furthermore,  in  aqueous  solutions  of  ac¬ 
ids  and  bases,  fast  proton  transfer  in  the  water  is  often  con¬ 
sidered  to  be  involved  as  part  of  the  actual  reaction  scheme; 
see  the  classic  work  of  Eigen  [31]. 

Recently  Hertz  [32]  presented  a  detailed  analysis  of  a 
series  of  different  experimental  methods  (NMR,  X-ray  and 
neutron  scattering,  etc.)  used  to  detect  the  H"^  (or  the  HjO'*') 
ion  in  aqueous  solutions  directly.  This  analysis,  together 
with  an  extensive  discussion  of  some  corresponding  exper¬ 
imental  results,  revealed  that,  thus  far,  none  of  the  consid¬ 
ered  experimental  investigations  was  able  to  detect  directly 
the  so-called  H"*"  particle  (or  the  HjO’*')  in  aqueous  solutions 
[32]. 

In  all  the  traditional  (and  well-established)  theories  of  the 
ionic  solutions,  however,  the  entity  H"*"  is  postulated  to  exist 

—  at  least  for  sufficient  short  times  -  and  to  correspond 
to  some  fast  “moving”  (or  “jumping”,  or  “tunnelling”)  par¬ 
ticle  (a  proton).  In  this  context  let  us  Just  mention  the  well- 
known  Grotthus  mechanism,  a  traditional  model  that  is  be¬ 
lieved  to  explain  classically  the  high  excess  conductivity  of 
H"*"  (and  OH")  in  aqueous  solutions;  see  Ref.  [33]  for  a 
detailed  discussion.  Nevertheless,  the  aforementioned  ex¬ 


haustive  analysis  [32]  led  to  the  surprising  conclusion  that 
the  physical  object  usually  defined  to  be  the  H'^  (or  HjO'*’) 
cannot  be  considered  —  thus  far  —  to  represent  a  particle 
in  the  conventional  sense.  This  finding  led  Hertz  to  the  con¬ 
clusion:  “...  what  we  call  H”^  ion  in  aqueous  solutions  is 
really  a  dynamical  property  of  the  solution”  [32],  At  this 
stage,  it  is  important  to  point  Qut  that  the  analysis  of  ref¬ 
erence  [32]  is  carried  out  entirely  within  classical  mechanics. 
In  this  framework,  of  course,  there  are  no  delocalization 
effects  like  those  being  typical  for  quantum  mechanical  proc¬ 
esses,  and  therefore  the  aforementioned  conclusion  is  clearly 
remarkable. 

Motivated  by  the  above  remarks,  it  appeared  worthwhile 
to  investigate  some  of  the  main  aspects  of  the  microdyn- 
amical  behaviour  of  the  system  “H'*’/water”,  in  the  light  of 
our  general  CSM-theory  of  quantum  correlations  [18].  An 
important  point  of  these  investigations  may  be  illustrated 
by  the  following.  From  the  quantum  mechanical  viewpoint 
it  appears  that  the  H-constituents  forming  the  H'*'  ions  are 
indistinguishable  from  those  belonging  to  the  water  mole¬ 
cules  and  being  in  the  vicinity  of  the  ions.  This  “unconven¬ 
tional”  consideration  may  be  motivated  by  the  fact  that  the 
thermal  de  Broglie  wavelength  of  a  “quasi-free”  proton, 
IFh^,  is  about  1  A  at  room  temperature  (cf.  [21,29]).  This 
is  large  enough  to  find  (in  most  cases)  water  protons  in  a 
distance  of  the  order  of  lF|i"  around  each  H'*'.  This  fact 
may  —  even  in  the  present  case  —  lead  to  the  typical  de- 
localization  and/or  interference  effects  being  characteristic 
for  the  quantum  theory.  The  assumption  of  quantum  effects 
between  protons  "belonging”  to  ions  and  water  molecules, 
of  course,  represents  a  hypothesis.  Nevertheless  it  appears 
that  two  important  predictions,  which  follow  straightfor¬ 
wardly  from  this  assumption,  are  in  contradiction  to  all 
known  conventional  theories  (or  models);  see  the  present 
and  the  next  section.  Fortunately,  these  predictions  are  ca¬ 
pable  of  experimental  testing,  so  that  the  question  concern¬ 
ing  the  validity  and/or  physical  significance  of  the  assumed 
protonic  delocalization  can  be  decided  and/or  clarified. 

The  first  of  these  two  predictions  is  given  by  a  novel  form 
[18,20,21]  of  the  connection  of 

(i)  the  proton  transfer  rates,  k„  of  Eqs.  (21  a,  b) 
with 

(ii)  the  excess  ionic  conductivities  of  H^  and  OH”,  Aii+  and 
^•bii-  >  in  water. 

The  latter  quantities  ’.re  conventionally  defined  as 

=  2h*  —  Xx*  >  (22) 

with  X^  =  K"^  or  Na"^,  and 

-^■oir  =  Xoii —  2cr  >  (23) 

where  /.x  represents  the  experimental!)  measured  ionic  con¬ 
ductance  of  the  ion  X  in  water  [34]. 

The  conventional  treatment  of  the  connection  under  con¬ 
sideration  (see  e.g.  Refs.  [30,35]  for  a  derivation)  is  based 
on  the  well  established  equations  of  Nernst 
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and  lEinstein 


We  proceed  now  to  the  presentation  of  the  predictions  of 
^  the  CSM-theory  [18,20].  Starting  with  the  application  of 
the  general  ansatz  (20)  to  the  transport  coefficients  Ah+  and 
A*oh-,  i,e. 


D  = 


6frel 


(25) 


The  notations  are  as  follows:  q  is  the  elementary  charge,  D 
the  diffusion  coefficient  describing  charge  transport  due  to 
proton  transfers,  t„i  the  average  lifetime  of  a  (or 

OH“)  ion,  and  the  average  of  the  square  of  the  charge 
displacement  accompanying  a  proton  transfer.  In  a  simple 
model,  one  may  identify  <x>  with  the  mean  distance  between 
two  oxygen  atoms  of  water  molecules  [30]. 

From  these  equations  and  the  standard  relation  [30]  for 
the  “relaxation  times”  associated  with  the  reaction  (21  a). 


-^  =  *r[H20].  (26) 

TrelH* 


Ax  =  Fx(H.ff,  D  •  (X  =  H-^,  OH-) ,  (33) 

and  formula  (19),  one  immediately  obtains 

Ah*  _  Fh*  IFh*  '^rei.H*  /ja') 

Aoh-  Fqh-  IFoh-  Vi.oh- 

Further  insertion  of  the  explicit  form  of  the  thermal  de  Brog¬ 
lie  wavelength 


2n 


ntxk^T 


(35) 


and  the  standard  relation  (26)  in  Eq.  (34)  yields  the  result 


one  obtains 
Ah*  T  =  C  'k\, 


(27) 


Ah*  Fh*  /  Wqh-  ki 

Aoh-  Fow-  'sJ  Wh*  ki 


(36) 


where  C  is  a  temperature  independent  constant.  A  corre¬ 
sponding  equation  holds  true  with  respect  to  OH~,  and 
finally,  one  obtains 


(28) 


This  formula  is  the  main  result  of  the  CSM-fheory.  To  make 
it  capable  of  experimental  testing,  we  considered  [18,20]  the 
following  slight  simplification:  In  the  present  context  we 
may  assume  on  physical  grounds  that 

Fh*  =  Foh-  >  (37) 


which  represents  the  desired  connection.  A  useful  reformu¬ 
lation  of  this  result  is  given  by  using  the  standard  Arrhenius- 
type  ansatz  for  the  rate  constants  of  Eqs.  (21  a,  b), 

A:i  =  Ci-e-'^'>"'^  (i  =  l,2),  (29) 


in  which  case  it  follows  immediately 


It  will  be  show  that  the  result  (28),  or  equivalently  (30),  is 
definitely  in  disagreement  with  the  corresponding  prediction 
of  our  CSM-theory  of  quantum  correlations. 

The  aforementioned  precise  data  of  Ref.  [34]  for  the  ionic 
conductances  in  water  yield  the  classically  predicted  value 

-^«2.35  atr=25°C,  (31) 

which  follows  from  Eq.  (28),  and 

El-  EiX  -2.0  kJ/mol  for  T  =  15°  ...  55°C  ,  (32) 


because,  in  both  cases  (21  a,  b),  the  larger  part  gfahe  system 
with  Hamiltonian  Hen  consists  of  water  molecuics,  i.e.  of  the 
same  compound.  It  should  be  pointed  out  that  Eq.  (37)  rep¬ 
resents  a  physical  assumption,  which  is  based  on  reasonable 
considerations  concerning  the  extension  and  the  dynamics 
of  quantum  correlations  around  each  “relaxing  center”  (clas¬ 
sically  described  by  Eqs.  (21  a,  b)),  and  thus  it  is  probably  of 
approximative  character.  Nevertheless  its  validity  and/or 
physical  significance  is  supported  by  the  experiment;  see  Eq. 
(37a)  below. 

Thus,  with  the  assumption  (37)  we  obtain 

=  /^.A,  (38) 

Aoii"  Y  'Wii*  ki 


As  in  the  above  classical  treatment,  one  can  make  use  of  the 
Arrhenius  form  of  the  reaction  rates  Eq.  (29),  converting 
Eq.  (38)  to  the  form 


which  follows  from  Eq.  (30),  for  the  considered  difference  of  With  the  aid  of  the  aforementioned  precise  data  of  Ref.  [34] 
the  activation  energies;  cf.  [35].  for  the  ionic  conductivities,  we  predicted  [20]  the  values 
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^  «  1.75  at  f  =  25?C  (40) 

F  _ T  -  I + 2.1  kJ/mol  for  X+  =  K+  .... 

^  ^  "  1+ 1;9  kJ/mol  for  X+  =  Na-*- 

ih'the  aforementioned  temperature  range  T  =  15®...55°C. 

It  is  important  to  observe  that  the  result  of  the  CSM- 
thepry,  Eqs.  (38,39),  is  fundamentally  different  from  the  re¬ 
sult  of  the  conventional  theory,  Eqs.  (28,30).  E.g,,  2h+  is 
proportional  to  in  the  “classical”  case,  cf.  Eq.  (28),  whereas 
quite  the  opposite  is  predicted  in  the  “quantal"  case,  cf. 
Eq.  (38).  As  a  consequence,  the  classically  predicted  numer- 
icd  value  of  Ei  Eq.  (32),  differs  even  by  sign  (!)  from 
the  CSM-predicted  value  of  this  quantity,  Eq.  (41). 

Thus  far  the  existing  experimental  data  for  the  difference 
El -El  exhibit  a  considerable  scattering:  —8.8  kJ/mol  in 
Ref.  [36];- -0.4  kJ/mol  in  Ref.,[37];  -1-1.25  kJ/mol  in  Ref. 
[35]. 

To  test  the  above  theoretical  predictions,  new  high  pre¬ 
cision  experiments  (utilizing  the  ‘H-NMR  spin-echo  tech¬ 
nique)  for  the  correct  measurement  of  the  difference  ^ 
have  been  carried  out  in  the -laboratory  of  H.  G.  Hertz 
(Karlsruhe).  The  NMR-experimental  data  [26]  are  graphi¬ 
cally  presented  in  Fig.  1,  together  with  the  classical  and 
eSM-theoretical  predictions  based  on  the  same  high  pre¬ 
cision  conductivity  data  [34].  In  our  treatment  of  these  data, 
we  prefer  to  omit  the  experimental  values  of  ki  and  ki  at 
T  =  5.3®C,  since  -  to  our  knowledge  -  no  experimental 
value  of  Aoh-  around  5*G  exists  in  the  literature,  and  due 
to  the  well-known  “anomaly’'  that  water  exhibits  at  4®C. 
For  the  temperature  range  T  -  10.7'’...58.8®C  we  obtain 
the  experineiital  value 

El  -  El  =  -V  (1.9  ±0.5)  kJ/mol  (42) 

Including  the  data  point  at  T  =  5.3°C  one  obtains 
Ei  —  EiK  +1.3  kJ/mol  [26].  In  any  case,  however,  the 
above  experimental  result  confirm  the  positive  sign  of 
El  —  El  definitely,  thus  being  in  clear  disagreement  with  the 
prediction  of  the  classical  theory. 

In  this  context,  it  is  interesting  to  point  out  that  the  well- 
known  “traditional”  treatment  of  the  reactions  (21  a,  b)  by 
Gierer  and  Wirtz  [38]  predicts  —  in  accordance  with  the 
aforementioned  classical  treatment  —  a  negative  sign,  for 
Ei  —  Ei;  cf.  also  [29]. 

The  above  results  allow  us  also  to  test  the  relation  (37), 
which  was  justified  by  physical  considerations  and  was  as¬ 
sumed  to  be  approximately  valid.  From  the  data  of  Fig,  1 
one  obtains  the  relation. 

Fh*  »  1.16  •  Foil-  .  (37a) 

The  physical  interpretation  of  this  interesting  finding  is  sub 
ject  to  current  investigations,  in  connection  with  our  very 
recent  work  [23  -  25]  (which  concerns  the  determination  of 
the  “effective  mass”  of  a  coherent-dissipative  structure). 


55  45  35  25  18  15  T/of 


Graphical  representation  of  the  quantity  log  ki/ki^s  a  function  of 
the  inverse  temperature.  Shown  are  (i)  the  predictions  of  conven¬ 
tional  theory  and  CSM-theory,  and  (ii)  the  experimentally  (NMR) 
determined  values  of  Ref.  [26]  for  the  temperature  range  T  = 
I0.7°...58.3'’C.  The  data  points  for  the  two  theoretical  predictions 
were  calculated  with  the  aid  of  the  high-precision  conductivity  data 
of  Ref.  [34]  and  Eqs.  (28)  and  (38).  The  reference  cation  (K*  and 
Na^)  used  by  the  calculation  of  the  H+-excess  conductivity, 
Eq.  (22),  is  shown  on  the  graphs 

As  mentioned  in  Sec.  2,  the  general  theory  of  coherent- 
dissipative  structures  applies  directly  to  fermionic  systems. 
Current  investigations  being  in  progress  now,  however,  seem 
to  indicate  that  the  theory  could  be  extended,  under  specific 
conditions,  to  the  case  of  bosonic  systes,  too.  Thus  it  would 
be  very  interesting  to  have  knowledge  of  the  experimental 
values  of  the  two  corresponding  activation  energies  (in  anal¬ 
ogy  to  Eqs.  (21  a,  b))  characterizing  D'*'  transfer  in  D2O.  This 
knowledge  would  also  greatly  support  the  further  develop¬ 
ment  of  the  present  theory. 

4.  Further  Evidence  for  Proton  Delocalization:  Anomalous 

Decrease  of  H'*'  Mobility  in  H2O/D2O  Mixtures 

The  above  experimental  findings  clearly  support  the 
aforementioned  assumption  of  “proton  delocalization”  in 
water.  Further  investigations  based  on  this  physical  idea 
permitted  one  of  us  to  derive  a  new  prediction  [20]  and  to 
..onceive  a  corresponding  experiment  for  its  testing.  That 
work  predicted  an  “anomalous”  decrease  of  the  H’’’  (and 
probably  also  D"*")  conductance,  in  H2O/D2O  mixtures. 

The  physical  considerations  leading  to  this  prediction  are 
as  follows.  As  already  mentioned  above,  quantum  correla¬ 
tions  between  “protons"  m  aqueous  H  solutions  may  be 
expected  even  within  conventional  quantum  theory,  viz.  due 
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to  the  large  thermal  de  Broglie  wavelength  of  a  quasi-free 
H  '*'  that  is  about  1 A  at  room  temperature.  In  more  modern 
physical  teims,  one  can  then  say  that  the  underlying  ph;^f.ical 
idea  is  that  H"*"  is  delocalized  and  correlated  through'>,Ein- 
stein-Podblsky-Rosen  (EPR)  correlations  [39—41]  with  wa¬ 
ter  protons  of  its  surroundings  “belonging”  to  H2O  or  HDO 
molecules.  This.physical  picture  is  obviously  in  clear,  con¬ 
trast  to  the  viewpoint  taken  by  qpahtum  chemistry  and  mo¬ 
lecular  dynamics,  where  protons  are  considered  as  classical 
particles  being  subject  to  the  Bom-Oppenheimer  approxi- 
?mation. 

The  following  point  is  now  crucial.  If  the  well-known  high- 
H'*'  conductance,  Ah+,  in  liquid  water  is  caused  by  the  as¬ 
sumed  quantum  interference  effects,  then  there  must  be  an 
anomalous  decrease  of  Ah+  in  H2O/D2O  mixtures  due  to 
the  so-called  mass  and  spin  superselection  rules  (cf.  [40]). 
In  these  mixtures,  viz.,  the  possible  quantum  interference 
between  appiopriate  protonic  states  becomes  disrupted  by 
deuterons  (“belonging”  to  D2O,  HDO,  or  D'*'  ions  and)  be¬ 
ing  “near”  or  “between”  the  considered  protons.  For  exactly 
the  same  reasons  we  also  might  expect  an  anomalous  de¬ 
crease  of  the  D'*'  conductance  in  H2O/D2O;  cf.,  however, 
the  corresponding  remarks  at  the  end  of  the  previous  sec¬ 
tion. 

(A  crude  estimate  of  the  decrease  of  Ah  ^  in  a  equimolar 
H2O/D2O  mixture  may  be  based  on  the  model  that  coher¬ 
ent-dissipative  structures,  in  water,  extend  over  the  partial 
volumina  being  “occupied”  by  protons  or  deuterons  (and 
not  by  oxygen  atoms).  A  rough  calculation  in  these  lines 
shows  that  the  considered  decrease  would  then  be  of  the 
order  of  10%;  cf.  [20,21]. 

In  order  to  test  this  prediction  experimentally,  molar  con¬ 
ductances,  /i,  of  different  HCl/DCl  and  KCl  solutions  in 
H2O/D2O  mixtures  were  measured  [22].  The  experimental 
results  are  summarized  in  Figs.  2  and  3. 

Firstly,  let  us  consider  the  conductivity  of  KCl  solutions. 
The  conductances  of  KCl  solutions  in  H2O/D2O  mixtures 
are  found  to  depend  almost  linearly  on  the  D-atom  fraction, 
A'd,  of  the  solvent,  cf.  Fig.  2.  This  “linearity”  appears  to  be 
independent  of  the  concentration  of  the  measured  solutions 
(C  =  0.01  ...0.1  mol/1);  see  [22]  for  details.  This  result  is  as 
expected  from  standard  (or:  classical)  electrochemical  the¬ 
ory,  cf.  e.g.  [34],  because 

(i)  it  is  experimentally  well  established  [42]  that  the  fluidity 
(i.e.,  the  inverse  of  viscosity)  of  the  considered  mixtures  de¬ 
pends  almost  linearly  on  A'd  and 

(ii)  ionic  conductances  are,  to  a  very  good  approximation, 
direct  proportional  to  the  fluidity  of  the  solvent  (Walden’s 
rule). 

Secondly,  let  us  consider  the  conductivity  data  for  HCI/ 
DCl  in  the  considered  H20/D20-mixtures.  Figure  2  shows 
the  resulting  conductances  at  infinite  dilution,  A^,  plotted 
against  the  mole  fraction  A'd.  It  is  seen  that  at  intermediate 
solvent  compositions  the  curve  lies  distinctly  below  the 
straight  line  connecting  the  limiting  values  in  pure  H2O, 
where  A'd  =  0,  and  D2O,  where  A'd  =  1. 

To  be  able  to  formulate  the  experimental  results  in  more 
quantitative  terms,  we  define  the  deviation  of  the  measured 


Fig.  2 

Molar  conductances  of  HCl/DCl,  /tiici/oa.  and  of  KCl,  in 
HaO/DjO  mixtures  at  infinite  dilution  and  T  -  2S’’C  as  a  function 
of  the  mole  fraction  A'd  of  deuterium.  Also  shown  is  the  “excess 
conductance”,  determined  from  the  difference  between  the  data  for 
HCl/DCl  and  KCl.  Solid  and  brocken  lines  are  guides  to  the  eye. 
Error  bars  are  smaller  than  the  size  of  each  data  point.  (Reproduced 
from  Nature,  Ref.  [22]) 

conductance  of  a  mixture,  of  concentration  C,  /I  (A'd,  C), 
from  that  determined  by  linear  interpolation  between  the 
values  of  the  two  pure  solutions  (A'd  =  0  and  1),  .d|,„(A'D, 
C),  as 

A/KAd,  C)  =  A(Xd.  C)  -  AM.  C) 

-  A{Xo,  C)  -  [(1  -  Ad)  •  /1(0,  C)  -1-  Ad-/1(1,C)] 

(43) 

and  the  corresponding  relative  deviation  in  per  cent  by 

am,  C)  =  100  •  A/1(xd,  C)/AM.  C).  (44) 

The  relative  deviation  at  the  equimolar  solvent  composition 
is  ^"'(0.5,  C -»  0)  w  -5.1%. 

Furthermore,  and  as  already  stated  in  the  previous  sec¬ 
tion,  the  quantum  effects  of  interest  are  expected  to  be  re¬ 
flected  by  the  excess  conductance,  which  is  defined  by  the 
difference  of  the  data  obtained  for  HCl/DCl  and  KCl.  (This 
definition  is  based  on  the  fact  that  the  main  thermodynamic 
data  of  these  two  solutions  are  very  similar  [34]).  The  cor¬ 
responding  “anomalous  decrease”  of  the  excess  conductance 
at  Ad  =  0.5  is  now  -7.7%,  cf.  Fig.  2. 

For  illustration,  the  following  point  may  also  be  observed. 
The  aforementioned  “disrupted  quantum  interference"  is 
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Graphical  representation  of  the  experimentally  determined  molar 
conductances  of  HCl/DCl  in  HjO/DjO  mixtures  at  25°C  as  a  func¬ 
tion  of  solvent  composition  (expressed  by  the  atom  fraction  .^d  of 
deuterium)  and  of  acid  concentration  C.  (Data  were  taken  from 
Ref.  [22]') 

easily  seen  to  become  most  effective  at  Ad  =  0.5,  thus  lead¬ 
ing  to  a  maximum  of  the  predicted  anomalous  decrease  of 
the  conductance  at  Ad  =  0.5.  The  experimental 

data  confirm  this  expectation,  too. 

The  analysis  of  the  experimental  results  shows  also  that 
the  magnitude  of  the  anomalous  decrease  under  consider¬ 
ation  is  independent  of  the  acid  concentration  (C  =  0.01 ... 
0.5  mol/1),  cf.  Fig.  3.  The  small  experimental  error  of  +  0.1  % 
strongly  supports  the  significance  of  these  results.  For  full 
details,  see  [22]. 

In  conclusion,  we  found  that  the  conductances  of  KCl 
solutions  in  H2O/D2O  mixtures  are  completely  in  accord 
with  standard  electrochemical  theory.  But,  at  the  same  time, 
it  is  the  almost  linear  dependence  of  /I  kci  on  the  mole  frac¬ 
tion  Ad  in  connection  with  linear  dependence  of  the  fluidity 
of  H2O/D2O  on  Ab  that  proves  that  the  observed  “anom¬ 
alous”  decrease  A/1®  of  the  (excess)  molar  conductance  of 
HCl/DCl  is  -  plainly  speaking  -  a  specific  property  of  the 
H’*'  and  D"*"  ions  and  the  H2O/D2O  solvent. 

Therefore  it  is  hardly  conceivable  how  the  considered  ef¬ 
fect  could  be  interpreted  in  terms  of  standard  (or  conven¬ 
tional)  electrochemistry.  At  the  same  time,  the  presented 
experimental  results  are  in  line  with  the  underlying  physical 
picture  of  delocalization  in  water  and  clearly  confirm 
the  prediction  [20]  of  the  “anomalous”  decrease  of  the  H*/ 
D'*'  conductance  in  H2O/D2O  mixtures. 

5.  Concluding  Remarks 

As  the  short  outline  of  Sec.  2  shows,  our  CSM-theory  of 
(thermally  activated)  quantum  correlations  in  condensed 


matter,[4]  is  based  on  the  first  principles  of. quantum  theory. 
Thus  the  cooperative  phenomenon  "being  described  by  co¬ 
herent-dissipative  structures  appears  to  represent  a  new 
form  of  “selforganization”  of  matter  in  the  microscopic  level 
of  physical  description. 

Recent  applications  of  the.general  theory  to  thus  far  five 
different  physical  contexts  (i.e.,  the  two  applications  consid¬ 
ered  above  [18,20, 22],.ionic  conductivity  of  molten  alkali 
chlorides  [19],  spin  waves  in  jnagnetic  systems  above 
[23,24],, and  quantum  correlation  effects  in  high-7J  super¬ 
conductors  [25])  demonstrated  the  predictive  power  of  the 
theory  and  the  —  more  or  less-  -  universal , character  of 
quantum  comlations  in  condensed  matter.  In  this  paper, 
we  discussed  two  surprising  predictions  of  the  CSM-theory 
concerning  proton  mobility  and  proton  transfer  reactions  in 
water,  and  also  the  results  of  two  very  recent  experiments 
which  clearly  verified  these  predictions  [22,26]. 

The  above  theoretical  investigations  and  experimental 
findings  indicate  that  coherent-dissipative  structures  may 
play  an  important  role  in  the  dynamics  of  H  -transport  and 
H-bond  formation  (cf  [43,44])  in  further  physical,  chemical 
and  biological  systems.  Further  work  is  in  progress. 
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'  Protein  Dynamics 

Flash  photolysis  experiments  on  carbonmonoxymyoglobin  over  wide  ranges  in  time  and  temperature 
provide  information  about  the  rate  processes  involved  in  the  rebinding  reaction.  The  non-exponential 
rebinding  at  low  temperatures  shows  that  the  myoglobin  molecules  are  frozen  into  a  large  number  of 
conformational  substates  with  different  enthalpic  barriers.  Above  160  K  we  observe  a  relaxation  process 
that  shifts  the  peak  of  the  barrier  distribution  from  ~  10  kJ/mol  to  ~  21  kJ/mol.  This  process  is  non¬ 
exponential  in  time  and  docs  not  obey  the  Arrhenius  law.  Above  220  K  equilibrium  fluctuations  between 
the  conformational  substates  lead  to  an  averaging  of  the  binding  rate  distribution  and  to  the  opening  of 
pathways  for  the  ligands  to  escape  from  the  protein  molecules. 


1.  Proteins  as  Laboratories  for  Rate  Processes 
Proteins  form  excellent  laboratories  for  the  study  of  rate 
processes.  Nearly  every  aspect  of  rate  theories  is  important 
for  the  elucidation  and  explanation  of  the  function  of  pro¬ 
teins.  In  turn  such  investigations  may  shed  light  on  rate 
theories.  A  partial  list  of  keywords  includes:  Kramers  theory 
[1,2,3],  Landau-Zener-Stiickelberg  theory  [4,5,6],  tunnel 
effect  [7, 8, 9],  stochastic  approach  [10, 1 1],  non-exponential 
processes  and  distributed  barriers  [12],  gating  [2,13],  and 
pressure  effects  [14].  In  the  present  contribution  we  select 
some  other  aspect,  namely  the  relaxation  and  fluctuation 
processes  in  proteins.  These  processes  are  crucial  for  the 
function  of  proteins,  but  they  are  also  of  considerable  in¬ 
terest  to  the  study  of  rate  theories.  The  relaxation  processes 


in  proteins  display  characteristic  similarities  to  those  in 
glasses  [15].  Since  the  corresponding  theory  is  still  in  a  state 
of  flux,  detailed  studies  of  the  dynamics  of  protein  reactions 
may  add  to  an  understanding  of  rate  processes  in  all  com¬ 
plex  systems. 

Our  approach  to  studying  rate  processes  in  proteins  is 
straightforward:  We  select  a  “simple”  protein,  explore  a 
“simple”  reaction  experimentally  in  great  detail,  and  con¬ 
struct  the  simplest  model  that  fits  the  data.  The  binding  of 
a  small  ligand  like  CO  or  O2  to  the  dioxygen-storage  protein 
myoglobin  (Mb)  satisfies  our  selection  criteria.  The  first  step 
in  the  exploration  of  the  dynamics  of  such  an  apparently 
simple  process  is  the  construction  of  the  reaction  energy 
landscape,  the  second  the  examination  of  the  conforma 
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tional  energy,  landscape:  Finally,  the  two>  landscapes  are 
joined  to  descril^  the  reaction  in  terms  of  the  dynamic  fea¬ 
tures  of  the  protein.  - 

2.  The  Reaction.Energy  Lan^ape 

Myoglobin  is  a  small  globular  protein  with  a  size  of 
45  X  35  X  25  and  a  molecular  weight  of  17,800  daltons. 
It  consists  of  a  polypeptide  chain  oM53  amino  acids  en¬ 
closing  the  disk-shaped  Heme  group.  The  CO  molecule  binds 
to  the  central  heme  iron  in  the  reaction 

Mb  +  CO  ^  MbCO  .  (1) 

While:  this  reaction  was  first  described  as  a  simple  one-step 
process  [16],  a  long  series  of  experiments  has  revealed  an 
increasingly  complex  picture  [12,17,18],  The  most  detailed 
information  about  ligand  binding  has  been  obtained  from 
flash  photolysis  experiments  performed  over  a  wide  tent- 
perature  range.  Fig,  1  shows  the  flash  photolysis  kinetics  of 
MbCO  between  60  and  300  K,  These  data  can  be  explained 
with  the  reaction  landscape  for  the  binding  of  CO  to  my- 
ogjobin  us  shown  in  Fig.  2b,  The  effective  enthalpy  is  plotted 
as'a  function  of  the  reaction  coordinate.  Two  barriers  are 
involved  in  the  binding  process.  The  inner  barrier  is  asso¬ 
ciated  with  the  final  binding  step  close  to  the  iron,  the  outer 
one  with  the  gate  between  the  heme  pocket  and  the  solvent. 
The  system  Mb  +  CO  is  initially  in  state  A,  where  the  ligand 
is  bound  to  the  heme  iron.  A  short  laser  pulse  cleaves  the 
bond  and  the  system  moves  to  state  B  where  the  ligand  is 
in  the  heme  pocket.  Below  200  K,  the  ligand  cannot  escape 
from  the  pocket  because  the  barrier  between  B  and  S  is  too 


Flash  photolysis  kinetics  of  MbCO  in  75%  [vfv)  glycerol/phosphate 
buffer  (pH  7).  The  absorbance  change  A/4  at  440  nm  is  given  as  a 
function  of  log  t.  The  sample  was  prepared  with  a  partial  pressure 
of  CO  of  0.05  atm  (except  for  the  trace  denoted  by  “High  [CO]”, 
where  it  was  1  atm) 


^BS 


Fig.  2 

(a)  Schematic  cross-section  through  a  myoglobin  molecule  showing 
a  hypothetical  ligand  pathway. 

(b)  The  effective  enthalpy  H  of  the  system  Mb  +  CO  is  given  as  a 
function  of  the  reaction  coordinate  rc 

high.  Therefore,  I,;rebinds  internally  (Process  1,B-+A).  The 
internal  process  should  be  exponential  for  a  well-defined 
barrier  heigth  Hba.  The  observed  non-exponential  behavior 
is  explained  with  an  inhomogeneous  population  of  myoglo¬ 
bin  molecules  that  possess  different  activation  enthalpies 
Hba  and  consequently  rebind  ligands  with  different  rates.The 
rebinding  is  described  by 

iV,(<)  =  Td//BA0(HBA)e-'<"-^''.  (2) 

0 

A^ifO  is  the  fraction  of  molecules  that  have  not  yet  rebound 
a  ligand  at  time  t  after  the  photolyzing  flash.  ^{Hba)  is  the 
probability  density  of  finding  an  Mb  molecule  with  enthalpic 
barrier  //ba  in  the  ensemble.  For  MbCO  giH^)  has  a  max¬ 
imum  at  about  10  kJ/mol.  The  rate  coefficient  k{HBA,T) 
above  about  60  K  is  given  by  the  transition-state  expression 
[19] 

k(HsA.  T)  =  Aba{T/To) .  (3) 

At  lower  temperatures,  the  rate  k  (Hba,  T)  is  influenced  by 
quantum-mechanical  tunneling  effects  [8], 

A  second,  slower  process  is  observed  in  the  flash  photo¬ 
lysis  kinetics  above  200  K.  This  process  is  exponential  and 
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dependent  on  the  CO  concentration.lt  is  due  to  those  mole¬ 
cules  that  lose  their  ligands  to  the  solvent.  Subsequently, 
other  ligands  whl. diffuse  from -the  solvent  toward' the  pro¬ 
tein,  enter  the  heme  pocket  through  the  protein  matrix  and 
bind  to  the  iroh,(Process  S,  S-^B— »A). 

T^e  description  of  ligand  binding  with  the  reaction  energy 
landscape  sketched  in  Fig.  2b  corresponds  to  the  motion  of 
a  particle  in  a  fixed  potential.  This  single-particle  model 
reflects  the  general  features  of  the  reaction  well.  Neverthe¬ 
less,  it'Oversimpiifies  the  picture,  because  itdoes  hot  account 
for  the  Influence  of  protein  motions.  It  will  be  shown  in 
Section.4  that  a  more  realistic  description  of  the  binding 
process  has  to  incorporate  tjme-  and  temperature-dependent 
barriers  which  arise  from  protein  relaxations  and  fluctua¬ 
tions.  These  are  strongly  influenced  by  the  dynamics  of  the 
surrounding  solvent  [2,20]. 

3.  The  Conformational  Energy  Landscape 

To  understand  the  influence  of  protein  motions  on  the 
ligand  binding  reaction  we  must  take  a  closer  look  at  the 
states  in  which  these  molecules  exist  and  at  the  laws  that 
govern  the  transitions  between  the  states.  Most  proteins 
perform,  some  kind  of  function  such  as  transport  of  matter 
or  enzymatic  activity.  Therefore  they  must  have  at  least  two 
different  conformations  which  generally  differ  in  structure 
and  properties.  Myoglobin  for  example  has  a  ligated  and 
an  unligated  conformation.  Within  a.given  conformation,  a 
protein  molecule  does  not  ^possess  a  unique  ground  state, 
but  a  large  number  of  nearly  isoenergetic  states  which  we 
call  conformational  substates  (CS)  [21,22].  The  phenome¬ 
non  CS  is  also  found  in  other  complex  systems  like  glasses 
[23]  and  spin  glasses  [24],  Transitions  between  conforma¬ 
tional  substates  involve  two  different  types  of  motions.  Equi¬ 
librium-  fluctuations  (EF)  occur  between  the  different  con¬ 
formational  substates  at  sufficiently  high=  temperatures. 
Transitions  between  different  conformations  (states)  are  due 
to  nonequilibrium  motions.  We  call  those  functionally  im¬ 
portant  motions  (FIM).  Both  types  of  motions  are  not  in¬ 
dependent  of  each  other,  but  related  by  fluctuation-dissi¬ 
pation  theorems, [25]. 

First  evidence  for  the  existence  of  conformational  sub¬ 
states  came  from  the  nonexponential  rebinding  observed 
with  flash  photolysis  experiments  at  low  temperatures  [12]. 
Over  the  past  15  years,  information  about  conformational 
substates  has  been  continuously  accumulated.  Experiments 
on  MbCO  give  evidence  that  the  conformational  substales 
are  arranged  in  a.hierarchy  [17]  as  depicted  in  Fig.  3.  The 
diagram  ^ves  a  one-dimensional  cross-section  through  the 
multidimensional  conformational  energy  landscape  of 
MbCO.  The  substates  are  grouped  into  a  number  of  tiers, 
three  of  which  are  shown  in  the  figure.  The  substates  of  tier 
0  (CSO)  are  separated  by  the  highest  energy  barriers.  Within 
each  of  the  CSO  the  molecule  can  assume  a  large  number  of 
substates  of  tier  1  (CSl),  separated  by  smaller  barriers  than 
the  CSO.  Each  CSl  is  again  subdivided  into  substates  CS2 
and  so  on. 

Evidence  for  substates  of  tier  0  is  derived  from  infrared 
absorption  experiments  on  MbCO  [20].  They  reveal  three 


The  hierarchical  arrangement  of  conformational  substates  (CS)  in 
MbCO.  A  one-dimensional  cross-section  through  the  multidimen¬ 
sional  conformational  energy  landscape  is  sketched  as  a  function 
of  the  conformational  coordinates  of  tier  i  (cc  i) 

major  stretch  bands  for  the  CO  ligands,  which  we  denote 
by  Ao,  A],  Ay,  corresponding  to  three  different  substates. 
Slight  differences  in  their  structure  have  been  proven  by 
measurements  of  the  tilt  angles  of  the  CO  molecules  against 
the  heme  normal  [26]  and  by  the  x-ray  structure  analysis 
[27].  The  rebinding  kinetics  of  these  substates  is  markedly 
different.  Within  each  CSO  substate  the  ligand  rebinding  is 
non-exponential  at  low  temperatures  [20].  Therefore  we 
conclude  that  each  CSO  contains  a  large  number  of  CSl 
substates.  Lower  tiers  are  less  well  explored.  Rebinding  ex¬ 
periments  after  extended  illumination  give  evidence  for  CS2. 
The  existence  of  even  lower  tiers  of  substates  is  implied  by 
specific  heat  measurements  on  proteins  at  temperatures  be¬ 
low  10  K  [28]. 

The  hierarchical  arrangement  implies  that  the  system  is 
only  ergodic  at  sufficiently  high  temperati"'es  where  fluc¬ 
tuations  within  all  tiers  occur.  As  the  temperature  is  lowered, 
fluctuations  will  gradually  freeze  out,  first  among  the  sub¬ 
states  of  the  highest  tier,  then  successively  in  the  lower  tiers. 
The  degree  of  nonergodicjty  is  thus  dependent  on  time  and 
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temperature.  The  freezing  of  the  EFO  and  EFl  occurs  very 
smoothly  with  temperature  and  is  similar  to  a  glass  transi¬ 
tion.  The  transition  temperature  depends  on  the  glass  tran¬ 
sition  temperature  Tg  of  the  surrounding  solvent.  Therefore, 
we  call  the  transition  a  “slaved  glass  transition”. 

The  hierarchical  arrangement  poses  restrictions  on  the 
dynamics  of  the  system.  A  transition  between  two  arbitrary 
substates  depends  on  the  way  in^which  the  two  are  con¬ 
nected  in  this  hierarchical  space.  The  connection  may  be 
ultrametric.  Remarkable  analogies  between  the  dynamics  of 
ultrametric  systems  and  proteins  have  been  found  [29]. 

4.  Relaxation  Phenomena  and  Equilibrium  Fluctuations 
4.1  The  Relaxation  Mb*  ->  Mb 

Below  160  K  proteins  are  frozen  in  their  particular  sub¬ 
states.  Therefore,  the  rebinding  is  characterized  by  a  barrier 
distribution  giHu)-  Process  I  speeds  up  with  increasing 
temperature  as  expected  from  the  Arrhenius  law  for  the  rate 
coefTlcient  /:(//ba,7'}.  Between  160  and  180  K  this  increase 
slowsi  above  180  K  a  reversal  sets  in  so  that  Process  I  slows 
down  with  increasing  temperature  (see.  Fig.  4). 


Rebinding  data  and  fits  to  the  relaxation  model  for  MbCO.  (a) 
Process  I  at  160— 180  K.  (b)  Process  1  at  190— 210  K.  Dashed  lines: 
Prediction  for  Process  1  if  no  relaxation  Mb*  — *  Mb  occurs.  Solid 
lines:  The  relaxation  Mb*  — >  Mb  was  taken  into  account  to  fit  the 
data  (see  Eq.  (6)) 


is  frozen.  Thus,  after  photodissociation  the  iron  cannot 
move  fully  out  of  the  plane.  The  structure  of  this  low  tem¬ 
perature  photoproduct  is  denoted  by  Mb*.  Above  160  K 
the  iron  is  able  to  relax  into  the  deoxy  position  on  the  time 
scale  of  a  photolysis  experiment.  The  motion  of  the  iron  is 
accompanied  by  an  increase  of  the  enthalpy  barrier  Hba  for 
rebinding.  Consequently,  a  slowing  of  the  kinetics  is  ob¬ 
served. 

Evidence  for  this  scenario  comes  from  kinetic  experiments 
with  Band  III,  a  weak  absorption  ban^in  the  near  infrared 
(~760  nm)  that  is  only  present  in  unligated  myoglobin,  ei¬ 
ther  deoxy  Mb  or  Mb*.  Band  III  arises  from  a  charge  trans¬ 
fer  transition  involving  iron  d-  and  porphyrin  n-orbitals 
[31]  and  is  therefore  sensitive  to  structural  details  near  the 
heme  iron.  We  studied  this  band  in  photolyzed  Mb*  (CO) 
in  the  temperature  range  between  10  and  160  K.  As  ligands 
rebind,  the  area  of  this  band  decreases  while  its  position 
shifts  to  higher  wave  numbers.  The  explanation  for  this  shift 
is  as  follows:  Band  Ill  is  inhomogeneously  broadened.  Dif¬ 
ferent  substates  give  different  contributions  to  Band  III  so 
that  it  is  approximately  a  Gaussian  superposition  of  Lor- 
entzians  with  peak  positions  v.  Our  experiments  show  that 
the  position  v  and  the  barrier  height  Hu  are  linearly  related 
[18].  Such  a  relation  is  expected  if  both  the  enthalpy  barrier 
and  the  charge-transfer  transition  depend  in  a  similar  way 
on  the  out-of-plane  distance  of  the  iron.  From  the  difference 
of  1 16  cm”*  between  the  position  of  Band  III  in  deoxy  Mb 
and  Mb*  (CO)  at  10  K  and  the  measured  relation  between 
Hu  and  v  we  estimate  an  increase  of  the  barrier  for  rebind¬ 
ing  of  about  12  kJ/mol  as  the  iron  shifts  from  the  position 
in  Mb*  to  the  fully  relaxed  position. 

This  relaxation  Mb*-+Mb  can  be  introduced  into  the 
kinetic  equations  that  describe  the  rebinding  process  after 
flash  photolysis.  The  increase  of  the  rebinding  barrier  is 
modelled  by 

Huit.  T)  =  Ho  +  AH*  [1  -  0*  (t.  DJ .  (4) 

Immediately  after  photodissociation  the  barrier  height 
equals  Ho.  It  approaches  the  value  Ho  +  AH*  with  a  time 
dependence  given  by  the  relaxation  function  0*(t,T)  as  the 
iron  moves  further  away  from  the  heme  plane.  Conse¬ 
quently,  the  rale  coefficient  for  rebinding  k{HB\  (k,  T),  T)  be¬ 
comes  time-dependent.  For  a  single  barrier  the  dilferential 
equation  d Hi (t,r)  =  —k[Hu{t.T),T)  x  H|(r,7’)  leads  to 

H,(t.  T)  =  exp  [-  }  k(Hodt'.  T))  df'] .  (5) 


An  explanation  for  this  -  at  a  first  glance  -  surprising  The  rebinding  data  show  that  the  entire  barrier  distribution 

behavior  can  be  found  by  taking  a  closer  look  at  the  molec-  shifts  without  markedly  changing  its  shape.  Therefore,  the 

ular  structure  of  myoglobin.  The  room  temperature  x-ray  ,  fraction  of  molecules  Ni\f,T)  in  the  ensemble  that  have  not 
coordinates  tell  us  that  the  iron  atom  is  about  0.35  A  away  yet  rebound  a  ligand  within  the  time  t  after  the  flash  is  given 

from  the  heme  plane  in  deoxy  Mb  [30].  On  binding  a  ligand,  by 

the  iron  has  to  move  closer  to  the  heme.  In  MbCO,  the  iron  ^  ^ 

has  been  reported  to  be  completely  in  the  plane  of  the  heme  |  exp  [-  \k(Hu(t'.  T})  dt' 

disk  [27].  At  temperatures  below  160  K,  the  globin  matrix  o  L  o 


(6) 
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The  experiments  show  that  the  relaxation  function  is  strong¬ 
ly  nonexponential  in  time  as  we  also  observe  when  studying 
protein  relaxatiotis  after  pressure  jumps  [14].  A  stretched 
exponential  fits  our  data  well 

=  exp[,-K*{T)ty .  (7) 

If  the  temperature  dependence  of  the  rate  coefficient  K*iT) 
is  described  by  an  Arrhenius  relation,  the  pre-exponential 
factor  becomes  unphysically  large.  We  consequently  use  a 
relation  that  is  known  to  describe  relaxation  phenomena  in 
glasses  and  synthetic  polymers, 

k*{T)  ^  A*  cxpl-iEyRTf]..  (8) 

This  relation  has  been  derived  for  a  random  walk  of  an 
excitation  within  a  Gaussian  density  of  states  [32, 33, 34, 35]. 
In  Fig.  4  we  show  the  rebinding,  of  MbCO  together  with 
fitted  curves.  The  reversal  of  the  kinetics  with  temperature 
near  180  K  is  very  well  described  by  a  barrier  distribution 
9(//iia)  that  shifts  as  a  whole  to  higher  values  without  chang¬ 
ing  its  shape.  The  value  AH*  of  11  kJ/mol  is  in  good  agree¬ 
ment  with  the  estimate  of  12  kJ/moI  from  the  kinetic  ex¬ 
periments  on  Band  III.  the  other  parameters  obtained  from 
the  fit  are  A*  =  10“  s"'.  E*  ^  10  kJ/mol,  fi  =  0.24. 


function  of  fogt  and  decomposed  into  the  exponential  solvent 
process  iVsO.  240  K)  and  the  internal  process  Ni(t,  240  K). 

(b)  The  distribution  function  jeatflBA.  T)  at  240  K.  Protein  mole¬ 
cules  in  substates  with  Hba  <  Hi  have  rebinding  rates  faster  than 
T“*.  They  rebind  before  hopping  to  another  substate.  Proteins 
in  the  hatched  part  have  Hba>H,  and  therefore 
They  fluctuate  from  CS  to  CS;  their  ligands  can  either  rebind 
internally  or  move  into  the  solvent 


4.2  Equilibrium  Fluctuations 

Molecular  dynamics  simulations  shoW  that  the  protein 
structure  has  to  fluctuate  in  order  to  open  pathways  for  the 
ligand  to  escape  [36].  These  motions  set  in  at  about  200  K 
[15,37].  Our  flash  photolysis  experiments  confirm  these  re¬ 
sults:  Above  200  K  some  photodissociated  CO  molecules 
escape  into  the  solvent,  and  the  subsequent  rebinding  is 
approximately  exponential  in  time  (see  Fig.  1): 

iVs(t,r)  =  JVs((,r)exp[-<2s>f].  (9) 

We  decompose  the  rebinding  curves  into  the  solvent  process 
Ns{t,T)  and  the  internal  process  N\(t,T)  as  shown  in  Fig. 
5a.  At  early  time  Ni{t,T)  decreases  slowly  and  non-expo- 
nentially.  From  a  certain  time  tj  on  a  nearly  exponential 
drop-off  is  observed  leading  to  a  rapid  depletion  of  the  in¬ 
ternally  rebinding  molecules.  It  is  caused  by  two  effects:  (i) 
CO  molecules  migrate  into  the  solvent  and  rebind  from 
there,  (ii)  The  distribution  of  rate  coefficients  /:(Hba.  T)  col¬ 
lapses  into  an  average  value.  We  assume  that  both  effects 
are  due  to  equilibrium  fluctuations  in  tier  1  (EFl),  charac¬ 
terized  by  an  average  rate  coefficient  <>C|>.  The  inverse  of 
the  time  ti  gives  an  estimate  for  the  fluctuation  rate  <jC|>. 

The  influence  of  the  equilibrium  fluctuations  can  be  ex¬ 
plained  with  an  effective  enthalpy  distribution,  gctt(Hui  T)> 
as  sketched  in  Fig.  5b  for  T  =  240  K.  It  is  much  broader 
than  the  low  temperature  distribution  because  of  the  relax¬ 
ation  Mb*  —>  Mb:  Molecules  with  small  barriers  rebind, 
ligands  at  early  times  without  having  shifted  significantly, 
molecules  with  high  barriers  rebind  more  slowly  and  there¬ 
fore  shift  to  even  higher  barriers  before  rebinding.  The  dis¬ 
tribution  gaiHiM  T)  is  divided  into  two  parts  separated  by 
the  enthalpy  H\  (7)  given  by 

//.(D  =  Rrin[ABAr/<K,>ro).  (lO) 

Proteins  in  the  shaded  area  experience  equilibrium  fluctu¬ 
ations.  They  rebind  the  ligand  with  an  average  rate 
<  either  from  the  pocket  (Process  I)  or  from  the  solvent 
(Process  S). 

4.3  The  Viscosity  Dependence  of  Protein  Motions 

The  relaxation  Mb*  -♦  Mb  and  the  equilibrium  fluctua¬ 
tions  .(EFl)  appear  to  have  their  origin  in  quite  different 
types  of  motions  because  the  distribution  of  barriers  g(HBA) 
shifts  without  narrowing  at  temperatures  around  180  K.  We 
tentatively  assign  the  relaxation  Mb*  — »  Mb  to  the  second 
tier  of  the  substate  hierarchy  and  call  it  FIM2. 

Another  difference  between  the  two  dynamic  processes 
becomes  obvious  when  looking  at  rebinding  curves  that 
were  obtained  using  samples  with  different  solvents.  In  prin¬ 
ciple,  both  the  relaxation  Mb*  — »  Mb  and  the  equilibrium 
fluctuations  could  be  influenced  by  the  viscosity  of  the  sol¬ 
vent  around  the  protein  molecules.  Fig.  6  shows  the  kinetics 
of  Process  I  for  MbCO  in  three  solvents  with  different  vis¬ 
cosities.  All  three  sets  of  data  were  taken  at  250  K.  The 
nonexponential  part  of  the  rebinding  curves  is  almc'st  iden- 
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tical  for  -the  three  cases.  Therefore,  the  solvent  viscosity  tj 
has  little. or  no  effect  on  the  relaxation.  Mb*  Mb.  This 
observation  is  also  supported  by  measurements  with  MbCO 
embedded  in  ice  or  solid  poly-  (vinyl  alcohol)  [12].  in  a  rigid 
matrix  (tj  -*  oo),  no  solvent  process  appears,  but  Process  I 
is  still  influenced  by  the  relaxation  Mb*  — » Mb.  We  conclude 
that  the  shift  of  the  iron  out  of  the  heme  plane  is  a  process 
that  is  controlled  close  to  the  heme.  It  involves  correlated 
motions  of  only  a  small  part  of  the  protein.  In  contrast,  the 
equilibrium  fluctuations  (EFl)  depend  strongly  on  viscosity 
and  must  involve  larger  parts  including  the  interface  be¬ 
tween  protein  and  solvent. 


The  viscosity  dependence  of  the  rebinding  of  CO  to  Mb  at  250  K. 
The  rebinding  function  fV((0  for  Process  I  is  shown  for  the  solvents 
60%  ethylene  glycoi/bulTer,  75%  glycerol/buffer,  99%  glycerol/ 
buffer 


5.  Beyond  Kramers 

The  study  of  a  biological  process  like  the  binding  of  a 
ligand  to  a  small  heme  protein  reveals  exciting  phenomena 
that  influence  the  kinetics  of  the  reaction.  At  low  tempera¬ 
tures  the  enthalpic  barriers  are  distributed  within  the  en¬ 
semble.  Glass-like,  non-exponential  relaxations  are  observed 
which  lead  to  an  increase  of  the  rebinding  barriers  with  time. 
At  sufficiently  high  temperatures  the  proteins  perform  fluc¬ 
tuations  between  a  large  number  (>  10^)  of  conformational 
substates.  As  a  consequence,  the  heights  of  the  activation 
barriers  fluctuate  with  time. 

Proteins  are  exceedingly  complex  systems.  Nevertheless, 
they  establish  a  highly  organized  environment  in  which  fun¬ 
damental  aspects  of  rate  processes  can  be  investigated.  A 
deep  understanding  of  biological  processes  will  only  be  pos¬ 
sible  if  the  reaction  theory  of  the  underlying  chemical  proc¬ 
esses  is  developed.  Therefore,  the  study  of  rate  processes  in 
proteins  offers  a  challenge  to  both  experiment  and  theory. 
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The,  piodel  of  Agmon  and  Kosloff  for  two-dimensional  diffusive  barrier  crossing  is  extended.  We  dem- 
,  onstta!<'-how..an-Increase  in  stiffness  of  the  potential  perpendicular  to  the  reaction  coordinate  leads  to 
viscosity  dependent  rates  which  are  closer  to  the  one-dimensional  Kramers  result.  The  range  over  which 
the  dynamics  are  truly  two  dimensional  is  characterized  by  a  fractional  viscosity  dependence  of  reaction 
rates  and  viscosity  dependent  activation  energies.  It  is  a  transition  region  between  Kramers  behaviors 
observed  in  the  two  extreme  limits.  A  simple  kinetic  approximation  rationalizes  these  observations  as 
arising  from  two  competing,y..,nways.  It  shows  surprisingly  good  agreement  with  the  full  calculation. 


1.  Introduction 

In  the  last  decade  the  Kramers  [1]  model  of  dilTusive 
barrier  crossing  has  been  revived  and  extended  as  part  of 
an  effort  to  understand  molcular  chemical  transformations 
in  solution.  Some  of  the  review  articles  published  in  the  last 
few  years  are  listed  below  [2-6],  Until  recently  much  of 
the  theoretical  research  focused  on  non-Markovian  (me¬ 
mory)  effects  and  frequency  dependent  friction  [2-8].  In 
this  approach  other  degrees  of  freedom  are  usually  repre¬ 
sented  as  a  harmonic  bath.  It  seems  that  presently  attention 
is  directed  towards  the  understanding  of  truly  multidimen¬ 
sional  barrier  crossing  phenomena  [9-13]. 

Advances  in  theory  are  motivated  by  parallel  progress  in 
experiment,  especially  in  the  study  of  photochemical  iso¬ 
merization  following  ultrafast  laser  excitation  [14].  One 
model  system  that  has  been  extensively  studied  is  the  iso¬ 
merization  of  stilbene,  both  in  solution  and  pressurized 
gasses  [14-23].  Focusing  on  the  high  friction  limit,  it  is 
often  found  [15-17]  that  the  dependence  of  the  isomeri¬ 
zation  rate  coefficient,  k,  on  the  solvent’s  macroscopic  (shear) 
viscosity,  q,  is  weaker  than  predicted  by  the  Kramers  theory 
[1]:  Instead  of  an  inverse  viscosity  dependence,  one  has 

k  =  b/tf,  0<a<l  (1) 

with  constant  a  and  b.  A  similar  viscosity  dependence  is  also 
observed  in  ligand  binding  to  myoglobin  [24]. 

The  above  deviation  from  Kramers’  prediction  can  be 
explained  in  several  ways;  (i)  Non-Markovian  theories 
[2, 5, 7, 8]  can  predict  slower  than  l^t;  viscosity  dependence, 
though  often  with  non-realistic  potential  parameters 
[15,17,20a].  (ii)  Macroscopic  viscosity  may  be  a  poor  ap¬ 
proximation  to  the  microscopic  friction.  Indeed,  better 


agreement  with  experiments  showing  the  fractional  viscosity 
dependence,  Eq.  (1),  can  sometimes  be  obtained  [16]  using 
the  conventional  Kramers  theory  with  microscopic  friction 
assumed  proportional  to  the  rotational  diffusion  lifetime,  (iii) 
Potentials  may  vary  systematically  with  solvent  composition 
[18,19].  (iv)  Multidimensional  effects  may  be  dominant 
[10-13],  While  we  concentrate  below  on  multidimensional 
effects,  this  by  no  means  implies  that  we  believe  other  effects 
listed  above  to  be  unimportant  in  explaining  the  experi¬ 
mental  results. 

To  our  knowledge,  Agmon  and  Kosloff  [11]  were  the  first 
to  consider  the  explicit  solution  for  diffusional  barrier  cross¬ 
ing  dynamics  in  more  than  one  degree  of  freedom,  with 
anisotropic  diffusion  and  a  potential  more  general  than  a 
channel  connecting  reactants  and  products  [10].  Their 
model  was  motivated  by  earlier  work  on  hemeprotein  dy¬ 
namics  [9]  and  by  the  experimental  observation  [15]  that, 
while  frans-stilbene  shows  a  fractional  viscosity  dependence 
(«  <  J),  its  stiff  counterpart  (trfliis-“stiff”  stilbene,  see  Fig.  1) 
conforms  to  Kramers  kinetics  {a  =  1).  The  evident  difference 
between  these  two  molecules  is  that  “stiff”  stilbene  has  only 
one  active  degree  of  freedom  in  its  isomerization  process 
(rotation  around  the  double-bond,  dihedral  angle  0), 
whereas  stilbene  has  an  additional  rotational  motion  avail¬ 
able  (around  the  phenyl-carbon  bond,  dihedral  angle  (j)). 
The  effect  of  the  perpendicular  degree  of  freedom,  (f>,  is  mani¬ 
fested  in  two  ways.  First,  the  barrier  for  0-isomerization  is 
expected  to  decrease  as  the  phenyl  rings  are  rotated  out  of 
planarity,  due  to  a  decrease  of  it-orbital  coupling.  Such  an 
effect  still  awaits  verification  by  quantum  chemistry  calcu¬ 
lations  [25].  Second,  the  diffusion  tensor  in  these  two  co¬ 
ordinates  is  expected  to  be  anisotropic.  The  phenyl  ring 
rotation  displaces  much  less  solvent  than  the  isomerization 
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motion  .and  .s  therefore  less  sensitive  to  macroscopic  vis¬ 
cosity.  In  addition,  the  0-motion  might  be  less  viscosity  sen¬ 
sitive  when  the  phenyl  rings  cut  through  the  solvent  with 
their  narrow,  side  i.e.,  the  diffusion  coefficient  in  0  decreases 
as  the  phenyl  rings  are  rotated  out  of  plane  [26].  This  last 
effect  has  not  yet  been  incorporated  in  the  model. 


Fig.  1 

Chemical  structure  of  stilbene  and  biindanylidene  (“stiff”-stil- 
bcne) 


By  solving  numerically  the  time-dependent  Snioluchowski 
equation  in  two  dimensions  for  a  potential  surface  and  dif¬ 
fusion  tensor  with  the  above  mentioned  properties,  it  was 
shown  [11]  that  viscosity  dependences  of  the  form  [1]  arise. 
However,  it  was  never  explicitly  demonstrated  that  the  ki¬ 
netics  become  more  Kramers-like  as  the  potential  along  the 
perpendicular  coordinate  </>  becomes  stiffer  as,  for  example, 
one  expects  for  “stifF’-stilbene.  In  the  present  contribution, 
we  extend  the  results  of  Ref.  [11]  by  adding  to  the  potential 
surface  a  parabola  in  and  investigating  the  viscosity  de¬ 
pendence  as  a  function  of  its  stiffness.  The  investigation  in- 
voles  a  wide  range  of  viscosity  and  temperature.  A  deeper 
investigation  of  two  dimensional  models  is  timely,  especially 
because  in  the  last  year  or  so  several  experimental  results 
have  been  interpreted  with  the  aid  of  similar  ideas 
[20  b- 22], 


2.  Theoretical  Procedures 

We  investigate  below  a  simple  extension  of  the  Agmon- 
Kosloff  hypothetical  stilbene  potential  [11],  namely 

VM  =  Vo(6,(l>)  -h  V4e,<t>)  +  pf-  (2) 


with  the  functions  Vo  and  given  in  Ref.  [11] 

VoiO.  =  Qo  [3cos(20)  -  6cos(40)  +  cos(60)  ^2a) 

—  4cos(0)]  [1  -b  acos^(^)]/[8(a  + 1)] 

yA6.(l>)  =  e0[3cos(2(^)  -  4cos(4(^)  +  cos(6(^)]/8  (3b) 

with  =  3  and  =  2  energy  units  (these  units  were  cho¬ 
sen  such  that  the  barrier  resembles  that  of  stilbene  in  al¬ 
kanes,  ca.  14.7  kJ/mol)  and  a  =  4.  For  jS  =  0  the  potential  in 
Eq.  (2)  reduces  exactly  to  that  of  Ref.  [11].  Increasing  values 
of  P  mimic  increasing  stiffness  of  the  phenyl  ring  rotation 
(^-coordinate).  Experimentally,  such  increased  stiffness  can 
be  obtained  by  a  series  of  aliphatic.rings  of  decreasing  size 
e.g.,  7— 5  membercd  rings  [16b, 22].  We  stress  that  the  stiff¬ 
ness  parameters,  jS,  never  modifies  the  energy  profile  along 
the  one-dimensional  projection  of  the  reaction  coordinate 
{(p  =  0).  A  comparison  of  a  “normal”  (P  =  0)  and  “stiff” 
ip  >  0)  potential  is  shown  in  Fig.  2:  The  initial  trans  config¬ 
uration  with  in-plane  phenyl  rings  is  at  the  origin  of  the 
coordinates  (0  =  0,  <]>  =  0)  while  the  final  “perpendicular” 
conformation  is  at  0  =  nfl  and  (^  =  0. 

The  diffusion  tensor,  D,  is  assumed  diagonal  and  the  di¬ 
agonal  elements  are  denoted  by  Doo  and  As  in 
Ref.  [11],  we  assume  that 

04,4,  =  const  =  1  (4) 

in  units  of  radianVtime,  while  Doo  varies.  This  represents  an 
extreme  idealization  of  a  situation  where  the  smaller  am¬ 
plitude  motion  of  the  phenyl  ring  is  less  sensitive  to  solvent 
viscosity  compared  with  the  larger  amplitude  isomerization. 
The  rate  coefficients  are  considered  a  function  of  Doo,  which 
is  assumed  proportional  to  the  macroscopic  viscosity,  r/.  In 
relation  to  interpretations  [16]  stressing  the  role  of  devia¬ 
tions  from  the  Stokes-Einstein  hydrodynamic  relation,  we 
note  that  here  the  reaction  coordinate  0  strictly  conforms 
to  such  a  relation,  while  the  assumed  (large)  deviations  from 
classical  hydrodynamics  are  only  in  the  perpendicular  co¬ 
ordinate,  4>. 


d/n  (rad) 

Fig.  2  , 

Effect  of  the  stiffness  parameters,  p,  on  the  potential  surface,  Eqs.  (2)  and  (3).  Equipotential  contour  spacings  are  1  and  2  energy  unit  for 
p  =  0  and  10,  respectively 
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The  dynamics  oh  the  potential  surface  are  assumed  [11] 
to  obey  the  Smoluchowski  (diffusion-ih-a-potential-field) 
equation 

dp{e,<j>,t)/dt  =  ^■D-Vf  +  W(,e.(j>)/ksT-]p{S.<l>.t)  (5) 

for  the  time  evolution  of  the  probability  density  distribution, 
p{d,<l>,t),  in  the  two  dimensional  space  (0,^).  In  Eq.  (5),  Tis 
the  absolute  temperature  and  is  Boltzmann’s  constant. 
The  initial  distribution  is  a  delta  function  at  the  origin  of 
the  coordinates, 

p(0,0,O)  =  S{e)  5(,j>) .  (6) 

This  differs  from  the  initial  distribution  in  Ref.  [11],  which 
was  like  a  Gaussian  centered  at  the  origin.  This  difference. 


however,  persists  only  for  the  first  few  time  steps  during 
which  the  initial  distribution  thermaiizes  in  the  reactant’s 
well.  As  long  as  the  isomerization  barriers  are  high,  the 
barrier  crossing  process  evolves  on  a  considerably  slower 
time  scale. 

A  detailed  description  of  the  computational  procedures  is 
given  in  Ref.  [11],  where  the  spatial  operator  was  evaluated 
by  a  fast  Fourier  transform  (FFT)  routine,  and  time  evo¬ 
lution  obtained  by  Chebyshev  propagation.  The  Chebyshev 
expansion  [27]  allows  us  to  take  comparably  large  time 
steps.  Unfortunately,  the  FFT  algorithm  may  be  tricky  to 
implement,  and  does  not  easily  handle  delta  function  dis¬ 
tributions  or  complicated  boundary  conditions.  In  the  pres¬ 
ent  calculation  we  have  replaced  the  FFT  procedure  by  a 
Master  operator.  This  amounts  to  discretizing  the  (0,^) 
plane  and  assigning  transition  probabilities  among  nearest- 


0/7f  (’rad) 

Fig.  3  ■ 

Effect  of  stiffness  on  the  densit>  distribution,  p(0,ip,t),  pfop.matcd  on  the  potential  surfaces  of  Fig.  2.  Logarithmic  contours  for  p  ^  2”, 
too,  It  =  1,2,... 
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neighboring  points  along  6  or  ^  (no  diagonal  transitions 
are  allowed)  in  such  a  way  that  Eq.  (5)  becomes  a  Master 
equation  with  detailed  balancing.  While  additional  details 
may  be  found  in  Refs.  [9,28,29],  we  stress  that  implement¬ 
ing  finite-differencing  in  space  via  a  prescription  in  which 
detailed-balancing  is  rigorously  obeyed,  ensures  that  as 
t—*  00  we  obtain  the  exact  equilibrium  distribution  namely, 
e\pl-V{6,(j))/kBT'i  properly  normalized.  The  Master  op¬ 
erator  is  one  line  of  computer  code,  compared  with  the  large 
software  package  needed  to  implement  the  FFT  routine. 

To  obtain  the  reaction  rate,  we  first  integrate  the  density 
distribution,  p(0,^,t),  over  the  reactants’  region  to  obtain 
the  reactants  “survival  probability”,  S{t).  This  quantity  is 
denoted  by  Q{t)  in  Ref.  [11].  The  reactants’  region  is  as¬ 
sumed  to  be  separated  from  the  products’  region  by  the  ridge 
line  on  the  potential  surface.  For  a  potential  with  the  simple 
shape  shown  in  Fig.  2,  these  ridges  are  straight  lines  parallel 
to  at  9  X  +0.2671.  Next,  we  fit  S(t)  to  the  solution  of  a 
2-state  kinetic  scheme,  reactants  ±5  products,  which  is 

S(()  =  Soo  +  (1  -  S„)  exp(-t/T)  {7a) 

T"'  =  k(  +  k, ,  Soo  =  k,z  .  (7b) 


Here  k,  is  the  forward  (reactants  — ♦  products)  rate  coefficient, 
while  k,  is  a  similar  quantity  for  the  reverse  direction.  The 
ultimate  equilibrium  survival  probability,  S«j,  can  be  cal¬ 
culated  analytically  from  the  potential  as  the  integral  of 
exp[—  F(0,(/»)//:bF]  over  the  reactants’  region  divided  by 
its  integral  over  the  whole  space.  With  the  knowledge  of  S«,, 
we  fit<6ur  S{t)  data  to  Eq.  (7a)  to  determine  z  and  then 
evaluate  (say)  the  forward  rate  coefficient  as  fcf=(l  —  Sa,)/T. 
This  procedure  differs  from  that  of  Ref.  [11],  which  used 
both  Soo  and  z  as  fitting  parameters. 

3.  Results 

We  have  propagated  the  Smoluchowski  equation  (5),  starting 
from  a  delta-function  initial  distribution,  for  several  values  of 
Doo{D,^4,  =  1  radVtime)  and  three  values  of  the  stiffness  parameter, 
P,  in  the  potential  function  of  Eq.  (2).  The  probability  density  was 
subsequently  integrated  and  analyzed  via  Eq.  (7)  to  yield  rate  co¬ 
efficients.  These  calculations  were  carried  out  on  a  Convex  com¬ 
puter  with  single  precision  accuracy  and  a  grid  of  64  x  32.  This  grid 
represents  the  rectangle  —n^O^n,  —n/2  ^  <j>  ^  n/2,  with 
periodic  boundary  conditions  at  its  edges.  Propagations  on  a  dou¬ 
bled  grid  (128  x  64)  yielded  rate  coefficients  that  differed  by  5%  at 
most.  In  several  cases,  we  have  propagated  to  extremely  long  times 
so  that  the  final  distribution  was  very  close  to  the  equilibrium 
density.  We  verified  in  these  cases  that  the  analytic  values  of  S„ 


Table  1 

Parameters  used  in  the  propagation  of  Eq.  (5)  on  a  64  x  32  grid  and  parameters  obtained  from  the  kinetic  analysis  via  Eq.  (7),  =  1  radViime.  ng,  At 

and  M,  are  number  of  Bessel  coefficients,  time  step  and  total  number  of  time  steps,  cf.  Ref.  [1 1].  Note  the  general  agreement  of  Aj  for  /?  =  0  and  Ab  T  =  0.6 
with  data  in  Table  t,  runs  1  and  2,  of  Ref.  [11] 
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are  reproduced  to  3—4  digit  accuracy.  Propagation  parameters  and 
rate  coefficients  obtained  are  collected  iii  Table  1. 

Fig.  3  compares  the  time  dependence  of  the  probability  density, 
p(6,<^,t),  for  two  values  of  When  Doo  =  0.1  and  ^  =  0,  a  consid¬ 
erable  fraction  of  the  flux  bypasses  the  ^  =  0  barrier  and  proceeds 
via  the  “indirect”  route  that  combines  isomerization  (0-motion)  with 
phenyl  ring  rotation  (</i-motion).  This  agrees  with  the  results  in 
Fig.  4  of  Ref.  [1 1] .  As  ^  increases,  the  indirect  route  becomes  higher 
in  energy  (see  Fig.  2),  so  most  of  the  flux  flows  via  the  direct  barrier 
crossing  route,  and  the  reaction  becomes  more  “one-dimensional”. 


An  example  of  the  kinetic  analysis  of  the  calculated  density  distri¬ 
bution  by  Eq.  (7).  Open  circles  represent  the  density,  p{0,4>,t), 
integrated  over  the  reactants’  region  =  0.26  re  ^  0  ^  0.26n, 
— )t/2  ^  ^  ^  7i/2,  for  every  fifth  time  step 


Fig.  4  shows  a  typical  kinetic  analysis  by  the  two-state  kinetic  . 
model,  Eq.  (7),  We  usually  exclude  from  the  analysis  the  first  few 
time  steps,  during  which  the  initial  distribution  reaches  quasi-equi¬ 
librium  in  the  reactants’  well,  and  very  long  times  for  which  the 
difference  S(t)  —  So,  becomes  smaller  than  the  numerical  accuracy 
of  our  calculation.  Occasionally,  we  found  that  the  decay  of  S{t)  - 
Sto  was  not' veil  represented  by  a  single  exponential  over  the  whole 
time  range.  In  these  cases  we  used  the  initial  decade  of  the  decay 
in  the  analysis. 


Viscosity  dependence  of  the  reaction  rate  coefficient  (Table  1)  for 
intermediate  anisotropy  variations.  Lines  represent  a  fit  to  Eq.  (1) 
yielding  the  parameters  collected  in  Table  2 


Table  2 

Fitting  parameters  of  the  kuT  =  0.6  data  (Table  t.  Fig  5)  to  the  fractional 
viscosity  dependence,  Eq.  (1) 


p 

0 

1 

10 

a 

-  0.603 

0.873 

1.000 

b 

0.212 

0.0870 

0.0481 

Fig.  5  shows  the  forward  rate  coefficient,  kf,  obtained  from  the 
above  kinetic  analysis,  as  a  function  of  viscosity, »;  oc  Doo'.  Over 
the  anisotropy  range  in  the  diffusion  tensor  considered  in  Ref.  [1 1], 
namely  0.1  £  D^^jDoo  S  10,  we  obtain  straight  lines  on  a  log-log 
scale  (Fig.  5).  The  slope  of  these  lines  yields  the  parameter  a.  The 
parameters  a  and  b  of  Eq.  (1)  are  collected  in  Table  2.  For  /?  =  0, 
we  find  a  =  0.60,  in  excellent  agreement  with  Ref.  [11].  As  /?  is 
increased,  the  indirect  path  becomes  less  probable  (see  Fig.  3)  and 
a  increases  smoothly  to  unity.  This  qualitatively  agrees  with  the 
experimental  observation  for  stilbenes,  whose  behavior  becomes 
more  Kramers-Iike  when  phenyl-ring  rotation  is  restricted  e.g.,  in 
“stiff”  stilbene  [15,16].  As  the  dynamics  become  more  one-dimen¬ 
sional,  the  magnitude  of  the  rate  coefficients  decrease  due  to  the 
elimination  of  alternate  pathways.  We  note.that  experimental  rate 
coefficients  for  stiffened  stilbene  derivatives  are  typically  larger  than 
for  the  unbridged  molecule  [22].  Within  the  present  model,  this  is 
not  a  consequence  of  reduced  dimensionality.  It  could  be  attributed 
[16]  to  a  decrease  in  the  one-dimensional  barrier  heigth,  perhaps 
due  to  electronic  interactions  with  the  bridging  atoms. 


Viscosity  dependence  over  an  extended  range.  Full  curves  arc  in¬ 
terpolation  by  4’th  order  polynomials.  Dotted  line  is  a  fit  to  the 
high  viscosity  end  of  the  /?  =  0  data,  showing  the  convergence  to 
a  Kramers  behavior  in  this  limit.  Data  from  Table  1 


Fig.  6b 

A  different  representation  of  the  data  in  Fig.  6a,  showing  the  vis¬ 
cosity  dependence  of  the  rate  coefficient  times  the  viscosity.  Full 
curves  are  the  fractional  viscosity  fit  (Fig.  5)  utilizing  the  parameters 
from  Table  2 

In  Fig.  6  we  have  considerably  extended  the  anisotropy  range.  A 
propagation  for  the  largest  anisotropy  value  D^^/Doo=  1000,  re¬ 
quired  some  100  hrs  of  Convex  time.  The  results  show  that,  for  the 
present  model,  the  power  law  behavior  depicted  by  Eq.  (1)  actually 
represents  a  transition  region  between  the  two  asymptotic  limits  of 
large  and  small  anisotropy.  In  both  of  these  limits  one  has  a  Kra¬ 
mers  l/i;  behavior,  though  with  a  different  prefactor.  This  agrees 
with  Eq.  (16)  of  Ref.  [II].  The  reason  why  the  dynamics  become 
effectively  one  dimensional  in  these  two  limits  is  physically  clear: 
For  large  Doo  the  density  has  no  time  to  develop  in  the  orthogonal, 
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^  directioh.  The  dynamics  then  represents  direct  over  the  barrier 
evolution  of  a- “frozen”  (in  <l>)  initial  distribution.  In  the  opposite 
limit  of.  small  Doo,  the  initial  density  rapidly  equilibrates  in  the 
perpendicular  dif^tion.  Thereafter,  it  retains  its  shape  and  dimin¬ 
ish^  in  amplitude,  as  an  increasing  fraction  of  the  population  in 
the  reactants’  region  crosses  the  ridgeline  into  the  products’  region. 
The  rate  of  this  process  is  governed  by  the  magnitude  of  Doo  at 
various  0  values.  Since  we  have  assumed  that  Doo  scales  as  1/ij  for 
ail  values  of  we  regain  the  Kramers  behavior  in  this  limit  too. 
Most  of  the  photoisomerization  experiments  [14— 22]  have  not 
explored  such  huge  viscosity  variations  in  the  diffusive  regime. 


Viscosity  dependence  at  a  higher  temperature.  Lines  arc  a  fit  to 
Eq.(I) 


Returning  to  more  moderate  variations  in  anisotropy,  we  have 
investigated  temperature  effects  on  the  observed  fractional  viscosity 
behavior,  Eq.  (1).  Fig.  7  shows  the  viscocity  dependence  of  the 
reaction  rate  for  a  higher  temperature,  again  for  the  three  values 
of  the  stiffness  parameter,  p.  As  expected,  increasing  temperature 
results  in  increasing  reactivity  and  decreasing  selectivity,  as  depicted 
by  the  increase  in  the  slope,  a.  The  increase  in  a  is  more  prominent 
for  smaller  q -values,  Since  increasing  7"  is  equivalent  to  a  scaling- 
down  of  thi  potential  surface,  it  leads  to  a  decrease  in  the  variation 
of  the  barrier  height  along  the  perpendicular  coordinate  and  hence 
to  a  more  Kramers-like  behavior  [11]. 


Temperature  dependence  of  the  reaction  rate  coefficient.  Lines  are 
a  fit  to  the  Arrhenius  expression,  ln^I  =  —EJkeT  -f  const.  The 
two  numbers  next  to  each  line  denote  the  values  of  Doo  and  Ea, 
respectively 

In  Ref.  [19b]  the  photoisomerization  of  trans-stilbene  was  stud¬ 
ied  as  a  function  of  temperature  in  isoviscous  alcohols.  A  depend¬ 
ence  of  the  activation  energy,  Ea,  on  viscosity  was  interpreted  as  a 
failure  of  the  fractional  viscosity  behavior,  Eq.  (1).  It  is  more  ap¬ 
propriate  to  interpret  the  observed  behavior  .as  a  temperature  de¬ 
pendence  of  a.  In  Fig.  8  we  have  rearranged  the  data  of  Figs.  6  and 
7  to  yield  Arrhenius  plots  at  different  Doo  values.  To  these  we  have 


Fig.  9 


Temperature  dependence  of  the  reaction  rate  coefficient  for  a  “stiff¬ 
ened”  potential  surface.  See  caption  of  Fig.  8  for  details 

added  data  kiT=0A.  For  large  Doo  (small  viscosity)  the  activation 
energy  is  large,  since  the  majority  of  the  reactive  flux  proceeds 
directly  over  the  relatively  large  barrier  pertaining  to  the  0  motion 
at  (^  =  0.  For  small  Doo,  much  of  the  (lux  goes  via  the  indirect  path 
which  involves  lower  isomerization  barriers,  resulting  in  a  consid¬ 
erably  smaller  activation  energy.  This  behavior  is  in  qualitative 
agreement  with  the  experimental  data  shown  in  Fig.  3  of  Ref.  [19b]. 

The  effeet  of  stiffness  on  the  viscosity  dependence  of  the  activation 
energy  is  shown  in  Fig.  9.  As  observed  above  (see  Figs.  5  and  7), 
the  variation  of  a  with  T  diminishes  as,  with  increasing  stiffness, 
«-*I.  Indeed  we  find  (Fig.  9)  that  for  /?=  1  the  variations  in  Ea 
with  viscosity  are  smaller  than  for  p  =  0.  One  might  say  that  such 
variations  [19b]  are  an  indication  of  truly  multidimensional  dy¬ 
namics.  It  is  therefore  expected  that  “sti(r”-stilbenc  will  show  a 
viscosity  independent  £*. 


Table  3 

Minima  analysis  on  the  potential  surface  of  Fig.  2,  Eqs,  (2) -(3) 


Minimil 

A 

B 

C 

D 

Relative  energy*^ 

0 

-0.20 

-0.504 

-1.52 

Coordinates*’* 

(0,0) 

(0,0.5) 

(0.49, 0,5) 

(0.49, 0) 

Force-constants'* 

(19.5.  7.6) 

(3.9,  24.4) 

(10.7, 22.0) 

(53.6, 10.0) 

**  Energies  relative  to  the  origin  of  the  coordinates. 
0  and  (ji  vaiues  in  units  of  radian/ii. 
foo  and  in  units  of  energy/radianl 


4.  A  Kinetic  Model 

In  order  to  qualitatively  understand  the  physics  behind 
the  effects  demonstrated  in  Figs.  5—7,  it  is  instructive  to 
construct  a  simple  kinetic  model.  We  apply  the  model  to 
the  case  where  j8  =  0.  The  model  involves  four  states.  A,  B, 
C  and  D,  corresponding  to  the  four  distinct  wells  in  the 
potential  surface  of  Fig.  2.  The  coordinates  (0,^),  energies 
and  force-constants  (foo,f<pi^  of  the  four  states,  as  evaluated 
from  the  potential  surface,  Eqs.  (2) -(3),  are  collected  in 
Table  3.  Between  the  four  states  one  has  transitions  accord¬ 
ing  to  the  following  kinetic  scheme 


(8) 

A - >  D 

ki 
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In  this  scheme  state  A  represents  the  initial  state,  A  and  B 
are  the  reactants  while  C  and  D  are  the  products.  This 
corresponds  most  closely  to  the  dividing  surface  employed 
in  our  full  calculation,  with  an  absorbing  boundary  condi¬ 
tion  at  the  product  states  (C  and  D).  There  are  two  paths 
leading  from  initial  state  to  products:  The  direct  path  with 
kiir  =  ki  and  the  indirect  path,  involving  the  intermediate 
state  B. 

The  effective  rate  coefficient  for  the  indirect  path,  k,^, 
is  evaluated  under  steady-state  conditions,  assuming 
d  [B]/dr  =  0.  This  gives 


kind 


kjk-i 
ki  -b 


(9) 


The  overall  forward  rate  coefficient  for  the  conversion  of  A 
to  products  (CuD)  is 


kt  ^dir  ^ind  • 


(10) 


Since  kj  and  ki  will  be  proportional  to  Doo,  hence  to  l/i/, 
while  ^2  and  k^2  will  be  proportional  to  and  are  hence 
constants,  the  overall  viscosity  dependence  has  the  form 


k(  = 


a 

1  +bti 


c 

+  - 
n 


(11) 


with  a,  b  and  c  constants.  This  form  indeed  shows  a  l/i; 
behavior  in  the  two  extreme  limits  of  l/-♦0  and  ij— >oo  (cf. 
Eq.  (16)  in  Ref.  [11]),  with  a  transition  region  in  between. 

To  evaluate  kf  from  Eqs.  (9)  and  (10),  we  need  to  know 
the  rate  coefiicients  for  the  various  steps  in  the  reaction 
scheme,  Eq.  (8).  We  estimate  these  from  the  one-dimensional 
Kramers  expression  [1]  which,  in  the  diffusive  regime  for 
parabolic  well  and  barrier,  becomes  [13] 


InksTki  =  (-faafoofooina)'^  D,,  CXpl-A^yk^T}  ■  (12) 

Here  and  Jig  are  the  force-constants  at  the  reactants’  well 
and  the  barrier,  respectively.  Both  are  evaluated  along  some 
one  dimensional  coordinate,  q(q  =  0  or  ^  in  the  present 
case).  In  other  words,  the  potential  near  the  reactants  (eo) 
and  transition  state  (g^)  is  approximated  (up  to  a  constant) 
as  i-c£,(0-Co)^  and  i/J(,(G-^?’)^  respectively.  AF*  =  F(e^) 


Table  4 

Saddle  point  analysis  on  the  potential  surface  of  Fig.  2,  Eqs.  (2)-(3) 


Saddle-poim.  AD 

BB 

BC 

CD 

Relative  energy*’  3.46 

1.99 

0.49 

1.23 

Coordinates*’’  (0.26, 0) 

(0, 0.28) 

(0.26, 0.50) 

(0.49,0.30) 

Force-constants'’  (-36.8, 2.1)  (10.2,  - 

19.9)  (-7.34, 29.9)  (25.6,  -21.2) 

Energies  relative  to  the  origin  of  the  coordinates. 

0  and  tp  values  in  units  of  radian,  it  for  the  saddle-point  located  in  between 
the  two  indicated  wells. 

/o^iand in  units  of  energy/radian^  Negative  value  indicates  a  maximum 
in  the  given  direction. 


-  V{qo)  is  the  classical  barrier  height  along  Q.f„„  and 
are  the  corresponding  well  and  barrier  force-constants  along 
the  direction  a  perpendicular  to  q.  Using  the  data  in  Tables 
3  and  4,  one  can  evaluate  the  rate  coefficients  i  =  1,  2, 
—2  and  3,  to  be  used,  in  Eq.  (9).  These  coefficients  were 
multiplied  by  a  statistical  factor  of  2,  to  account  for  the  fact 
that  each  well  in  Fig.  2  leads  to  two  equivalent  wells,  and 
collected  in  Table  5. 


Table  5 

Rate  parameters  for  the  reaction  scheme  in  Eq.  (8) 


Rate  coefficient 

ki/Doi) 

k~2lD^ 

kyIDoo 

Transition 

A-»D 

A-*B 

B-*  A 

B-.C 

Magnitude 

0.0846 

0.326 

0.808 

0.812 

Fig.  10 

Viscosity  dependence  of  the  reaction  rale  coefficient  as  calculated 
from  the  kinetic  model,  Eqs.  (9)  and  (10).  The  overall  rale  coefficient 
(full  curve)  is  the  sum  of  the  contributions  from  the  direct  and 
indirect  pathways  (dashed  curves).  Circles  denote  results  from  exact 
propagation,  Table  1 

The  outcome  of  the  kinetic  approximation  is  shown  in 
Fig.  10.  While  the  direct  rate  coefficient  is  a  straight  line  on 
a  log-log  plot,  the  indirect  rate  coefficient  is  constant  at  small 
viscosities  and  Kramers-like  at  large  viscosities,  see  Eq.  (11). 
When  these  two  curves  intersect,  they  give  rise  to  the  full 
curve,  which  shows  the  above  mentioned  transition  between 
the  two  asymptotic  limits.  In  simple  chemical  language,  in¬ 
creasing  viscosity  induces  a  change  of  mechanism,  from  a 
direct  to  an  indirect  pathway.  As  the  stiffness,  /?,  is  increased, 
the  direct  pathway  dominates:  The  curve  for  A:i„d  drops  until 
eventually  is  does  not  intersect  the  curve  at  all.  Hence 
as  p-*co  we  get  that  k,-*kii„  with  a  pure  Kramers  behavior 
over  the  whole  viscosity  range. 

5.  Conclusion 

We  have  extended  the  two  dimensional  diffusive  barrier 
crossing  model  of  Agmon  and  Kosloff  [11]  in  several  direc¬ 
tions,  with  the  following  conclusions: 

(a)  Over  an  extended  anisotropy  range  in  the  diffusion 
tensor,  the  rate  coefficient  shows  a  Kramers-like  behavior 
in  the  two  extreme  limits  with  a  transition  region,  which 
can  be  described  by  a  fractional  viscosity  dependence, 
Eq.  (1). 
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(b)  As  the  stiffness-of-Hlie  potential  in  the  perpendicular 
coordinate  is  increased,  the  transition  region  decreases  until 
the  dynaniics  become  Kramers^ike  over  the  whole  aniso¬ 
tropy  range. 

(c)  In  the  regime  where  two  dimensional  dynamics  is  im¬ 
portant,  the  power  a  in  Eq.  (1)  increases  with  temperature. 
This  is  manifested  by  an  Arrhenius  activation  energy  which 
varies  with  anisotropy.  As  the  stiffness  of  the  potential  in¬ 
creases,  this  temperature  effect  diminishes. 

(d)  A  simple  kinetic  scheme,  employing  four  states  with 
transition  rates  evaluated  from  the  two  dimensional  poten¬ 
tial  surface,  by  the  one-dimensional  Kramers  expression, 
produces  a  qualitatively  good  agreement  with  the  exact  so¬ 
lution  of  the  two-dimensional  Smoluchowski  equation. 
Within  this  framework,  the  observed  behavior  is  a  conse¬ 
quence  of  a  viscosity  dependent  change  in  mechanism. 

It  is  interesting  to  note  that,  for  anisotropy,  D^^jDao, 
which  is  proportional  to  the  macroscopic  viscosity,  all  of 
the  above  conclusions  are  borne  out  by  photochemical 
isomerization  experiments: 

(a)  Experimental  rate  coefficients  conform  to  fractional 
viscosity  dependences  over  a  limited  viscosity  range 
[15-17]. 

(b)  "Stilf’-stilbene  shows  a  l/j;  viscosity  dependence,  as 
opposed  to  stilbene  which  shows  the  fractional  viscosity  de¬ 
pendence  [15,16]. 

(c) 'Stilbene  has  a  viscosity  dependent  activation  energy 
for  its  isomerization,  the  larger  the  viscosity  the  smaller  the 
activation  energy  [19b]. 

(d)  Isomerization  of  substituted  stilbenes  can  be  inter¬ 
preted  [22]  with  the  aid  of  kinetic  schemes  which  are  similar 
to  Eq.  (8). 

Although  this  qualitative  agreement  between  model  and 
experiment  does  not  necessarily  imply  that  the  model  is  the 
correct  description  of  experiment,  it  will  be  interesting  to 
check  its  predictions  experimentally.  For  example,  one  could 
check  whether  the  activation  energy  for  isomerization  of 
“stiff”  stilbene  is  viscosity  independent.  It  would  also  be 
interesting  to  initiate  measurements  at  extremely  high  vis¬ 
cosities  in  an  effort  to  determine  the  asymptotic  form  of  the 
viscosity  dependence. 
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Rate  Processes  in  Low  Dimensional  Chaotic  Systems  with  Many  Attractors 

F.  T.  Arecchi 

Phys.  Dept,  of  the  University  and  Istituto  Nazionale  di  Ottica.  Firenze 

Chaotic  Dynamics  /  NoneqitUibrium  Phenomena  /  Nonlinear  Phenomena 

Kramers’  paper  and  its  successive  elaborations  up  to  the  last  decade  have  considered  the  transition  rate 
between  two  stable  situations.  In  the  language  of  system  dynamics,  we  say  that  the  process  consists  in  the 
transition  between  the  basins  of  attraction  of  two  fixed  point  attractors.  —  Here  1  present  four  situations 
of  transitions  in  non  equilibrium  systems  explored  experimentally,  and  which  await  a  formal  treatment 
in  terms  of  a  generalized  Kramers  transition  rate  theory. 

I)  Since  1967,  with  reference  to  Q-switched  lasers,  we  have  studied  the  decay  out  of  an  unstable  state, 
exploring  the  passage  time  statistics  in  its  first  and  higher  order  moments. 

II)  In  the  ’80s  we  have  been  exploring  situations  of  low  dimensional  chaos  where  two  or  more  strange 
attractors  coexist.  The  jumps  from  one  to  another  are  either  noise  induced  jumps,  or  they  are  induced,  by 
a  change  in  a  control  parameter  whicji  lowers  the  energy  barrier  separating  the  two  attractors  (crises). 

III)  Investigating  a  dynamics  with  competing  unstable  points  we  have  shown  evidence  of  Shil’nikov  chaos. 

The  identification  is  done  in  terms  of  the  iteration  map  of  the  successive  return  times  to  a  given  surface 
of  section.  This  may  be  considered  as  an  extension  of  the  passage  time  method  to  the  case  of  multiple 
passages. 

IV)  We  have  given  experimental  evidence  of  “chaotic  itinerancy”,  that  is,  of  jump  processes  self  triggered 
by  the  same  dynamics.  So  far,  the  corresponding  understanding  is  based  only  on  numerical  simulations. 

Since  chaotic  itinerancy  has  been  observed  in  optical  systems  displaying  space-time  chaos,  a  short  survey 
of  these  phenomena  is  presented  for  sake  of  completeness. 


1.  Introduction 

At  variance  with  the  other  contributions  of  this  Discus¬ 
sion  meeting,  I  do  not  present  the  calculations  for  an  already 
established  rate  process,  but  rather  I  introduce  novel  rate 
processes  whose  theoretical  understanding  required  a  gen¬ 
eralization  of  Kramers’  approach. 

Precisely  I  present  four  situations  of  transitions  in  non¬ 
equilibrium  systems  which  have  been  explored  experimen¬ 
tally  by  my  research  group,  and  which  await  a  formal  treat¬ 
ment  in  terms  of  a  generalized  Kramers  transition  rate  the¬ 
ory. 

I)  Since  1967,  with  reference  to  Q-switched  lasers,  we  have 
studied  the  decay  out  of  an  unstable  state,  exploring  the 
passage  time  statistics  in  its  first  and  higher  order  moments. 
This  investigation  is  reviewed  in  Sec.  2. 

II)  In  the  ’80s  we  have  been  exploring  situations  of  low 
dimensional  chaos  where  two  or  more  strange  attractors 
coexist.  The  jumps  from  one  to  another  are  either  noise 
induced  jumps,  or  they  are  induced  by  a  change  in  a  control 
parameter  which  lowers  the  energy  barrier  separating  the 
two  attractors  (crises). 

In  both  cases  the  power  spectrum  has  a  low  freuency  part 
(jump  spectrum)  independent  from  the  chaotic  spectrum 
which  accounts  for  the  decay  of  correlations  within  a  single 
attractor.  This  is  discussed  in  Sec.  3. . 

III)  Investigating  a  dynamics  with  competing  unstable 
points  we  have  shown  evidence  of  homoclinic  and  hetero- 
clinic  orbits  and  Shil’nikov  chaos.  The  identification  is  done 
in  terms  of  the  iteration  map  of  the  successive  retunie  times 
to  a  given  surface  of  section.  This  may  be  considered  as  an 
extension  of  the  passage  time  method  lo  the  case  of  multiple 


passages.  Shil’nikov  chaos  and'  its  representation  in  terms 
of  time  maps  is  discussed  in  Sec.  4. 

IV)  Sec.  6  is  devoted  to  describe  the  recent  experimental 
evidence  of  “chaotic  itinerancy”,  that  is,  of  jump  processes 
self  triggered  by  the  same  dynamics,  without  external  noise 
or  parameter  modulation.  So  far,  the  corresponding  theo¬ 
retical  understanding  is  based  only  on  numerical  simula¬ 
tions.  Since  chaotic  itinerancy  has  been  observed  in  optical 
systems'displaying  space-time  chaos,  a  short  survey  of  these 
phenomena  is  presented  for  sake  of  completeness  in  Sec.  5. 

What  is  common  to  cases  II  to  IV,  is  that  they  refer  to 
cases  of  deterministic  chaos  in  dissipative  systems,  charac¬ 
terized  by  two  features,  namely,  i)  the  dynamics  is  low-di¬ 
mensional,  that  is,  the  corresponding  attractor.s  can  be  em¬ 
bedded  in  low-dimensional  (d  <  10)  phase  space  and  ii)  many 
attractors  coexist  for  the  same  parameter  values. 

Feature  i)  means  that  the  system  can  be  modelled  by  a 
small  number  of  non-linearly  coupled  O.D.E.’s  (ordinary 
differential  equations).  Even  if  the  physics  refers  to  a  dis¬ 
tributed  field  ruled  by  P.D.E.’s  (partial  differential  equa¬ 
tions),  that  means  that  the  relevant  motion  can  be  confined 
to  low-dimensional  manifolds.  Feature  ii)  means  that  re¬ 
peated  preparations  of  the  physical  system  do  not  lead  to 
the  same  attractor,  since  in  genera!  an  ensemble  of  initial 
conditions  is  spread  over  many  basins  of  attraction.  As  said 
in  Sec  3,  even  in  the  evolution  from  a  fixed  initial  condition, 
the  trajectory  can  belong  successively  to  diflerent  attractors, 
either  because  activation  by  external  noise  has  violated  the 
uniqueness  theorem,  allowing  a  jump  across  a  basin  bound¬ 
ary,  or  because  external  modulation  of  a  control  parameter 
has  induced  a  “crisis”  whereby  the  attractor  hits  the  basin 
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boundary  and  can  go  across  it  without  an  activation  (this 
would  be  the  equivalent  of  barrier-less  transitions). 

A  new  phenomenon,  recently  introduced  theoretically  and 
just  observed  is  that  of  “chaotic  itinerancy”.  It  consists  in 
the  successive.visit  of  different  slow  manifolds  with  a  chaotic 
dynamics  within  each  of  them,  persisting  for  a  time  much 
longer  than  the  transition  time  from  one  to  another.  This 
stems  form  the  interplay  of  a  rather  small  number  of  degrees 
of  freedom,  without  any  added  noise. 

In  conclusion  this  communication  addresses  the  question 
whether  a  suitable  extension  of  Kramers’  theory  might  yield 
the  transition  rates  from  one  to  another  slow  manifold  and 
the  persistence  time  within  each  of  them. 

Due  to  the  novelty  of  the  phenomena  here  reported  and 
to  the  lack  of  a  formalized,  Kramers  type,  rate  treatment, 
the  presentation  is  rather  sketchy  and  introductory.  I  sin¬ 
cerely  hope  that  it  will  stimulate  the  theoretical  investiga¬ 
tion. 

2.  Rate  Processes  in  Optical  Non-equilibrium  Systems 

In  Sec,  XI  of  their  comprehensive  review  on  “Reaction 
rate  theory”,  Hanggi.  Talkner  and  Borkovec  [1]  devote  a 
short  remark  to  rate  theory  in  non-equilibrium  systems,  and 
particularly  to  mean  first  passage  time  in  the  decay  of  ini¬ 
tially  unstable  states.  Motivated  by  my  old  time  acquain¬ 
tance  with  such  a  problem  [2],  in  the  late  seventies  I  ad¬ 
dressed  the  problem  of  rate  processes  in  terms  of  first  pas¬ 
sage  time  statistics,  extending  the  acquisition  not  only  to 
the  mean,  but  also  to  higher  order  moments  [3,4].  Such  a 
tool  was  applied  by  my  group  to  electronic  nonlinear  circuits 

[4]  and  later  used  to  explore  transitions  in  class  A  lasers 

[5]  by  Roy  et  al.  [6]  and  then  by  Mecozzi  et  al  to  semi¬ 
conductor  lasers  [7]  and  by  my  group  to  COj  lasers  [8].  In 
these  two  latter  cases,  dealing  with  class  B  lasers,  the  cor¬ 
responding  dynamics  was  no  longer  simply  modeled  as  a 
one  dimensional  motion  within  a  potential  well. 

Let  me  summarize  the  main  results. 

The  first  observation  of  a  statistical  spread  in  the  leading 
edge  of  a  Q-switched  laser  pulse  was  associated  with  the 
appearence  of  a  large  peak  in  the  variance  of  the  transient 
photon  distribution  [2].  This  fact  was  explained  in  terms  of 
an  approximately  deterministic  decay  out  of  macroscopic 
unstable  state,  to  be  averaged  over  the  statistical  distribution 
of  the  initial  states.  Such  behavior  was  later  shown  to  be 
peculiar  of  quenching  phenomena  in  macroscopic  systems, 
such  as  spinodal  decomposition  in  thermodynamic  systems 
[9]. 

As  stressed  by  Haake  [10],  the  phnomenon  is  the  tran¬ 
sient  counterpart  of  the  stationary  fluctuations  at  the  critical 
point  of  a  thermodynamic  phase  transition  (or  more  gen¬ 
erally  at  the  bifurcation  points  in  a  nonlinear  dynamics 
which  display  the  same  formal  features  pf  asecond-order 
phase  transition).  Precisely,  if  we  call  N  the  number  of  de¬ 
grees  of  freedom  of  a  macroscopic  system  decaying  out  of 
an  unstable  state,  the  initial  fluctuations  are  of  the  order  of 
1/A[0(1,W)],  however,  in  the  linear  part  of  the  decay  they 
are  amplified  by  0(*Y),  hence  the  relative  fluctuations  are  of 
0(1).  ■ 


The  assumption  of  deterministic  evolution  out  of  a  spread 
initial  state  neglected  the  role  of  fluctuations  along  the  build 
up  with  respect  to  the  initial  ones.  The  relation  between  the 
two  types  of  noise  were  explored  in  a  series  of  papers  by 
Suzuki,  summarized  at  the  XVII  Solvay  Conference  on 
Physics  [11a].  In  that  conference,  a  remark  by  P.  Martin 
to  Arecchi  [11b]  reopened  the  question  of  the  nature  of 
these  large  fluctuations. 

Upon  Martin’s  remark  a  quest  for  a  discrimination  be¬ 
tween  fluctuations  on  the  initial  condition  and  those  along 
the  path  led  a  new  observation  method,  based  on  the  sta¬ 
tistics  of  passage  times  at  a  given  threshold  [3,4].  From  this 
method  it  resulted  clearly  that,  when  a  laser  is  suddenly 
switched  far  above  threshold,  the  fluctuations  are  mainly 
due  to  the  initial  spread,  as  already  guessed  in  Ref.  [2].  This 
method  of  passage  time  provided  an  important  difference 
between  gas  and  dye  lasers,  since  in  the  latter  case  it  per¬ 
mitted  detection  of  the  role  of  pump  fluctuations  as  “noise 
along  the  path”  [6]. 

Both  the  He-Ne  and  the  dye  laser  have  in  common  a 
population  decay  rate  large  with  respect  to  the  photon  decay 
rate  (so  called  class-A  lasers  [5]).  Hence  the  population  ad- 
iabatically  follows  the  intensity  changes,  with  a  consequent 
reduction  of  inversion  as  the  cavity  losses  are  lowered.  This 
adiabatic  following  forbids  any  overshoot  in  the  laser  inten¬ 
sity.  Indeed,  Q  switching  in  class-A  lasers  is  characterized 
by  an  intensity  monotonically  increasing  up  to  an  asymp¬ 
totic  value.  In  contrast,  when  the  population  decay  is  lower 
than  the  photon  decay  (class-B  lasers)  the  initially  large  pop¬ 
ulation  storage  provides  a  large  intensity  pulse  by  stimulated 
emission,  and  only  later  the  population  feels  the  slower  de¬ 
pletion  channels  (either  spontaneous  emission  in  ruby  and 
semiconductors,  or  collisional  deexcitations  in  CO2).  This 
explains  why,  after  a  sudden  loss  reduction,  class-B  lasers 
release  giant  intensity  pulses  well  above  the  asymptotic 
value,  whereas  class-A  lasers  do  not. 

We  generate  transient  dynamics  in  a  single-mode  CO2 
laser  by  switching  an  intracavity  modulator  from  absorption 
to  transparency  in  a  time  shorter  than  the  build  up  time  of 
the  giant  pulse.  We  summarize  below  the  main  results  [8]. 

(i)  The  average  buildup  time  is  around  3  ps.  The  average 
spread  of  the  Zt  leading  front  (jitter)  is  around  0.2  ps. 

(ii)  If  we  consider  the  time  t|  necessary  to  reach  a  photon 
number  iij  still  below  the  saturation  value  n^,  the  laser  dy¬ 
namics  up  to  fi  can  be  taken  as  linear.  In  this  linear  regime, 
a  simplified  version  of  pasage  time  statistics  leads  to  a  very 
powerful  relation  which  permits  evaluation  of  the  effective 
seeding  photon  number  at  the  onset  of  the  dynamics  in  terms 
of  the  threshold  photon  number  n,  and  of  the  ratio  of  the 
average  f,  the  spread  Hf.  Our  method  [8]  is  self-calibrating, 
in  the  sense  that  the  second  moment  of  the  observed  statis¬ 
tics  provides  the  amplification  gain  without  any  previous 
calibration,"  and  the  higher-order  cumulants  provide  the  er¬ 
ror  bars  of  the  experimental  points. 

(iii)  We  can  detect  a  few  initial  photons  in  a  laser  cavity 
by  linear  optical  amplification.  The  reported  amplification 
factors  are  of  the  order  of  10“,  but  m  principle  they  could 
be  larger.  The  linearity  of  the  amplification  process  is  pre- 
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^rvM  iip  to  the  saturation  photon  number,  which  Is  over 
11  decades  in  .pur  case. 

(iv)..While  in  a  class-A  laser  the  photon  population  reaches 
a  maximum  and  remains  clmped  to  that  value,  in  a  class- 
B  laser  the.  photon-population  inversion  is  practically  de¬ 
coupled  from  its  thermal  reservoir,  and  its  evolution  depends 
only  bn' the  coupling  with  the  radiation-field. 

3.  Chaos  with  Many  Attractors:  Noise  Induced  Jumps  and 

Grises 

3a.  Noise  Induced  Jumps  arid  1// Spectra 

In  the  pioneering  work  on  chaos  in  a  single  mode  laser 
[12]  we  show  that  modulating  the  losses  of  a  class  B,  ruled 
by  two  equations,  at  a  frequency  close  to  a  nonlinear  res¬ 
onance  intrinsic  of  the  system  (around  60  kHz)  chaos  is 
reached  via  a  sub-.harmonic  route. 

Furthermore  at  /  =  63.85  kHz  a  new  feature  appears, 
namely  the  coexistence  of  two  independent  stable  attractors, 
one  of  period  4  (/74)  and  the  other  of  period  3  (//3)  (Fig.  1). 
This  bistable  situation  has  nothing  to  do  with  the  common 
optical  bistability  where  to  dc  output  amplitude  values  ap¬ 
pear  for, a  single  dc  driving  amplitude.  We  call  this  coexis¬ 
tence  of  two  attractors  “generalized  bistability”.  More  gen¬ 
erally,  l/ftype  low-frequency  spectra,  that  is,  power  spectra 
as/“*(a  =  0.6- 1.2),  appear  when  the  following  conditions 
are  fulfilled;  (i)  There  are  at  least  two  basins  of  attraction; 
(ii)  the  attractors  have  become  strange  and  any  random 
noise  (always  present  in  a  macroscopic  system)  acts  as  a 
bridge,  triggering  jumps  between  them.  These  jumps  have 
the /feature.  In  the  region  of  bistability  (see  Fig.  1)  we  have 
increased  the  modulation  amplitude  up  to  the  point  where 
the  two  attractors  have  become  strange.  Fig.  2  shows  the 
sudden  increase  in  the  low-frequency  spectrum.  The  diver¬ 
gent  part  has  a  power-law  behavior /~®  with  a  2;  0.6. 

Let  us  show  how  addition  of  random  noise  in  a  nonlinear 
dynamical  system  with  more  than  one  attractor  may  lead 
to  \lf  spectra,  provided  that  the  basin  boundary  be  fractal. 
This  shows  that  combining  the  features  leading  to  deter¬ 
ministic  chaos  with  a  random  noise  is  somewhat  equivalent 
to  a  double  randomness  and  we  call  “hyperchaos”  such  a 
situation.  Indeed  random-random  walks  in  ordinary  space. 


Fig.  1 

Modulated  COj  laser;  power  spectra  and  phase  portrait  («,  ;i)  where 
n  is  the  photon  number./  =  63.85  kHz.  Experimental  evidence  of 
generalized  multistability  (coexistence  of  two  independent  attrac¬ 
tors).  The  power  spectrum  shows  that  those  attractors  correspond 
to  fll  and  fjA  subharmonic  bifurcations,  respectively;  in  phase  space 
we  see  independent  loop.  The  multiple  winding  (corresponding  to 
period  3  and  4,  respectively)  is  masked  by  the  particular  projection. 


Fig.  2 

Experimental  power  spectra  indhe  case  of  two  attractors,  without 
noise  (dashed  line),  and  with  noise  (solid  line).  Notice  that  this  low 
frequency  range  is  two  decades  below  the  high  frequency  spectra 
of  Fig.  1.  The  solid  spectrum  (noise  activated)  shows  a  power  law 
component  from  20  to  40  dB  above  the  dashed  (jump  free)  spectrum 

as  diffusion  in  disordered  systems,  have  shown  a  I// behav¬ 
ior  [13].  Thus,  hyperchaos  here  introduced  is  a  random- 
random  walk  in  phase  space,  where  in  fact  one  of  the  two 
sources  of  complex  behavior  is  due  to  the  fractal  structure 
arising  from  deterministic  dynamics. 

To  evaluate  the  impact  of  the  following  arguments,  we 
premise  some  historical  remarks  on  I// spectra  in  nonlinear 
dynamics. 

Some  years  ago  we  discovered  [14]  that  in  a  nonlinear 
dynamical  system  with  more  than  one  attractor,  introduc¬ 
tion  of  random  noise  induces  a  hopping  between  different 
basins  of  attraction,  giving  rise  to  a  low  frequency  spectral 
divergence,  resembling  the  1//  noise  well  known  in  many 
areas  of  physics.  Such  a  discovery  was  confirmed  by  the 
laser  experiment  implying  two  coexisting  attractors  already 
reported  and  later  the  effect  was  observed  in  other  areas  as 
e.g.,  Josephson  tunnel  junctions  [15]. 

The  effect  was  questioned  with  two  objections; 

a)  a  noise  induced  jump  across  a  boundary  leads  to  a 
telegraph  signal,  hence  to  a  single  Lorentzian  spectrum 
[16a]. 

b)  a  computer  experiment  yielded  a  power  law  only  over 
a  limited  spectral  range  [16b]. 

The  questions  were  answered  [16c]  with  a  statement  of 
the  empirical  conditions  under  which  the  1// spectra  ap¬ 
peared,  namely; 

(i)  coexistence  of  a  least  two  attractors, 

(ii)  presence  of  noise, 

(iii)  some  “strangeness”  in  the  attractors. 

As  a  matter  of  fact  this  third  condition  was  rather  vague. 
To  make  it  more  precise,  two  theoretical  models  were  ex¬ 
plored,  namely,  a  one  dimensional  cubic  iteration  map  with 
noise  [17]  and  a  forced  Duffing  equation  with  noise  [18]. 

The  numerical  evaluation  of  Ref.  [18]  showed  that  for 
some  control  parameters  the  boundary  between  basins  of 
attraction  was  an  intricated  set  of  points,  through  which  it 
was  impossible  to  draw  a  simple  line.  In  such  cases  the  noise 
was  most  effective  in  yielding  low  frequency  spectra  l//-like. 

On  the  other  hand  a  fundamental  logical  approach  to  the 
l/Zproblem  was  based  on  the  composition  of  a  large  number 
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^  of  Ldrenteians  (or  elementary  Markov  processes  with  ex- 
pdnential  decay)  whose  weights  are  log-hormally  distributed 
J;  [193;  thusiulfilUng  the  relation 


p(y)dy  ~  cost.  X 


£ 
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provided  p{y)  ~  1/y,  and  for  the  frequency  range 
^  Vi  to  yi.  Thus,  this  suggested  that  the' boundary  struc¬ 
ture  was  the  real  responsible  for  a  large  number  of  decay 
constants  (possibly  log-normally  distributed). 

In  the  meantime,  the  fractal,  structure  of  a  basin  boundary 
for  chaotic  dynamics  was  investigated  [20].  This  means  the 
following.  As  the  phase  point- wanders  within  one  basin  of 
attraction,  if  we  draw  a  sphere  around  the  point  defining  its 
distance  from  the  other  basin  of  attraction,  the  radii  of  these 
spheres  are  distributed  with  all  scale  lengths,  according  to 
the  self  similar  structure  of  the  fractal  boundary. 

Based  on  the  above  considerations,  we  have  built  an  el¬ 
ementary  model  for  the  motion  of  the  phase  point  within  a 
fractal  basin  boundary  under  the  presence  of  random  noise 
[21].  We  model  the  boundary  region  of  two  basins  of  at¬ 
traction  A  and  B  as  two  adjacent  one-dimensional  lattices 
of  sites.  Suppose  we  sta't  from  site  i.  At  each  discrete  time 
step,  if  i  belongs  to  A  (i  =  if)  it  moves  one  step  forward  on 
the  same  lattice  [7^  -+  {if,  +  1)]  and  if  it  belongs  to  B  it  goes 
one  step  beckward  [ia  -*  (ia  -  !)]•  In  the  absence  of  noise, 
one  the  motion  has  started  on  one  basin,  it  will  remain  on 
it  forever.  In  the  presence  of  noise,  at  each  time  step  there 
is  a  finite  p'qbability  of  a  “cross"  jump  at  the  same  lattice 
site,  from  stripe  A  to  B:  if  -*  /a. 

We  call  L  the  maximum  size  of  the  boundary  region  (dis¬ 
tance  between  the  two  lattices  A,  B)  and  ^  L  any  of  the 
possible  sizes  of  the  fractal  set.  At  each  time  step,  the  prob¬ 
abilities  of  permanence  and  jump  are  respectively 


7*88  —  ^2) 

PabPba=  1-///^-. 

To  build  a  self-similar  structure  we  allow  //^  to  sacale  as  IJ 
L  =  (1/2) where  F(4)  is  a  natural  number  sorted  ran¬ 
domly  for  each  site  (i  =  —  co  to  oo,  k  =  A,  B).  To  deal  with 
a  real  numerical  experiment  we  consider  finite  sequences  of 
N  sites  (e.g.,  iV  =  10’)  and  we  truncate  the  fractality  by 
imposing  0  ^  K(/k)  <  F.  Here,  F  is  a  finite  ».iteger  denoting 
■the,  maximum  partitioning  (1/2)^'  that  is,  the  ultimate  res- 
olu.  )n  of  the  measuring  device  in  appreacing  the  fractal 
structure  of  our  set.  With  all  this  in  mind,  for  each  evolution 
we  extract  a  double  sequence  of  N  integers  randomly  dis¬ 
tributed  between  0  and  F—\,  and  denote  each  site  by: the 
corresponding  number  K(ik).  This  means  that  we  have  at¬ 
tributed  to  each  site  an  “area  of  respect”,  that  is,  a  specific 
separation  from  the  other  attractor,  .with  depending  on 
FO'k)  as  shown  above.  We  start,  e.g.  on  the  basin  A  from 
=  Nil. 

Atthis  step,  to  account  for  a  suitable  noise  yielding  the 
permanence  and  jump  probabilities  (2),  we  generate  a  ran¬ 


dom  number  y  uniformly  distributed  between  0  and  1.  If 
y  ^  (1/2)’'“*’,  then  at  the  next  time  the  point  goes  to  1^+  I 
on- attractor  A;  if  y  >  (1/2)’^“*’,  then  the  point  jumps  in¬ 
stantaneously  to  site  i'b  and  at  the  next  time  it  goes  to  z'b  —  1 
onattractor  B. 

By.  measuring  the  position  coordinate,  taking  the  Fourier 
transform  and  squaring.it,  we  can  build  the  power  spectra, 
that  is,  the  transforms  of  the  position  correlation  functions. 


Dcleiministic  motion  on  two  one  dimensional  lattices  with  random 
mutual  separations  and  each  site,  at  with  possible  noise  induced 
jumps.  Power  spectra  (vertical)  vs.  frequency  (horizontal)  in  log-log 
scale.  Wavy  lines:  measured  spectra,  straight  lines:  best  fits,  whose 
slopes  a  are  1.7  [F  =  4),  and  1.1  (F  =  14) 


In  Fig.  3  we  show  two  power  spectra  for  F  =  4,  and  14 
respectively.  In  fact,  we  have  measured  spectra  for  all  integer 
values  of  F  between  4  and  14,  but  we  just  report  two  samples 
over  slightly  more  than  three  frequency  decades.  The  se¬ 
quence  shows  that,  as  the  fractality  increases,  the  slope  of 
the  log-log  plot  goes  from  about  2  (single  Lorentzian)  to 
about  1  (1/f  spectrum).  The  Lorentzian  (a  =  2)  of  the  ran¬ 
dom  telegraph  model  is  easily  recovered  for  F  =  i .  thus 
showing  that  noise  induced  jumps  across  a  regular  line 
boundary  fulfill  the  intuitive  expectation  of  a  single  decay 
rate.  An  analogy  with  the  random-random  walk  [13]  is  eas¬ 
ily  drawn.  Indeed  our  motion  is  bound  with  an  r.m.s.  de¬ 
viation  going  from  about  [,  t  to  llogzl’  as  the  fractality  F 
increases  from  4  to  14,  according  to  Sinai. 
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3b)  Spontaneous  Inter-attractor  Transitions  (Crises) 

In  nonlinear  dynamics  it  is  .generally  possible  to  have 
collisions  between  unstable  orbits  and  chaotic  attractors; 
leading  to  interior;  boundary  and  external  crises  [22,23]. 
The  former  one  preserves  the  chaotic  attractor  enlarging 
monotonically  its  basin,  the  second  one  destroys  the  attrac¬ 
tor  by  sweeping  off  its  basin  of  attraction,  while  the  latter 
one  enlarges  discontinuously  its  basin  of  attraction.  The 
presence  of  those  different  crises  in  the  system  depend  on 
the  amount  of-.dissipation  [22].  Such  crises  have  ^en  ob¬ 
served  experimentally  in  a  variety  of  systems  [24].  Boundary 
crises  in  the  modulated  laser  have  been  observed  by  Glo- 
rieux  et  al.  [25]. 

Working  on  the  modulated  CO2  laser  [12]  we  have  given 
experimental  evidence  of  the  three  types  of  crises  which  are 
due  to  collisions  among  strange  attractors  and  unstable  pe¬ 
riodic  orbits  created'ih  saddle  node  bifurcations  [26],  These 
collisions  are  also  responsible  for  the  existence  of  isles  that 
can  be  reached  only  by  hard  mode  excitation  and  for  peri¬ 
odic  windows  that  separate  different  regions. 

Furthermore,  from  the  shape  and  size  of  the  multistable 
region  as  a  function  of  the  modulation  amplitude,  m,  we 
draw  a  connection  between  the  amount  of  attractor  overlap 
in  parameter  space  and  the  volume  contraction  rate  in  phase 
space,  that  is,  the  dissipativity  of  a  dynamical  system. 

4.  Shirnikov  Chaos:  How  to  Characterize  Homoclinic  and 

Heterpciinic  Behavior  by.  Return  Time  Maps 

Shil’nikov^dynamics  [27]  corresponds  to  orbits  asymp¬ 
totic  to  an  unstable  saddle  focus  in  at  least  a  3D  space. 
Limiting  to  a  3D  space  let  us  call  a  ±  im  the  pair  of  complex 
eigenvalues  on  the  stable  (a  < 0)  manifold  and  y>0  the 
eigenvalue  in  the  unstable  direction  orthogonal  to  the  plane. 


y 


Fig.  4 

Schematic  representation  of  a  trajectory  in  Shil’nikov  dynamics 

Let  us  consider  a  dynamics  where  all  fixed  points  are 
unstable,  within  a  given  range  of  control  parameters.  We 
call  such  situation  a  regime  of  competing  instabilities  [28]. 
In  physical  implementations  we  can  adjust  [29]  the  control 


parameter  in  order  to.  isolate  a  non  zero  set  of  initial  con¬ 
ditions  such  that.  ..'i  -ajectories  departing  from  there  ap¬ 
proach  asymptotica.l^'the  unstable  saddle  focus  and  remain 
at  a  finite  distance  from  all  other  fixed  points.  In  such  a 
case,  under  the  Shil’nikov  condition  [27] 

m  <  1  (3) 

the  motion  becomes  chaotic. 

A  single  orbit  of  this  type  spiralling  around  an  unstable 
saddle  focus  S  is  qualitatively  sketched  in  Fig.  4. 

With  the  understanding  that  the  only  interesting  dynam¬ 
ical  features  occur  around  point  S  we  obtain  a  global  de¬ 
scription  by  just  studying  the  linearized  dynamics  within  a 
small  box  around  S  (Fig.  5). 


Fig.  5 

Construction  of  unit  box  leading  to  the  unidimensional  map  (6) 
through  the  linearization  of  the  How  around  the  saddle  focus 

In  Fig.  5,  w'e  orient  the  three  axes  along  the  eigenvectors 
with  x—y  coinciding  with  the  .stable  plane  and  z  being  the 
expanding  direction.  We  take  the  re  plane  (vertical  plane  of 
equation  x  =  1  containing  a  face  of  the  cube)  as  the  Poincare 
section  and  we  calculate  the  return  map  for  the  coordinate 
z.  Starting  at  t  =  0  at  z  =  0  on  x  =  1  (>’  is  irrelevant  for 
the  following  considerations)  the  phase  point  leaves  the  up¬ 
per  cube  side  z  =  1  al  time  t  such  that 

1  =  zo  e'-^ 

from  which  it  results 


(4) 
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The  horizontal  coordinate  x  evolves  over  the  same  time  as 

x(t)  =  e~"  cosyt  (5) 

since  the  initial  condition  is  x(0)  =  1.  Neglecting  a  phase 
shift  due  to  the  y  position,  we  constrain  the  motion  external 
to  the  box  to  a  rigid  translation  (see  dashed  trajectories). 

y(T)  -»•  z, 

besides  an  offset  s  added  at  each  turn  and  which  may  be 
considered  as  a  second  control  parameter,  the  first  one  being 
the  ratio  |a/y|.  Using  relation  (4)  and  writing  z  as  z„+,  and 
zo  as  z„  we  obtain  the  return  map 


which  describes  the  homoclinic  orbits. 

The  map  (6),  even  though  representing  a  sensible  global 
description,  may  provide  a  poor  experimental  criterion 
whenever  the  z  coordinates  on  the  jt  plane  are  clustered  in 
a  small  region.  A  lack  of  experimental  sensitivity  appears  in 
experimental  return  maps  which  do  not  display  the  nice 
features  that  Eq.  (6)  provides  for  the  theory.  Such  was  the 
case  for  the  Belouzov  Zabotinski  reaction  [3].  On  the  other 
hand,  the  above  behavior  appears  rather  universal  whenever 
one  can  isolate  a  spiral  type  orbit,  as  it  occurs  in  Lorenz  or 
Roessler  chaos  [31], 

In  dealing  with  a  quantum  optical  experiment  we  intro¬ 
duced  a  more  sensitive  dynamical  indicator  [32,33],  Based 
on  the  logarithmic  relation  between  position  z  on  the  n  plane 
and  times  t  that  the  orbits  take  to  return  to  that  pjane,  and 
assuming  that  the  relevant  time  is  tliat  spent  ipihe  box  of 
Fig.  5,  map  (6)  transforms  via  relation  (4)  into  a  return  map 
for  orbital  times.  We  rescale  x  as  T  =  yr  =  — logz  and 
obtain 

r+,=  -ln[exp(-2/yr„)cos(ft)/yr„)  +  e] 

=  -ln[0(r)  +  £]. 

Comparison  of  Eqs.  (6)  and  (7)  shows  the  enhanced  sensi¬ 
tivity  to  fluctuations  of  the  Tmap  with  respect  to  the  z  map. 
Indeed,  suppose  that  the  offset  e  from  homoclinicity  is  af¬ 
fected  by  a  small  amount  of  noise.  The  sensitivies  of  the  two 
maps  to  such  a  noise  are  given,  respectively,  by  dz/de  =  1 
and 

dT/ds  =  +  .  (8) 

This  sensitivity  factor  acts  as  a  level  arm  whenever  ^(T)  +  e 
becomes  very  small.  Note  the  following:  (1)  This  is  not  de¬ 
terministic  chaos;  in  fact,  large  fluctuations  can  be  expected 
even  for  a  regular  dynamics,  implying  a  fixed  point  T*,  (2) 
It  is  not  associated  with  the  homoclinicity  condition  e  =  0; 
in  fact,  for  finite  e  there  may  be  a  T*  such  that  ^fT*)  -h  e  =  0. 

Since  a  homoclinic  orbit  is  the  dynamic  counterpart  of 
repeated  decays  out  of  an  unstable  state,  the  result  is  like 


repositioning  the  initial  condition  in  an  experiment  on  a 
single  decay.  Here  the  repetition  is  automatically  provided 
by  the  contracting  motion  asymptotic  to  the  stable  manifold. 
As  a  consequence,  superposed  upon  the  deterministic  dy¬ 
namics  (either  regular  or  chaotic),  the  high  sensitivity 
(Eq.  (8))  may  provide  a  broadening  of  the  T  maps  not  de- 


Numerical  iteration  maps  Shil’nikov  chaos.  Parameter  values:  w/ 
7=  13.0,  a/y  =  0.986,  e  =  0.01.  (a)  and  (b),  T  maps  without  and 
with  noise  6t  =  10  %  respectively,  (c)  Stable  fixed  point  of  the 
regular  dynamics,  broadened  by  a  noise  St  ^  10  - 
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i^able  ihsthe  z  maps  whenever  noise  in  the- offset  e  is  pres¬ 
ent. 

In  fact,  the  model  description  x  =  F(x)  of  a  large  system 
ih:tenhs  of  a  low-dimerisional  dynamic  variable  x  .is  just  an 
ensemble-averaged  description,  and  residual  fluctuations  on 
position  X  must  be  considered  at  some  initial  time,  even 
though  the  successive  evolution  is  accounted  for  by  a  de¬ 
terministic  law.  In  our  case  such  a  fluctuation  is  a  stochastic 
spread  8e  on  the  offset  e  of  the  position  z. 

As  shown  in  Fig.  6,  the  same  amount  of  5e  in  Eqs.  (6)  and 
(7)  leaves  the  z  maps  unaltered,  while  it  strongly  affects  the 
T  maps.  If  we  specialize  the  map  parameters  a,  y,  co,  and  e 
to  a  regular  orbit  (fixed  points  both  in  z  and  T  spaces), 
introduction  of  de  does  not  broaden  the  z  point,  white  the 
T  point  broadens. 

For  example,  the  values  «/y  =  0.98,  and  e  =  0.01  yield 
one  fixed  point  T*  =  5.327,  with  a  sensitivity  8r*/8e  = 
182  (Fig.  6  (c)).  Note  that  the  noise  effect  reported  here  has 
nothing  to  with  additive  noise  effects  on  return  maps  [34]. 
Indeed,  the  latter  effects  refer  to  the  scaling  behavior  near 
stationary  bifurcations,  whereas  our  data  refer  to  transient 
fluctuation  enhancement,  and  they  do  not  leave  a  permanent 
mark  (such  as  an  orbital  shift  or  broadening). 

Thus,  while  Shil’nikov  chaos  is  a  determin'Stic  effect  de¬ 
scribed  on  average  by  the  backbone  of  the  z  or  F  maps,  the 
superposed  thickening  is  a  noise  effect  peculiar  to  T  maps 
undetectable  in  z  maps.  This  new  effect  is  a  specific  indicator 
of  intrinsic  fluctuations,  and  it  permits  a  demarcation  line 
to  be  drawn  between  a  real-life  experiment  and  a  model 
simulation,  from  which  this  second  feature  is  absent. 

In  order  to  explore  the  regular  behavior  of  these  closed 
orbits,  we  take  the  fixed  point  of  map  (7). 

T*  =  In [exp(-;./yr*)  cos((o/yr*)  +  c]  .  (9) 

Eq.  (9)  gives  a  stable  fixed  point,  provided  Shil’nikov  con¬ 
dition  is  violated.  Solving  transcendental  Eq.  (9)  and  plotting 
the  Poincare  frequency  l/f  versus  the  control  parameter  s, 
yields  two  different  items,  namely 

i) >a  staircase  region  implying  histeresis  cycles 

ii)  a  logarithmic  divergence  for  small  s 

After  having  summarized  the  main  features  of  Shil’nikov 
chaos  we  describe  the  corresponding  experiments.  As  a  mat¬ 
ter  of  fact,  things  have  gone  in  the  reverse  order:  we  first 
found  evidence  of  spiral  type  orbits,  including  large  time 
fluctuations,  or  regular  periods  scaling  with  the  control  pa¬ 
rameter  as  i),  ii)  above;  then  we  looked  in  the  theoretical 
literature  and  found  that,  using  the  orbital  period  as  a  dy¬ 
namical  indicator  more  sensitive  than  Poincare  position,  we 
could  nicely  describe  what  had  been  previously  treated  only 
at  a  qualitative  level,  in  terms  of  a  symbolic  dynamics  coding 
the  number  of  spirals  around  the  saddle  focus  [30]. 

Our  experimental  setup  consists  of  a  single  mode  CO2 
laser  with  an  intracavity  electro-optic  modulator.  A  signal 
proportional  to  the  laser  output  intensity  is  sent  back  to  the 
electro-optic  modulator  [35].  Single  mode  CO2  lasers  have 
a  dynamic  behavior  described  by  two  coupled  differential 
equations,  one  for  the  field  amplitude  and  the  order  for  the 


Fig.  7 

Scheniiilic  view  of  a  trajectory  in  the  phase  space  when  the  dynam¬ 
ics  is  urrcctcd  by  all  three  unstable  stationary  points. 

population  inversion,  the  fast  polarization  being  adiabati- 
cally  eliminated  from  the  complete  set  of  Maxwell-Bloch 
equations.  Thus,  the  presence  of  feedback  introduces  a  third 
degree  of  freedom.  With  suitable  normalizations  such  a  sys¬ 
tem  is  described  by  three  first-order  differential  equations 
for  the  laser  intensity  x(t),  the  population  inversion  y(t),  and 
the  modulation  voltage  z(t).  Keeping  all  other  parameters 
fixed,  the  dynamics  is  controlled  by  varying  a  bias  voltage 
B  in  the  feedback  loop.  In  Fig.  7  we  present  a  schematic 
view  of  the  trajectory  in  the  three-dimensional  space,  ob¬ 
tained  by  a  linear  stability  analysis  of  the  motion  around 
the  stationary  points,  and  qualitative  connections  between 
the  linear  manifolds  (dashed  lines). 

From  an  experimental  point  of  view  we  are  able  to  vi¬ 
sualize  (x  -  z)  phase-space  projections,  obtained  by  feeding 
onto  a  scope  the  photodctector  signal  proportional  to  the 
laser  output  intensity  x(t)  and  the  feedback  voltage  z(f).  This 
phase-space  projection  consists  of  closed  orbits  visiting  suc¬ 
cessively  the  neighborhoods  of  the  three  unstable  stationary 
points  0, 1,  and  2. 

The  local  chaos  around  point  1,  established  at  the  end  of 
a  subharmonic  sequence,  has  been  characterized  by  stan¬ 
dard  methods  as  power  spectra  and  correlation  dimension 
measurements  [35].  The  competition  of  the  three  instabili¬ 
ties  in  controlling  the  global  features  of  the  motion  was 
described  in  Ref.  [29].  There  |a/y|  was  adjusted  major  then 
one  showing  regular  behavior  and  experimental  evidence  of 
items  i)  and  ii)  abo'-e.  Here  we  adjust  the  control  parameters 
in  order  to  have  a  dominance  of  the  saddle  focus,  so  that 
the  motion  consits  of  a  quasi  homoclinic  orbit  asymptotic 
to  it. 

In  Fig.  8  we  report  experimental  plots  of  the  laser  intensity 
vs.  time  for  two  slightly  different  conditions.  Fig.  8b)  shows 
clear  evidence  of  a  homoclinic  orbit  in  the  two  long  tran¬ 
sients,  which  provide  a  lengthy  permanence  in  a  phase  space 
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region  of  almost  constant  intensity.  This  appears  more 
clearly  jn  the  corresponding  phase  space  projections  (Fig.  9 
and  b)).  For  comparison  vve  give  in  Fig.  9c)  a  photographic 
exposure  (over  1  s)  of  30000  orbits  ,  as  that  of  Fig.  9  a),  to 
show  the  stability  of  shape. 


ms/cLiv, 


•Fig.  8 

Time  plots  of  the  laser  intensity  in  the  regime  of  Shil’nikov  chaos, 
a)  and  b)  refer  to  two  different  gains  of  the  feedback' loop,  b)  shows 
two  long  transients  corresponding  to  a  large  number  of  small  spirals 
mound  the  saddle  focus 


Before  we  discuss  comparison  with  Shil’nikov  theory,  a 
crucial  question  arises:  how  much  of  the  spread  in  the  return 
times  has  to  be  attributed  to  point  2  or  0?  Indeed,  we  have 
quasi-heteroclinic  orbits  visiting  the  surroundings  of  the  two 
unstable  points  2  and  0.  But  in  our  experimental  situation 
the  dynamics  can  be  assimilated  to  a  quasi-homoclinic  orbit 
around  point  2,  which  is  thus  mainly  responsible  for  the 
spread  in  return  times.  This  is  easily  proved  my  measuring 
the  spread  T  in  the  residence  times  To  around  0  (zero  inten¬ 
sity  stripes)  and  the  spread  Tj  in  the  residence  times  T2 
around  2  (complementary  stripes,  such  that  To  +  T2  is  the 
total  orbital  time).  In  Fig.  8,  which  shows  typical  time  se¬ 
quences  used  to  build  the  two  averaged  relative  spreads  are 
approximately 


(AToViTo)  ~  14%,  iAT2)/{T2)  ~  80%, 

(Aro)/(ro)  ~  40%,  iAT2)/{T2)  ~  250%. 

The  comparison  shows  that  point  0  introduces  a  pertur¬ 
bation  around  14%  with  respect  to  pure  homoclinicity,  that 
is,  the  orbital  regularity  is  ruled  mainly  by  point  2.  Thus  a 
theoretical  approach  to  our  experiment  in  terms  of  homo¬ 
clinic  chaos  appears  justified. 

We  measure  the  time  spacings  by  setting  a  threshold  cir¬ 
cuit  near  the  top  of  the  largest  peak  of  the  intensity  signal. 
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Fig.  10 

Experimental  iteration  maps  of  the  return  times,  a)  refers  to  Fig.  8a). 
b)  shows  the  maps  corresponding  to  regular  periodic  situations, 
namely,  1)  an  electronic  oscillator,  2)  the  laser  in  a  regular  periodic 
regime  and  3)  the  laser  just  at  the  onset  of  the  instability  but  still 
with  a  regular  period 


c)  feedback  voLtage 


Phase  space  projections  ^  -  z  (laser  intensity  -  fccdba..k  loltagej.  ay  and  by  are  single  orbits  obtained  by  a  digitizer,  refenng  to  the  same 
parameters  of  Fig.  8a)  and  b),  respectively,  c)  is  the  superposition  of  30000  orbits  of  type  a) 
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A.time-to-amplitude  converted  (TAC)  yields  the  sequence  7] 
of  successive  time  spacings,  ^yhich  is  then  classified  as  a 
statistical  distribution  by  a  multichannel  pulse  height  ana¬ 
lyser,  or  stored  in^a  digitizer,  so  that  correlation  functions 
or  iteration  maps  can  be  sorted  out. 

The  statistical  distribution  of  return  times  is  a  broad  fea¬ 
tureless  curve' which  does  not  offer  curves  on  the  ordering 
of  73.  On  the  contrary,  the  iteration  map  {73+i  vs.  7])  displays 
a  regular  structure  (Fig.  10a)).  To  check  whether  we  are  in 
the  presence  of  one-dimensional  (1 D)  iteration  map,  and  the 
remaining  thickness  is  due  to  the  observation  technique,  or 
the  map  is  more  that  ID,  we  report  in  Fig.  10b)  the  iteration 
maps  corresponding  to  three  regular  situations. 

In  the  absence  of  fluctuations  in  Ti  they  should  be  point¬ 
like  (the  image  of  a  stable  fixed  point).  In  fact  1)  corresponds 
to  an  electronic  oscillator  and  it  just  shows  the  resolution 
of  the  TAC,  2)  corresponds  to  the  laser  in  a  regular  periodic 
regime  away  from  the  Shil’nikov  instability, 'and  3)  corre¬ 
sponds  to  the  laser  on  the  verge  of  the  instability  but  still 
with  a  regular,  period,  In  this  last  case,  the  fluctuation  as¬ 
sociated  with  the  nearby  transition  shows  that,  even  without 
chaos  in  the  return  time,  the  close  approach  to  an  instability 
point  introduces  a  fluctuation  enhancement,  which  has  no 
theoretical  counterpart  in  the  current  treatment  of  deter¬ 
ministic  chaos.  To  deal  with  this  broadening,  the  dynamical 
equations  should  include  a  statistical  spread  in  the  injection 
coordinate  at  the  Poincare  section  near  the  saddle  focus,  to 
account  for  the  macroscopic  character  of  the  experimental 
system.  As  it  was  shown  in  Refs.  [2,3],  even  though  this 
spread  has  no  relevance  on  the  average  dynamics,  it  con¬ 
tributes  a  large  transient  fluctuation  whenever  the  system 
decays  from  an  unstable  point. 

5.  Space  Complexity  in  Nonlinear  Optics 

In  chemical  relations  and  in  fluids  it  is  straightforward  to 
scale  up  the  system  size  from  small  to  large  cells,  thus  mak¬ 
ing  it  possible  to  explore  in  many  ways  the  passage  from 
systems  coherent  (fully  correlated)  in  space  to  systems  made 
up  of  many  uncorrelated,  or  weakly  correlated,  domains. 

Crucial  questions  such  as:  i)  the  passage  from  order  to 
chaos  within  a  single  domain  and  ii)  possible  synchroniza¬ 
tions  of  time  behaviors  at  different  space  domains,  have  been 
addressed  in  the  past  years,  with  the  general  idea  in  mind 
that  space-time  organization  is  what  makes  a  large  scale 
object  complex. 

Thus  far,  such  an  investigation  was  not  possible  in  the 
optical  field,  because  all  coherent  optics  is  based  on  Schaw- 
low-Townes  original  idea  of  a  drastic  mode  selection. 

Here  I  show  very  recent  evidence  of  space-time  complexity 
in  optics.  The  experimental  configurations  which  have  made 
possible  to  fulfill  this  twenty-year  long  search  appear  so 
promising  that  we  can  foresee  an  extensive  investigation  of 
space  phenomena  in  optics  along  the  coming  decade.  Let 
me  call  this  area  of  investigation  “dry  hydrodynamics”. 

Here  I  anticipate  and  explain  what  we  are  going  to  see  in 
the  experiments  reported  in  Sec.  6.  To  appreciate  the  role 
of  space  coupling  let  me  summarize  the  present  status  of 


affairs  in  quantum ’optics.  Since  all  coherent  phenomena 
take  place  in  a  cavity  mainly  extended  in  a  z-direction  (as 
e.g.  the  Fabry-Perot  cavity),  we  expand  the  field  e(r,  t),  which 
obeys  the  wave  equation 

O^e  =  -HP  (10) 

(wherp  p(r,t)  is  the  induded, polarization),  as 

e(r,t)  =  E(x,y.z.t)  .  (11) 

If  the  longitudinal  variations  are  mainly  accounted  for  by 
the  plane  wave,  then  we  can  take  the  envelope  E  as  slowly 
varying  inef  and  z  with  respect  to  the  variation  rates  co  and 
k  in  the  plane  wave  exponential.  Furthermore  we  cll  P  the 
projection  of  p  on  the  plane  wave.  By  neglecting  second 


Fig.  11 

w-space  la)  and  K-space  ib)  pictures  of  the  lasing  modes  in  the. 
i)  (1  +  0),  11)  ll  +  1),  and  111)  (1  +  2j-dimension..l  cases 


F.  T.  Arecchi:  Rate  Proresses.in  Low  Dimensional  Chaotic  Systems  etc. 


295 


order  envelop  derivatives  it  is  easy  to  approximate  the  op-  keep  their  dynamical  character  as  in  class  C  laser.  Anyway, 
eratorori  £as  swe  have  enough  equations  to  see  space  time  chaos. 


2ik  -h  0,^  +  +  9y 


swglc  .Mope 


as  is  usually  done  in  the  eikonal  approximation  of  wave 
optics.  This  further  suggests  three  relevant  physical  situa¬ 
tions. 

5.1*  (1+0)-Dimensional  Optics 

In  such  a  case  there  is  only  a  time  dependence  and  no 
space  derivatives,  that  is,  ,D^  -♦  2i(od,.  Assuming  that  the 
laser  cavity  is  a  cylinder  of  length  L,  with  two  mirrors  of 
radius  a  at  the  two  ends,  the  cavity  resonance  spectrum  is 
made  of  discrete  lines  separated  by  c/2L  in  frequency,  each 
one  corresponding  to  an  integer  number  of  half  wavelengths 
contained  in  L,  plus  a  crown  of  quasi-degenerate  transverse 
modes  at  the  same'  longitudinal  wavenumber,  with  their 
propagation  vectors  separated  from  each-other  by  a  diffrac¬ 
tion  angle  A/a  (Fig.  11b). 

This  case  corresponds  to  a  gain  line  narrower  than  the 
longitudinal  frequency  separation  (so  called  free  spectral 
range)  and  to  a^Frcsncl  number 


periodic 
ALTCMATi  o  ry 
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Fig.l2 

Space-time  complexity  in  optics.  Qualitative  plots  of  different  be¬ 
haviors  observed  in  laboratory  experiments  and  in  numerical  so¬ 
lutions  of  model  equations 


of  the  order  of  unity,  so  that  the  first  off  axis  mode  already 
escapes  out  of  the  mirror.  Intuitively  F  is  the  ratio  between 
the  geometric  angle  a/L  of  view  of  one  mirror  from  the  other 
and  the  diffractive  angle  A/a. 

In  such  a  case,  the  resulting  ODE  replacing  the  wave  PDE 
has”  to  be  coupled  to  the  matter  equations  giving  the  evo¬ 
lution  of  P.  In  the  simple  case  of  a  cavity  mode  resonant 
with  the  atomic  line,  we  obtain  the  so  called  Maxwell-Bloch 
equations. 

A  comprehensive  review  of  experiment  and  theory  for 
these  single-domain,  (1  -i-  0)-dimensional  systems  is  given  in 
the  book  cited  in  Ref.  5,  covering  the  period  1982—1987 
over  which  these  space  invariant  instabilities  have  been  stud¬ 
ied. 

5.2.  (1  +  l)-Dimensionai  Optics 

Here,  we  have  a  cavity  thin  enough  to  reject  off  axis 
modes,  but  fed  by  a  gain  line  wide  enough  to  overlap  many 
longitudinal  modes.  The  superposition  of  many  longitudinal 
modes  means  that  one  must  retain  the  z  gradient.  Thus  the 
wave  equation  reduces  to 

(d,  +  cd:)E  =  GP  (13) 

where  G  is  a  scaled  coupling  constant. 

Having  a  PDE,  any  mode  expansion  with  reasonable 
wavenumber  cut  offs  provides  a  large  number  of  coupled 
ode’s,  thus  it  is  immaterial  whether  P  and  X  are  adiabat- 
ically  eliminated,  as  in  class  A  and  B  lasers,  or  whether  they 


Equations  as  (13)  have  been  solved  numerically  in  the 
sixties,  to  explain  space  variations  on  a  length  scale  much 
smaller  than  L,  as  seen  in  regular  or  erratic  mode  locking. 
Fig.  12  collects  a  sequence  of  possible  behaviors  as  one  in¬ 
creases  an  intensive  control  parameter  (the  pump  to  loss 
ratio)  for  a  cavity  long  enough  to  provide  a  high  ratio  of 
gain  linewidth  to  free  spectral  range,  or  alternatively,  as  one 
increases  an  extensive  parameter,  that  is,  the  latter  ratio  for 
a  fixed  pump-to-loss  ratio.  Since  the  free  spectral  range  is 
given  by  c/2L,  increasing  the  extensive  parameter  amounts 
to  increasing  the  cavity  length  L. 

The  circled  numbers  1  to  5  denote  the  transition  points. 

Threshold  n.  1  is  the  usual  laser  threshold,  whereby  un¬ 
correlated  spontaneous  emission  selforganizes  into  single 
mode  coherent  laser  action.  Mathematically  it  is  a  pitchfork 
bifurcation,  with  critical  divergence  of  the  fluctuation  am¬ 
plitude  and  correlation  time  (critical  slowing  down).  These 
transition  phenomena  have  been  experimentally  demon¬ 
strated  in  the  middle  sixties  in  a  series  of  experiments  re¬ 
ported  by  me  at  the  1978  Solvay  Conference  [lib]. 

In  order  to  consider  space  variations,  one  must  couple 
Eq.  (13)  with  the  matter  equations.  This  was  done  by  a  mode 
expansion  of  Eq.  (13),  and  a  second  threshold,  n.2,  which  is 
a  Hopf  bifurcation  toward  an  oscillatory  regime,  was  intro¬ 
duced  [36]. 

A  third  threshold  marks  the  onset  of  deterministic  chaos 
in  a  single  mode  laser.  In  fact  it  is  a  cascade  of  bifurcations 
depending  on  the  specific  route  to  chaos,  which  is  influenced 
by  possible  laboratory  perturbations,  as  modulations  or 
feedback.  The  isomorphism  of  the  single  mode  laser  equa¬ 
tions  with  Lorenz  equations  was  first  pointed  out  by  Haken 
[37].  After  that,  a  large  amount  of  experimental  and  theo- 
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retical  investigation  has  been  devoted  to  chaos  in  a  single 
mode  l^er. 

Recent  consideration  of  a  space  extended  optical  system 
[38]  by  a  model  made  up  of  Eq.  (13)  plus  material  equations 
has  shown  evidence  of  a  further  behavior,  called  “chaotic 
itinerancy”.  It  consits  in  the  jump  .from  one  slow  manifold 
to  another,  i.e.,  from  one  quasi-attractor  to  another.  At  any 
time,  a  single  mode  with  a  chaotic  behavior  is  present,  but 
after  a  while  it  is  replaced  by  another  mode,  and  so  on. 
Alternatively,  in  Sec.  6  we  will  show  experimental  evidence 
of  a  non  chaotic,  but  periodic  alternation  of  modes,  sche¬ 
matized  in  the  lower  part  of  Fig.  12.  The  main  indicator  of 
chaotic  itinerancy  is  that,  while  a  local  measurement  pro¬ 
vides  a  chaotic  signal,  measurement  of  the  space  correlations 
provides  a  highly  correlated  signal. 

Above  the  threshold  n.5  we  enter  a  new  regime,  called 
spatio-temporal  chaos  (STC)  where  a  large  number  of  modes 
coexist.  This  regime  has  been  characterized  on  very  general 
grounds  by  Hohenberg  and  Shraiman  [39],  STC  is  char¬ 
acterized  by  some  statistical  features  observed  in  the  exper¬ 
iment  reported  in  Sec.  6.  Such  features  however  play  no  role 
for  the  scope  of  this  paper  and  will  not  be  covered  here. 

5.3.  (1  +  2)-Dimensional  Optics 

As  shown  in  Fig.  11  iii),  let  us  consider  a  gain  line  allowing 
for*  a  single  longitudinal  mode,  but  take  a  Fresnel  number 
high  enough  to  allow  for  many  transverse  modes. 

We  rescale  the  transverse  coordinates  x,y  with  respect  to 
the  cross  cavity  size  a,  and  the  time  t  to  the  longitudinal 
photon  lifetime  L/{cT),  where  Tis  the  mirror  transmittivity. 
The  new  variables  are 

x'  =  x/a ,  y'  =  y/a 
""  LJcT  ■ 

Furthermore  we  neglect  the  longitudinal  gradient.  Then  the 
wave  equation  reduces  to 

(9,. -la  P'1)  £  =  GP  (14) 

where  Vi  is  the  transverse  Laplacian  and 
1 

“  “  47tP7’  ■ 

As  in- the  (1  +  1)  case,  Eq.  (14)  must  be  coupled  with  the 
material  equation.  If  P  has  a  fast  relaxation  toward  a  local 
equilibrium  with  the  field,  and  if  we  expand  its  dependence 
to  the  lowest  orders,  we  have  a  relation  as 

P  =  aE-b\E\-E. 

Introducing  this  into  Eq.  (14),  one  has  a  nonlinear  Schro- 
dinger  equation  (NLS)  which  has  been  recently  considered 
in  many  theoretical  investigations  [40]. 


Gn  the  other  hand,  important  considerations  have  been 
developed  for  the  complex  Ginzburg-Landau  equation 
(CGL)  [41].  This  can  be  written  as 

=  («i  + ia2)V^M  — /ju  — (1  —  i/?)|u|^«  .  (15) 

The  CGL  includes  NLS  (for  aj  =  0)  the  chemical  reaction- 
diffusion  equation  (for  a2  =  0)  and  the  single  mode  laser 
equation  (for  aj  =  a2  =  0).  Otsuka  and  Ikeda  [41]  used  a 
discretized  version  of  CGL  on  N  =  5  sites  with  a  space 
coupling  which  mimics  the  second  derivative  i.e.; 

V^u-»«i+i  +  «/_i-2«,  (i  =  1,...A^) 

and  give  solutions  for  /i  =  1,  aj  =  a2  =  0.1,  and  p  increasint 
for  10  to  30. 

For  increasing  p  the  system  displays  a  variety  of  dynam¬ 
ical  behaviors  as  shown  in  Fig.  12. 

6.  Chaotic  Itinerancy  in  Optics  [42] 

In  this  Section  I  report  the  first  expciimental  evidence  of 
(1  +2)-dimensional  physics  in  an  extended  optical  medium. 
Precisely,  we  seed  ring  cavity  with  a  photorefractive  gain 
medium  pumped  by  an  Argon  laser  and  study  the  time  and 
space  features  of  the  generated  field.  By  varying  the  size  of 
the  cavity  pupil,  we  control  the  number  of  transverse  modes 
which  can  oscillate.  We  report  two  different  regimes,  namely 
one  of  a  low  dimensional  chaos,  where  a  single  mode  at  a 
time  is  oscillating,  and  a  small  number  of  modes  alternates 
in  a  fashion  with  displays  close  similarities  and  one  of  STC 
where  many  modes  oscillate  simultaneously  yielding  a  very 
small  transverse  correlation  length  and  spectral  fluctuations 
with  Gaussian  statistics. 

The  experimental  set  up,  consits  of  a  ring  cavity  with 
photorefractive  gain.  The  gain  medium  is  a  BSO  (Bismuth 
Silicon  Oxide)  crystal  to  which  a  dc  electric  field  is  applied. 
The  crystal  is  pumped  by  a  CW  Argon  laser. 

The  Fresnel  number  of  the  cavity  is  controlled  by  a  var¬ 
iable  aperture.  F  can  be  varied  in  the  range  from  0  to  100 
approximately.  This  corresponds  roughly  to  the  variation 
of  the  number  of  transverse  modes  that  can  oscillate.  The 
mechanical  and  thermal  stability  are  ensured  on  time  inter¬ 
vals  longer  those  of  the  measurements  (half  an  hour). 

Fig.  13  shows  the  transverse  (.v,y)  intensity  pattern  re¬ 
corded  by  the  video  camera  (left)  and  its  spatial  autocor¬ 
relation  function  (right).  For  low  F  (F  =  5)  one  single  mode 
at  a  time  oscillates  and  the  wavefront  is  wholly  correlated, 
indeed  the  correlation  length  ^  is  of  the  same  order  as  the 
cross  size  D  of  the  beam  (Fig.  13a).  For  high  F  (F  =  70) 
many  modes  oscillate  simultaneously,  yielding  a  speckle-like 
pattern  (Fig.  13c)  whose  correlation  length  is  very  small 
{4/D  <  0.1).  The  correlation  test  is  crucial,  otherwise  one 
might  suppose  that  the  intensity  pattern  at  left  refers  to  a 
pure  mode  with  a  large  mode  number.  Between  these  two 
asymptotic  limits,  we  have  a  smooth  variation  of  the  ratio 
4,'D,  with  intermediate  situations  as  shown  in  Fig.  13b. 

The  low  F  limit  corresponds  to  a  periodic  alternation  of 
a  few  modes  of  the  diffraction  limited  propagation  followed 
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Fig.  13 

Intensity  distribution  on  the  wavefront  (left)  and  space  autocorre¬ 
lation  function  (right)  for  increasing  Fresnel  number, 

a)  F  =  5,  one  single  mode  at  a  time  is  present,  ratio  between 
coherence  length  ^  and  frame  size  D  is  ^/Z)  c:;  1 

b)  F  =  20,  cs;  0.25 

c)  F  =  70,  f//)  0.1 


by  a  dark  period.  The  radial  quantum  number  is  always  0 
and  the  azimuthal  quantum  number  changes  from  q  =  0 
to  q  around  10.  (From  now  on,  we  identify  the  modes  by 
their  azimuthal  quantum  number). 

To  study  the  time  behavior,  the  input  of  an  optical  fiber 
picks  up  the  intensity  at  a  generic  point  on  the  wavefront 
(the  signal  level  is  a  suitable  code  of  each  mode).  The  time 
plot  shows  fine  details  on  a  time  scale  of  seconds,  corre¬ 
sponding  to  the  dielectric  relaxation  time  of  BSO.  This  time 
scale  is  typical  of  the  fluctuations  in  a  pure  mode  and  of  the 
intennode  switches.  Each  mode  persist  for  a  time  of  the 
order  of  a  few  minutes.  The  mode  pattern  (e.g.  7, 6, 5, 4, 3, 2 
in  Fig.  14b)  repeats  almost  periodically.  To  improve  the 
selectivity  we  commute  from  the  pinhole  (low  pass  filter)  to 
the  pinhole  plus  an  axial  stop  (band  pass  filter).  For  the 
same  aperture  size,  introduction  of  the  axial  stop  cuts  off 
the  lowest  modes  (1  and  0)  and  produces  the  regularization 
shown  in  going  from  Fig.  14a)  to  b). 


At  the  minimum  Fresnel  number  for  which  some  signal 
is  observed  (F  around  2)  still  4  different  modes  oscillate  one 
at  a  time,  followed  by  a  da'‘k  interval,  in  a  very  regular 
periodic  sequence.  We  call  such  a  behavior  “periodic  alter¬ 
nation”.  Increasing  the  pump  intensity,  the  frequency  of  the 
alternation  increases  but  it  remains  regular.  For  a  slight 
increase  of  F  above  5  the  regularity  is  lost,  that  is,  the  du¬ 
ration  of  each  mode  is  no  longer  repeatable.  This  is  an  ex¬ 
perimental  evidence  of  “chaotic  itinerancy”. 


Fig.  14 

Time  records  of  the  local  intensity  (samples  collected  at  10  Hz  rate) 
atF  =  8 

a)  with  the  low  pass  filter  (chaotic  itinerancy) 

b)  with  the  band  pass  filter  (periodic  alternation) 

In  the  high  F  limit,  when  i/D  1,  we  expect  spatio- 
temporal  chaos  (STC)  and  indeed  we  have  given  evidence 
[42]  of  Gaussian  spectral  fluctuations. 

In  conclusion,  we  have  reported  experimental  evidence  of 
periodic  alternation  and  STC  as  two  asymptotic  limits  for 
very  small  and  large  Fresnel  numbers  in  a  (1  +  2)-dimen- 
sional  optical  system.  At  the  lower  edge  of  the  intermediate 
region  we  have  observed  chaotic  itinerancy.  For  still  larger 
F  we  should  expect  transition  phenomena  which  are  not 
simply  a  mathematical  bifurcation  as  the  usual  laser  thresh¬ 
old  but  which  display  the  scaling  properties  of  phase  tran¬ 
sitions  in  extended  media. 
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A  series  of  picosecond  experiments  and  computer  simulations  will  be  presented  that  test  collisional  and 
hydrodynamic -models  for  vibrational  relaxation  in  liquids.  The  relationships  between  isolated  binary 
collision  models  (IBC)  and  stochastic  dynamics  will  be  presented.  The  appropriateness  of  IBC  theory  in 
describing  vibrational  relaxation  in  liquids  will  also  be  discussed. 


A  proper  description  of  vibrational  energy  transfer  is  es¬ 
sential  to  the  development  of  chemical  reaction  theory.  In 
liquids,  progress  in?  this  area  is  far -behind  that  which  has 
been  made  in  other  phases  because  of  the  complexity  in¬ 
herent  to  this  phase.  Generally,  two  approaches  have  been 
taken  in  attempting  to  model  the  vibrational  relaxation  of 
an  excited  oscillator  in  solution.  One  approach  takes  the 
perspective  of  the  excited  molecule  being  solvated  in  a  con¬ 
tinuous  viscoelastic  media  which  exerts  a  frictional  force  on 
the  molecule.  The  most  general  form  of  this  interaction  is 
described  by  the  generalized  Langevin  equation: 

ma{t)  =  -  J  dt'my{t')v{t-t')  +  R(t)  (1) 

h 

where  m  is  the  mass  of  the  particle,  R  (t)  is  the  random  force, 
and  y(t)  is  the  memory  function  which  provides  the  friction. 
In  this  description,  the  noninstantaneous  response  of  the 
media  to  the  motions  of  the  oscillator  are  included.  The 
difficulty  with  this  method  has  been  in  developing  a  model 
of  determining  the  form  of  y(t)  [the  frequency  dependence 
of  the  friction].  Very  early  during  the  theoretical  develop¬ 
ment  of  vibrational  relaxation  in  liquids,  prior  to  use  of  the 
generalized  Langevin  model,  a  simpler  form  of  this  model 
known  as  the  Langevin  equation  was  used  to  describe  vi¬ 
brational  relaxation  in  solution  [1].  According  to  the  Lan¬ 
gevin  equation, 

ma(t)  =  -yv(t)  +  R(t) .  (2) 

In  the  Langevin  model,  y,  the  friction  coefficient,  is  a  con¬ 
stant  and  thus,  the  solvent  is  assumed  to  respond  instan¬ 
taneously  to  all  oscillator  motions.  While  this  model  has 
been  successful  in  describing  some  phenomenon  where  the 
solute  moves  slowly  in  relation  to  the  solvent  molecules,  it 
has  failed  in  the  modeling  of  vibrational  relaxation  where 
the  oscillator  motions  can  be  quite  fast  in  comparison  to 
that  of  the  solvent  [2]. 

An  alternative  perspective  adapted  to  describing  vibra¬ 
tional  relaxation  in  solution  is  that  based  on  the  molecular 
nature  of  the  solvent-solute  interactions.  In  this  framework, 
the  interactions  which  are  importaiit  to  vibrational  relaxa¬ 
tion  are  assumed  to  be  dominates  by  isolated  binary  colli¬ 


sions  between  the  solvent  molecules  and  the  oscillator,  just 
as  they  occur  in  the  gas  phase.  This  model  known  as  the 
Isolated  Binary  Collision  Model  (IBC)  states  that  T), 
the  relaxation  rate  of  vibrational  level  i  to  J,  is: 

K,.j(Q.r)  =  P,.j-Z(s,T)  (3) 

where  Pi^j(T)  is  the  probability  of  i-*j  per  collision,  Z(e,  T) 
is  the  oscillator-solvent  collision  frequency,  g  is  the  solvent 
density,  and  T  is  the  solvent  temperature.  Since  P,^j  is  in¬ 
dependent  of  density,  the  difference  between  relaxation  in 
the  liquid  and  gas  phases  at  constant  T  is  solely  given  by 
Z{q),  Thus,  multibody  effects  (i.e. ,  correlations  between  col¬ 
lisions)  are  considered  to  be  inconsequential  in  this  model. 
The  validity  of  this  assumption  has  been  the  subject  of  a 
longstanding  debate  in  the  literature. 

As  a  test  system  for  IBC  theory,  we  have  examined  its 
applicability  to  experimental  measurements  and  computer 
simulations  of  the  ground  state  vibrational  relaxation  of 
geminately  recombined  I2  in  liquid  Xe.  Following  photodis¬ 
sociation  and  recombination  on  the  ground  state  surface, 
the  I2  has  an  excess  of  12500  cm~’  of  vibrational  energy 
which  it  then  dissipates  to  the  solvent.  This  relaxation  proc¬ 
ess  occurs  over  100 12  vibrational  levels  with  the  vibrational 
spacing  varying  from  0  to  214  cm  '.  Since  I2  contains  only 
one  vibrational  degree  of  freedom,  the  role  of  the  solvent  m 
dissipating  the  excess  vibrational  energy  of  the  excited  I2  can 
be  studied  with  this  system  without  competition  from  intra¬ 
molecular  vibrational  energy  transfer.  Furthermore,  Xe  is 
an  ideal  choice  as  the  solvent  because  of  its  spherical  ge¬ 
ometry  which  makes  computations  on  this  system  easier  and 
eliminates  all  but  the  translational  degrees  of  freedom  as  the 
solvent  energy  accepting  modes. 

IBC  theory  is  not  expected  to  be  valid  for  this  system  for 
two  reasons.  Frist,  the  low  vibrational  frequencies  involved 
are  comparable  to  the  expected  collision  frequencies.  Thus, 
interference  between  collisions  would  be  expected  to  occur. 
Second,  IBC  theory  should  not  be  applicable  to  a  highly 
excited  oscillator  in  solution  as  the  collisions  will  be  driven 
by  the  large  amplitude  motions  of  the  oscillator  rather  than 
occurring  at  random  intervals  resulting  from  the  solvent 
motion.  In  contrast,  previous  studies  of  the  IBC  theory’s 
validity  at  liquid  density  have  focussed  on  the  density  de- 
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^ndence  of  the  n  =  1— >0  time  of  high  frequency  oscillators 
such  as  H2.and  N2  where  the  above  conditions  do  not  exist 
and  IBG  theory  may  be  valid  [3]. 

Additionally,  study  of  the  multilevel  relaxation  process  of 
I2  offers  a  unique  perspective  on,. the  validity  of  the  IBC 
model  as  compared  to  these  other  experiments.  The  diffi¬ 
culty  with  interpreting  the  results  of  the  u  =  1— >0  studies 
is  that  a  calculation  of  Z  (g)  is  necessary  in  order  to  ascertain 
the  validity  of.  the  IBC  model  since  the  relative  change  in 
relaxation  rates  between  two  densities  g,  and  ^2  according 
to  the  IBC  model  is  given  by 

^  ZM  f4) 

^,-Ae2)  Z(g2)  ■  ^  ^ 

In  solution,  a  collision  is  a  nebulous  concept  and  calcula¬ 
tions  of  Z  vary  widely  in  magnitude  with  model  and  are 
very  sensitive  to  . parameters  such  as  molecular  size.  Thus, 
studies  in  which  the  relaxation  rate  between  two  levels  is 
measured  as  a  function  of  density  do  not  test  the  underlying 
assumption  of  the  density  independence  of  Pi^j  separately 
from  the  model  of  Z{g)  employed.  In  the  experiments  on  I2, 
the  relaxation  has  been  experimentally  measured  over  ap¬ 
proximately  30  vibrational  levels  (we  could  not  directly  ob¬ 
serve  the  relaxation  over  the  upper  half  of  the  ground  state 
surface).  Following  the  relaxation  over  a  large  number  of 
vibrational  levels  as  a  function  of  solvent  density  eliminates 
the  need  of  calculating  Z  in  testing  the  density  dependence 
of  the  Pi„j, 

To  understand  this  distinction,  consider  the  relaxation 
process  over  many  vibrational  levels  in  the  IBC  framework. 
After  Z(g)’t  binary  collisions,  the  vibrational  population 
distribution  vector,  N{t),  would  be 


N{t)  =  P-P'P...-P-N{t  =  0)  =  P''-A(t  =  0)  (5) 

where  P  is  the  matrix  of  relaxation  probabilities  per  collision 
for  transitions  between  all  levels  of  the  system.  The  role  of 
Z(g)  in  this  description  of  the  relaxation  is  to  control  the 
timescale  of  the  relaxation  process.  If  the  time  were  nor¬ 
malized  by  Z(g),  i.e.,  t'  =  t/Z(g),  then  the  resulting  N(t') 
would  be  identical  for  all  g.  Hence,  plots  of  the  average 
energy  of  the  system  as  a  function  of  time  for  different  den¬ 
sity  should  show  the  same  functional  form,  differing  only  by 
a  linear  scaling  of  the  time  axis  which  accounts  for  the 
change  in  Z(g).  Provided  Z(g)  does  not  vary  with  vibra¬ 
tional  energy,  any  deviation  from  linear  scaling  would  be 
an  indication  of  nonbinary  behavior.  The  timescaling  factor 
S  necessary  to  overlap  the  energy  decay  curve  at  gz  to  that 
of  01  can  be  determined  from 

Z(0,)-t  =  S-Z(02)-f  (6) 


which  leads  to 


.  _  Z(g0 

Zigz)  ■ 


(7) 


The  I2  vibrational  energy  as  a  function  of  time  is  determined 
experimentally  through  picosecond  transient  absorption 
spectroscopy.  Due  to  the  change  of  the  Franck-Condon  fac¬ 
tors  with  vibrational  energy,  the  transient  absorption  shifts 
from  the  near  infrared  at  high  vibrational  energies  to  ap¬ 
proximately  520  nm  at  u  =  0.  With  the  transient  absorptions 
in  this  wavelength  region  and  by  calculating  the  extinction 
coefficients  for  the  ground  state  absorption,  the  vibrational 
population  distribution  can  be  determined  as  a  function  of 
time  by  applying  Beer’s  law.  This  analysis  has  been  per¬ 
formed  for  the  lower  6000  cm“'  of  the  I2  ground  state  po¬ 
tential  surface.  The  density  range  of  Xe  in  which  the  exper¬ 
iment  was  performed  was  1.8  to  3.4  g/cc  at  280  K  which 
corresponds  to  a  Lennard-Jones  reduced  density  (ga^)  range 
of  0.57  to  1.07  at  a  Lennard-Jones  reduced  temperature  (/cT/ 
e)  of  1.26.  A  sample  plot  of  vibrational  energy  vs.  time  for 
the  1.8  g/cc  and  the  time  scaled  j’.O  g/cc  is  shown  in  the  Fig. 
1.  The  functional  form  of  the  relaxation  at  all  densities  is  the 
same.  Thus,  the  P,^j  are  density  independent  over  the  entire 
liquid  density  portion  of  the  Xe  phase  diagram  as  is  assumed 
in  the  IBC  model. 


The  h’s  average  vibrational  energy  as  a  function  of  time  in  1.8  g/ 
cc  Xe  (circles)  and  in  3.0  g/cc  Xe  (line)  where  the  time  base  of  the 
3.0  g/cc  data  has  been  multiplied  by  3.0.  The  functional  form  of  the 
relaxation  is  identical  for  the  two  solvent  densities.  The  error  bars 
represent  one  standard  deviation  of  the  average  energy  for  the  1.8 
g/cc  Xe  solution 


Concurrent  with  the  experiments,  a  theoretical  model  of 
the  12/Xe  system  was  constructed.  In  order  to  provide  a 
reference  system  for  comparison  of  IBC  and  continuum  the¬ 
ories,  a  molecular  dynamics  simulation  of  L/Xe  was  per¬ 
formed.  Comparisons  of  the  predictions  of  these  theories 
with  the  simulation  results  will  therefore  not  depend  upon 
differences  in  the  potentials  assumed  (in  contrast  to  com¬ 
parisons  with  the  experimental  results)  [4].  The  system  was 
a  classical  molecular  dynamics  simulation  using  periodic 
boundary  conditions.  The  potentials  used  were  a  Lennard- 
Jones  potential  between  the  iodine  atoms  and  Xe  atoms  and 
a  RKR  potential  for  L.  There  were  255  xenon  atoms  and 
one  iodine  molecule  in  the  system,  these  numbers  were  cho¬ 
sen  because  they  minimized  the  effects  of  heating  of  the 
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liquid^after  dissociation  due  to  the  small  number  of  particles 
and  it. was  still  a  small  enough  system  to  allow  a  reasonable 
number  of  trajectories  to  calculated  bn  a  Cray  X-MP.  The 
functional  forms  of  the  vibrational  energy  vs.  time  for  all 
the  densities  performed  were  the  same.  This  would  seem  to 
indicate  as  described  above  that  the  P,^j  are  density  inde¬ 
pendent.  Also,  the  functional  form  found  from  the  molecular 
dynamics  simulations  was  seemingly  the  same  functional 
form  found  in  the  experiments.  The  only  difference  was  that 
the  molecular  dynamics  relaxed  about  12.4.  times  faster  than 
the  experiment.  This  may  be  due  in  part  to  the  finite  volume 
of  Xe  heating  up  from  the  dissociation  energy  of  the  iodine. 
Also,  the  Lennard-Jones  potential  may  be  steeper  than  the 
real  I2— Xe  potential.  Qualitatively,  the  density  dependence 
of  the  relaxation  was  the  same  for  both  the  molecular  dy¬ 
namics  and  the  experiment.  There  was  some  discrepancy  in 
the  actual  numbers.  Over  the  liquid  range  studied  by  the 
experiment,  from  1.8  g/cc  to  3.4  g/cc,  the  vibrational  relax¬ 
ation  was  4  times  faster.  The  molecular  dynamics  was  also 
4  times  faster  for  the  range  of  1.8  g/cc  to  3.0  g/cc.  The 
molecular  dynamics  could  not  be  run  at  3.4  g/cc  because 
that  is  Lennard-Jones  solid  while  real  Xe  is  a  fluid.  This 
shows  that  the  molecular  dynamics  seems  to  be  a  fairly 
realistic  representation  of  the  vibrational  relaxation  in  the 
liquid  and  only  fails  mainly  to  lack  of  exact  potentials. 

Given  the  success  of  reproducing  experimental  results  by 
the  molecular  dynamics  and  the  evidence  that  IBC  theory 
may  provide  a  valid  model  for  explaining  the  experimental 
results,  an  IBC  calculation  was  performed.  The  calculation 
of  P,„j  performed  for  I2  and  Xe  is  a  one  dimensional  classical 
calculation  of  energy  loss.  Studies  have  shown  that  the  one 
dimensional  calculation  is  a  reasonable  substitute  for  three 
dimensions  if  the  constraints  described  in  a  paper  by 
McKenzie  are  realized  [5].  The  I-I  potential  used  is  the  same 
RKR  surface  as  used  in  the  molecular  dynamics  simulation^. 
The  potential  between  I  and  Xe  is  a  Weeks  Chandler  An¬ 
derson  (WCA)  decomposition  of  the  Lennard-Jones  poten¬ 
tial  [6].  Note  that  the  WCA  decomposition  was  originally 
intended  to  explain  liquid  structures  for  reduced  densities 
greater  that  0.6.  Even  though  most  of  the  comparisons  to 
molecular  dynamics  will  be  in  this  range,  WCA  w'as  not 
chosen  for  this  reason. 


V(r)  =  4e 


C  =  4e 


C  where  r  <  r,, 


where  rc  =  2“^®’<7 


V{r)  =  0 


where  r>r<.. 


(8) 


The  WCA  decomposition  was  chosen  for  three  reasons. 
When  a  gas  liquifies,  energy  (the  heat  of  vaporization)  is 
released  due  to  the  solvent  atoms  spending  most  of  their 
time  in  the  bottom  of  the  well  where  the  potential  is  repul¬ 
sive.  The  attractive  part  of  the  potential  is  defined  as  the 
part  of  the  potential  where  the  accelerations  arc  negative. 
Note  that  in  the  Lennard-Jones  potential,  the  potential  en¬ 


ergy  may  be  negative  for  r  <  but  the  accelerations  are 
not  negative.  Since  the  liquid  rarely  samples  the  attractive 
part  of  the  potential,  it  was  thought  that  the  IBC  simulation 
would  be  more  realistic  if  it  also  did  not  sample  that  part 
of  the  potential,  the  turning  point  in  the  gas  phase  will  also 
be  on  average  at  a  smaller  radius  than  in  the  liquid  due  to 
the  heat  of  vaporization,  however,  the  one  dimensional  mo¬ 
del’s  turning  point  should  be  comparable  to  the  molecular 
dynamics  simulation  due  to  the  use  of  the  WCA  potential. 
Secondly,  not  having  an  attractive  section  of  the  potential 
makes  the  integration  of  the  trajectory  much  quicker  since 
there  is  less  distance  to  integrate  over  and  there  is  no  pos¬ 
sibility  of  forming  a  long  lived  complex.  Thirdly,  the  molec¬ 
ular  dynamics  simulation  that  the  one  dimensional  trajec¬ 
tories  would  be  eompared  to  used  a  Lennard-Jones  potential 
and  the  WCA  decomposition  is  the  elosest  approximation 
to  the  Lennard-Jones  potential  within  the  above  eonstraint? 

The  trajectories  show  qualitatively  what  you  would  ex- 
peet  keeping  in  mind  L’s  anharmonieity.  Vibrational  energy 
transfer  inereases  non  linearly  as  a  funetion  of  v,  the  vibra¬ 
tional  quantum  number.  This  at  variance  to  Landau  Teller 
theory,  which  predicts  a  linear  increases  with  v.  Of  eourse, 
Landau  Teller  theory  is  based  on  a  harmonic  oscillator  and 
I2  is  most  definitely  not  a  harmonic  oscillator.  A  calculation 
of  12’s  average  vibrational  energy  vs.  time  was  performed 
using  data  provided  by  the  one  dimensional  ealeulations  and 
it  was  found  that  the  funetional  form  of  the  energy  loss  was 
the  same  as  both  the  molecular  dynamics  simulations  and 
the  experiments. 

In  order  for  IBC  theory  to  be  a  useful  theory  it  must  also 
be  able  to  make  quantitative  predictions  of  the  relaxation 
for  a  particular  density  and  predictions  of  the  density  de¬ 
pendence.  The  collision  rate  of  4.5  per  ps.,  which  was  re¬ 
quired  to  fit  the  molecular  dynamics  simulation,  is  a  quite 
reasonable  first  order  guess  of  what  the  collision  rate  should 
be  for  Xe  at.  1.8  g/cc.  Since  the  trajectory  calculations  were 
one  dimensional,  there  must  be  some  steric  weighting  factor 
to  take  into  account  that  some  collisions  are  not  collinear. 
It  is  not  clear  what  that  factor  should  be,  the  value  for  the 
steric  factor  could  range  from  one  to  less  than  1/3  [7,8]. 
Nevertheless,  the  fact  that  P,„j  seems  to  be  constant  as  a 
function  of  density  demonstrates  that  the  steric  factor  is  also 
a  constant  of  density.  An  estimate  of  the  scale  factor  can  be 
found  using 


Ki  is  the  rate  for  the  liquid  at  density  e,,  where  the  i—^j 
subscript  has  been  dropped,  Kz  is  rate  at  liquid  density  qz, 
</i  (R*)  is  the  radial  distribution  function  for  that  liquid  den¬ 
sity  evaluated  at  some  R*,  and  1/2 (R*)  is  the  radial  distri¬ 
bution  function  evaluated  at  R*  for  density  2.  R*  is  the 
turning  point  for  the  most  effective  collisions  and  it  is  as¬ 
sumed  that  this  region  is  small.  In  1971,  Davis  and  Oppen- 
heim  derived  this  equation,  using  a  master  equation  ap¬ 
proach  to  describe  vibrational  relaxation  in  the  weak  cou¬ 
pling  limit  in  a  liquid  [9,10].  Their  theory  was  thought  at 
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the  time  to  apply  only  to  high.  fre.quency,  pjcillators,  al¬ 
though  work  by  Chesnoy  seems  to  indicate  otherwise  [11]. 

This  presents  the  problem  of  calculating  the  g(R*)  for  the 
oscillator.  One  approach  to  this  problem  was  to  use  the 
attractive  hard  spheres  pair  distribution  model  by  Delalande 
and  Gale:  [12].  This  model  assumes  that  the  collision  rate 
should  be  calculated  at  the  hard  sphere  radius.  One  then 
assumes  the  radial  distribution  function  at  R*  can  be  ap¬ 
proximated  by  the  Carnahan  and  Starling  approximation, 
[13] 


where  a  is  the  hard  sphere  contact  distance  and  q  is  the 
number  density.  The  problem  with  this  approximation  is 
that  the  hard  sphere  radius  which  provides  the  best  model 
for  the  radial  distribution  is  not  necessarily  the  correct  ra¬ 
dius  at  which  to  evaluate  R*.  A  more  sophisticated  version 
of  this  theory  was  employed  by  Madden  and  van  Swol  [14]. 
They  used  WCA  theory  to  calculate  the  cavity  distribution 
function  which  was  then  related  to  the  ratio  of  vibrational 
relaxation  rates  in  a  dilute  gas  to  a  dense  liquid.  This  as¬ 
sumed  that  g{R)  could  be  approximated  by  a  properly  cho¬ 
sen  hard  sphere  fluid  of  the  same  density.  They  did  not 
equate  R*  with  the  hard  sphere  diameter  used  to  calculate 
the  radial  distribution  function.  We  calculated  the  radial 
distribution  of  an  iodine  atom  in  liquid  Xe  directly.  Using 
the  R*  calculated  from  the  one  dimensional  trajectories, 
3,7— 3.8  A,  good  agreement  was  found  for  the  scale  factors 
given  by  equation  nine  for  the  different  densities. 

The  scale  factors  could  also  have  been  calculated  using 
continuum  theories.  It  has  been  shown  that  the  vibrational 


relaxation  rate  is  affected  by  [15,16] 

F{t)  =  (E/(r,(0)5/(r.(0))) 

(11) 

F,(t)  =  (lM(t))ArM)- 

(12) 

Where  F(t)  is  the  total  force  autocorrelation,  Fi,{t)  is  the 
binary  force  autocorrelation  and  f(t)  is  the  coupling  from 
the  liquid  to  the  oscillator  at  lime  t.  Oxtoby  has  also  con¬ 
sidered  this  type  of  division  of  the  forces  [17].  From  these 
correlation  functions  and  the  Golden  Rule,  the  relaxation 
rate  is 

-^«fdte‘“"F(t).  (13) 

Basically,  the  component  of  the  force  autocorrelation  spec¬ 
trum  at  the  oscillator  frequency  determines  the  relaxation 
rate.  Figs.  2  and  3  show  the  force  autocorrelations  and  the 
frequency  spectrum  for  an  I  atom  in  liquid  Xe  at  1.8  g,cc. 
It  has  been  found  that  the  binary  force  autocorrelation  func¬ 
tion  frequency  spectrum  was  very  similai  to  the  total  force 


autocorrelation  function  frequency  spectrum,  down  to  fre¬ 
quencies  of  «  50  cm“'.  This  is  evidence  for  the  appropri¬ 
ateness  for  using  IBC  theory  to  model  the  vibrational  re¬ 
laxation  even  though  I2  has  such  a  low  vibrational  fre¬ 
quency.  This  implies  that  the  coupling  to  the  bath  is  weak 
and  could  be  treated  as  linear.  Accordingly,  stochastic  the¬ 
ories  should  also  be  appropriate  for  this  system.  A  stochastic 
approach  should  work  due  to  the  linearity  of  the  system  and 
its  ability  to  take  into  account  the  many  body  forces  through 
the  total  force  autocorrelation.  Smith  and  Harris  have  ap¬ 
plied  a  generalized  Langevin  equation  technique  to  this 
problem  and  also  found  results  that  agree  with  the  molecular 
dynamics  simulations  [18,19]. 


TOTAL  FACF  (-)  IBC  FACF  (-  -) 


The  total  force  autocorrelation  and  the  binary  force  autocorrelation 
described  in  Eqs.  (11)  and  (12)  are  calculated  for  an  I  atom  in  1.8 
g/cc  Xe.  The  early  time  components  are  very  similar 

Both  of  the  above  approaches  will  fail  if  the  coupling 
between  the  bath  and  oscillator  is  strong.  IBC  theory  will 
also  fail  if  the  binary  force  autocorrelation  function  power 
spectrum  at  the  appropriate  frequency  is  not  the  same  as 
the  total  force  autocorrelation.  The  most  probable  reason 
for  the  two  force  autocorrelation  functions  not  being  the 
same  is  if  many  body  effects  become  more  important  and 
provide  damping  at  the  oscillators  frequency. 

Thus  we  have  shown  through  experiments  and  calcula¬ 
tions  that  IBC  theory  and  continuum  theories  seem  to 
model  well  the  vibrational  relaxation  of  I2  in  a  simple  liquid. 
This  is  somewhat  surprising  given  that  L  is  such  a  low  fre¬ 
quency  oscillator  and  the  I^  vibrational  amplitude  is  quite 
large  in  the  upper  part  of  the  well.  Further  experiments  in 
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•0  . 

a  simple  lennard-Jones  fluid  such  as  Ar  are  required  to  test 
the  above  theorira  in  a  more  quantitative  fashion. 


POWER  SPECTRUM  OF  TOTU  FAC?  (-)  AND  IBC  PACF  (-  -) 


The  power  spectrum  of  the  total  and  binary  force  autocorrelation 
from  Fig.  4.  The  magnitudes  are  about  the  same  for  vibrational 
frequencies  above  50  cm"',  which  suggests  that  IBC  theory  may 
be  appropriate  for  Ij  in  Xe 
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Stochastic  Resonance  (SR)  is  a  term  given  to  an  effect  which  is  manifest  in  multi  stable  nonlinear  systems 
driven  simultaneously  by  noise  and  a  weak  periodic  function,  whereby  the  information  flow  through  the 
system,  in  the  form  of  the  frequency  of  the  periodic  function,  is  assisted  by  the  noise.  For  every  frequency 
of  the  modulation,  the  information  flow  is  optimum  for  a  specific  noise  intensity,  that  is  for  a  speciilc 
Kramers  transition  rate,  nence  the  term  resonance.  Two  physical  quantities  which  characterize  the  response 
of  such  a  system  have  been  the  objects  of  a  flurry  of  recent  experimental  and  theoretical  activity:  the 
Fourier  transform,  or  auto  correlation  function  of  the  appropriate  state  variable,  and  the  probability 
density  of  the  residence  or  escape  times.  The  former  have  been  used  to  obtain  the  power  spectra  and 
hence  the  signal-to-noise  ratios  of  the  response,  while  the  latter  directly  reflect  the  rates  and  symmetry 
properties  of  the  system.  Calculation  of  these  quantities  pose  specific  problems  for  theorists  characteristic 
of  non  stationary  Fokker-Planck  systems.  In  this  paper,  I  will  briefly  review  the  recent  activity  and  include 
some  remarks  on  the  historical  foundations  of  SR. 


1.  Introduction 

In  recent  years,  interest  in  time  modulated,  stochastic,  non¬ 
linear  systems  has  been  increasing.  Such  systems  are  im¬ 


portant  in  studies  on  dynamical  bifurcation  phenomena,  for 
example,  phase  transitions  occuring  under  the  simultaneous 
influence  of  noise  and  time  dependent  parameters  as  well  as 
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various  transport  and  phase  locking  properties  of  multi- 
stable  systems  [1—6].  Stochastic  resonance  (SR)  is  an  ex¬ 
ample  with  an  interesting  history  as  welhas  a  number  of 
modern  applications.  The  physical  phenomenon,  of  SR  is 
simply  explained.  Consider,  for  example,  an  over  damped 
particle  moving  in  a  double  well  potential  subject  to  a  ran¬ 
dom^  force.  The  system  may  be  in  contact  with  a  heat  bath, 
so  iha.  the  random  forces  result  from  thermal  fluctuations. 
This  simple  construction  is  the  starting  point  for  many  mo¬ 
lecular  dynamical  models  which  form  the  microscopic  basis 
of  modern  chemical  rate  theory,  as  well  as  a  variety  of  other 
physical  applications  [7]. 

In  the  presence  of  noise,  assumed  to  be  Gaussian  distrib¬ 
uted,  the  particle  can  make  transitions.  SR  arises  because  of 
an  interplay  between  the  modulation  frequency  and  the  fa¬ 
mous  Kramers  rate,  [8],  which  in  the  unmodulated  system 
is  given  by 

ro  =  ^'[|t/''{0)lC/''(c)]'/^exp(-Af;o/Z)).  (D 

where  U“(0)  is  the  curvature  of  the  potential  barrier  located 
(at  X  =  0)  between  the  tv/o  wells.  U“{c)  is  the  curvature  of 
the  bottom  of  the  wells  (at  x  =  ±c),  AUq  is  the  height  of 
the  barrier  of  the  unmodulated  potential,  and  D  is  the  noise 
(or  thermal  fluctuation)  intensity,  defined  by  the  correlation 
function. 

=  2Dd(,t-s),  (2) 

with  <^(()>  =  0.  In  the  absence  of  modulation,  the  particle 
makes  transitions  over  the  barrier  at  random  times  and  re¬ 
sides  in  one  or  the  other  well  for  a  random  length  of  time. 
The  response  is  similar  to  the  random  telegraph  signal.  The 
probability  density  of  the  residence  times  is  a  decreasing 
exponential  function,  and  the  power  spectrum  is  a  Lorent- 
zian. 

Now  we  can  further  imagine  that  the  particle  is  subject 
to  ari'iddltional  force:  a  weak  periodic  modulation  of  fre¬ 
quency  (0.  Here,  “weak”  means  that  the  periodic  force  alone 
is  not  sufficiently  strong  to  induce  the  particle  to  undergo 
a  transition  from  one  potential  well  to  the  other.  However, 
in  the  additional  presence  of  the  noise,  the  particle  makes 
tran  itions,  which  are  now,  however,  to  some  extent  coher¬ 
ent  with  the  modulation.  The  potential  is  time  dependent 

U(x,t)  =  t/o(.v)  +  sx  sin  Wo  f ,  (3) 

and  if  £  <  AI/q,  and  wu  4  ry  (the  latter  is  known  as  the  ad¬ 
iabatic  approximation)  the  time  dependent  Kramers  rate  is 
approximately  given  by 

r(0  =  ^  [lCf"(0)l C/'(c)]  exp[(-A(/o  -F  £sinwof)/Z)] .  (4) 

It  is  this  modulation  of  the  rate  which  accounts  .•'or  the 
coherence  between  the  response  and  the  modulation  func¬ 
tions. 


For  vanishingly  small  noise  intensity,  D—^0,  the  switch¬ 
ing  rate  approaches  zero,  and  consequently  the  coherence 
vanishes.  For  indefinitely  large  noise,  the  coherence  again 
becomes  vanishingly  small  as  the  system  response  becomes 
completely  randomized.  Between  these  two  limits,  there  is 
an  optimum  noise  intensity  which  maximizes  the  coherence. 
Early  theorists  unfortunately  called  this  a  “resonance”, 
though  the  phenomenon  is  clearly  distinct  from  true  reso¬ 
nances,  for  example  resonance  activation  which  occurs  when 
under  damped  systems  with  inertia  are  driven  by  an  external 
frequency  comparable  to  a  natural  frequency  [1,2]. 

A  number  of  characteristics  of  SR  have  been  observed 
experimentally  and  satisfactorily  explained  by  modern  the¬ 
ory,  as  I  will  outline  in  Section  2.  The  dynamics  of  SR  can 
be  approached,  both  in  theory  and  experiment,  on  two  lev¬ 
els.  One  can  look  at  a  reduced,  or  “two  state”,  dynamics 
wherein  the  only  information  required  is  which  well  the  par¬ 
ticle  resides  in  at  a  given  moment.  Alternatively,  one  can 
observe  the  complete  dynamics  which,  in  addition  to  the 
switching  events,  includes  the  stochastic  and  regular  mo¬ 
tions  within  the  individual  wells. 

The  most  frequently  observed  physical  quantity  in  SR 
experiments  is  the  power  spectrum  P(co).  In  measurements 
on  real  physical  systems  with  symmetric  potentials  l/(x),  the 
power  spectrum  shov/s  a  sequence  of  sharp  peaks  (in  theory 
they  are  delta  functions)  of  decreasing  amplitude  located  at 
odd  integer  multiples  of  the  modulation  frequency  riding  on 
a  broad  Lorentzian  noise  background.  If  the  symmetry  of 
i/(x)  is  destroyed,  weaker  peaks  at  the  even  integer  multiples 
of  w  appear.  The  signal-to-noise  ratio  (SNR)  is  the  ratio  of 
the  amplitude  of  the  signal  peak  to  the  amplitude  of  the 
noise  background,  both  determined  at  the  fundamental  fre¬ 
quency.  The  signal  peaks  represent  the  coherent  part  of  the 
response.  SR  is  demonstrated  by  observing  that  the  SNR 
increases  from  zero  and  passes  through  a  maximum  with 
noise  intensity  in  the  two  state  dynamics.  (For  the  complete 
dynamics,  in  addition,  the  SNR  — >  oo  in  the  limit  Z)  — »  0, 
due  to  the  coherent  motion  within  a  single  well.) 

The  total  power  contained  in  the  noise  and  the  signal  can 
be  determined  by  integration  of  the  power  spectra.  In  the 
two  state  dynamics,  it  is  observed  that  the  total  power  is  a 
constant,  i.c.  as  the  power  of  the  modulation  is  increased 
the  power  in  the  signal  peak  increases  while  the  noise  power 
decreases  to  maintain  the  total  constant.  For  the  complete 
dynamics,  the  relation  between  these  two  powers  is  more 
complicated,  but  generally,  the  signal  power  grows  at  the 
expense  of  the  noise  power  in  the  response. 

An  alternative  quantity,  which  also  clearly  demonstrates 
the  coherence  of  the  stochastic  response  with  the  modula¬ 
tion,  is  the  probability  density  of  residence  times.  This  quan¬ 
tity  shows  a  sequence  of  strong,  Gaussian-like  peaks  cen¬ 
tered  at  odd  integer  multiple  of  the  modulation  half  period, 
772  =  Tt/o),  characterized  by  exponentially  decaying  maxi¬ 
mum  amplitudes.  There  are  no  corresponding  features  at 
sub  harmonics  of  w  in  the  power  spectra. 

In  Section  2  of  this  paper,  I  will  sketch  the  historical 
development  of  SR  theory  and  outline  the  modern  theories. 
In  Section  3, 1  will  discuss  the  two  experiments  which  have 
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been  done  and  summarize  their  results.  In  Section  4  the 
technique  of  physical  measurements  on  analog  simulators 
of  SR  systems  will  be  introduced.  Some  representative  data 
is  . presented' in  this  section  and  compared  with  the  theory. 
Finally,  a  summary  and  some  speculation  on  future  possi- 
bilities:afe  presented  in  Section  5. 


Interest  in  SR  seems  then  to  have  waned  until  1988  when 
McNamara,  Wiesenfeld  and  Roy:  demonstrated  it  in  an  in¬ 
genious  experiment  with  a  ring  laser  [15]  which  I  will,  briefly 
discuss  in  Section  2.  This  experiment  immediately  stimulated 
a  rash  of  theoretical  activity  [16-23]  asxwell  as  two  analog 
simulations  [22-25]  which  I  will  discuss  further  in  Sec¬ 
tion  2. 


1  Historical’ Background  and  Modern  Theory 
A.  Historical  Background 

The  mechanism  of  SR  was  first  propounded  and  investi¬ 
gated  by  Vulpiani  and  his  co  workers  [9]  as  an  . interesting 
stochastic  effect  in  nonlinear  dynamics  which  might  have 
useful  applications  in  a- variety  of  fields.  The  chief  theoretical 
difficulty  in  SR  problems  is  that  in  the  presence  of  an  ex¬ 
ternal  temporal  modulation,  the  corresponding  Fokker- 
Pjanck  (F-P)  equation  is  not  solvable  for  the  probability 
density  exactly.  These,  early  authors,  therefore,  concentrated 
on  estimates  of  the  mean  residence  or  “sojourn  time”,  dem¬ 
onstrating  that  this  time  became  closely  comparable  to  the 
half  period  of  the  external  periodic  modulation  for  the  op¬ 
timum  value  of  the  noise  intensity.  Residence  time  theory 
for  periodically  modulated  stochastic  systems,  which 
avoided  the  problems  posed  by  the  non  stationary  F-P 
equation,  had  been  earlier  developed  by  Eckmann,  Thomas 
and  Wittwer  and  was  successfully  applied  to  SR  early  on 
[10].  It  can  be  mentioned  at  this  point  that  residence  time 
measurements  have  only  recently  been  made  on  experimen¬ 
tal  SR  systems,  as  I  shall  discuss  in  Section  3.  The  first  study 
of  SR  in  a  partial  differential  system  was  carried  out  on  the 
stochastically  perturbed  Ginzburg-Landau  equation  also  by 
Vulpiani  and  company  [11].  Finally,  these  same  authors, 
together  with  Parisi,  proposed  SR,  in  1982,  as  a  possible 
explanation  of  the  observed  periodicities  in  the  recurrences 
of  the  earth’s  ice  ages  [12].  In  this  view,  the  earth’s  climate 
is  represented  by  a  one  dimensional  bistable  potential,  one 
(meta)  stable  state  of  which  represents  a  largely  ice  covered 
earth  [13],  The  external  noise  is  assumed  to  come  from  short 
term  fluctuations  in  the  balance  between  radiative  and  trans¬ 
port  processes,  and  the  periodic  modulation  is  most  often 
supposed  to  originate  from  variations  in  the  insolation  re¬ 
sulting  from  a  small  observed  oscillation  in  the  eccentricity 
of  earth’s  orbit  having  a  p^jriod  of  100,000  years.  Moreover, 
the  power  spectrum  of  the  dynamical  coordinate  of  the  sys¬ 
tem  was  introduced  here  for  the  first  time  in  SR  systems  in 
numerical  simulations  of.  the  climate  model. 

In  1983,  Fauve  and'Heslot  made  detailed  measurements 
on  a  noise  driven,  periodically  modulated,  bistable  electronic 
system  (a  Schmitt  trigger)  [14].  They  measured  the  power 
spectrum  of  the  output  from  which  they  extracted  the  SNR, 
and  observed  that  this  quantity  passed  through  a  maximum 
with  increasing  noise  intensity,  thus  demonstrating  SR  for 
the  first  time  in  a  laboratory  experiment.  The  location  of 
the  maximum  in  the  SNR  was  identified  (roughly)  with  the 
specific  value  of  the  noise  intensity  for  which  the  Kramers 
rate  in  the  unperturbed  potential  becomes  comparable  to 
the  modulation  frequency.  No  theory  was  put  forth  by  these 
authors.  Instead,  their  experiment  served  to  clearly  dem¬ 
onstrate  the  observable,  physical  aspects  of  SR. 


B.  Outline  of  the  Recent  Theory 

Two  models  have  been  considered,  as  mentioned  before: 
the  two  state  and  the  complete  dynamics  models.  Consid¬ 
ering  these  models,  contemporary  theories  fit  into  two  cate¬ 
gories:  the  adiabatic  approximations  [16, 17,20,22],  and  the 
non  adiabatic  calculations  [18,21].  Though  originally  the 
means  by  which  F-P  systems  could  be  treated  within  adia¬ 
batic  approximations  was  put  forth  by  Carolli  et.  al.  [26], 
and  more  recently  by  Bryant,  Wiesenfeld  and  McNamara 
[27],  the  first  contemporary  use  of  this  approximation  for 
SR  theory  was  due  to  McNamara  and  Wiesenfeld  [16] 
(MW). 

The  object  is  to  calculate  the  power  spectrum  of  the  mo¬ 
tion  of  a  particle  moving  in  a  generic  bistable  potential 
within  the  framework  of  the  two  state  model.  Following 
MW,  discrete  variables  x±  are  chosen  to  denote  the  location 
of  the  particle  in  either  the  right  (+)  or  left  (-)  potential 
well  with  corresponding  probabilities  n^,  for  which  «+  = 
1  -  n_.  A  rate  equation  can  then  be  written  in  terms  of 
the  transition  rates  out  of  the  ±  states: 


d>4 

dt 


dn_ 

df 


IF_n»-IF+n+. 


(5) 


The  probability  density  is  effectively  reduced  to  a  pair  of 
delta  functions  located  at  the  minima  of  the  two  potential 
wells  and  weighted  by  «+  and  n_  respectively,  and  from 
this  density  the  moments  can  be  computed.  Specifically  the 
second  moment  is  needed.  In  order  to  solve  (5),  some 
approximate  form  for  IF*  is  required,  and  MW  use  an  ex¬ 
pansion  in  terms  of  a  small  parameter  f/ocoscoot,  where 
qo  =  E/Z): 


IFi  =  Y(ao±«|/;oCOSWot  +  ...), 


(6) 


where  oo  and  the  product  a,  ijo  are  treated  as  parameters 
of  the  system.  From  Eq.  (5),  a  solution  for  n+  can  be  ob¬ 
tained,  and  from  that  the  autocorrelation  function 
<x(0x(t-fT)|xo,to>  and  its  to—*co  asymptotic  limit 
(,x{t)x{t  +  z)y.  This  quantity  leads  directly  to  the  power 
spectrum  through  the  Wiener-Khintchine  theorem: 


S(co)  = 


\  <xino 

■4<x^>ao’ 

2(aQ-t-(o|). 

^  OCO+CD^  . 

alcol 


dico-(Oo). 


(7) 


This  result  makes  two  notable  predictions,  both  born  out 
by  experiment,  as  shown  in  Section  3.  first,  the  shape  of  the 
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power  spectrum  is  a  delta  function  contributed  by  the  modu¬ 
lation  riding  on  a  Lorentzian  noise  background;  and  second, 
the  total  power,  signal  plus  noise,  is,  a  constant.  This  latter 
remarkable  property,  means  that  the  power  in  the  signal  part 
of  the  response  grows  at  the  precise  expense  of  the  noise 
power:  a  property  which  is  true  only  of  the  two  state  model. 
MW  have  generalized  their  theory  to  include  the  complete 
dynamics  of  an  over  damped  particle  in  the  standard  quartic 
potential: 

U{x,t)  =  -  -1-  —  x‘*  ~  CX  COSOiot ,  (8) 

wherCj  for  the  unperturbed  (c  =  0)  potential,  AUo  =  a^/4b 
and  the  minima  are  located  at  ±c  =  ±l/^.  The  Langevin 
equation  therefore  reads, 

X  =  — 0t4(x.f)  =  flx-fcx’ +  ficosa)ot  +  \/2D4(t).  (9) 

In  this  case,  the  parameters  are  known:  oo  =  (l/^a/tt) 
exp(— AC/o/£>);  ai  =  2ao  and  fjo  =  cc/2D,  which  can  be 
substituted  into  Eq.  (7)  in  order  to  obtain  the  power  spec¬ 
trum.  For  the  complete  solution;  I  refer  the  reader  to  Ref. 
[16],  and  quote  here  instead  only  an  approximate  expres¬ 
sion  for  the  SNR,  valid  for  small  modulation  strength 

2  2 

SNR  S  exp(- A  Uo/D) .  (10) 

It  only  remains  to  summarize  briefly  the  approximations 
used  by  MW.  First,  the  adiabatic  approximation  in  the  MW 
theory  is  too  <  U''(±c)  rather  than  the  more  stringent  con¬ 
dition  (at  least  for  small  D)  that  wo  ro.  The  retention  of 
only  the  first  two  terms  in  the  expansion  of  Eq.  (6)  requires 
that  o(|  tio  4  cio,  or  in  the  model  using  the  quartic  potential, 
that  »;o  <11.  This  means  that  c4  D  and  that  s  4  AUo. 

1  mention  here  that  the  adiabatic  approximation  has  also 
been  used  for  construction  of  a  contemporary  theory  of  the 
residence  times  in  SR  systems.  For  the  details  of  that  theory, 
I  refer  the  reader  to  Ref.  [22]  and  to  the  paper  by  P.  Jung 
and  P.  Hiinggi  in  this  Proceedings.  Suffice  it  to  say  here  that 
the  theory  predicts  a  sequence  of  peaks  in  the  probability 
density  of  residence  times,  of  exponentially  decreasing  am¬ 
plitude,  located  at  the  odd  integer  multiples  of  the  modu¬ 
lation  half  period  n/wo.  Some  examples  measured  on  the 
analog  simulator  experiments  are  shown  in  Section  3. 

The  MW  theory  has  also  been  used  to  calculate  the  SNRs 
of  a  noisy  neuron  [25]  using  the  Hopfield  potential  [28], 

x^ 

U(x,t)  =  — —  t\(t) In(cosh.x)  -  £x  coswot  - (H) 

where  the  one  dimensional  state  variable  x,  represents  the 
firing  rate.  Moreover,  for  this  model  the  MW  theory  has 
been  generalized  to  include  multiplicative  noise. 

(12) 


where  and  ^n,  are  the  additive  and  multiplicative  noises 
respectively.  For  the  details  of  this  calculation  and  for  the 
results  of  an  analog  simulation  of  this  neuron  potential  for 
both  over  damped  and  inertial  dynamics,  the  reader  is  re¬ 
ferred  to  Ref.  [25]. 

Turning  now  to  the  non  adiabatic  theory  of  Hanggi  and 
Jung  [18],  the  generic  Langevin  equation  used  in  the  de¬ 
velopment  reads 

X  =  x-x^ +  scos((Oot  +  <j>)  +  ^{t) ,  (13) 

where  is  a  random  phase  uniformly  distributed  over  one 
cycle  [0,2jt],  and  where  ^(t)  is  the  usual  Gaussian,  white 
noise.  The  periodicity  of  the  resulting,  non  stationary  F-P 
equation  is  used  in  analogy  with  procedures  used  in  peri¬ 
odically  forced  quantum  mechanical  systems  to  write  down 
a  solution  in  terms  of  a  Floquet  characteristic  exponent  fi 

pl‘ix)  =  e>“  f  pt,‘{xy”“^‘.  (14) 

rt  ~co 

The  Floquet  exponents  are  identified  with  the  eigenvalues 
of  an  analogous  two  dimensional  F-P  process  which  are 
purely  imaginary.  This  implies  that  the  autocorrelation  func¬ 
tion  x(0  is  a  non  decaying  periodic  function.  This  function 
is  calculated  explicitly  from  the  asymptotic  probability  den¬ 
sity  obtained  as  the  solution  of  the  non  stationary  F-P  equa¬ 
tion.  It  is  shown  that  the  very  same  autocorrelation  function 
can  be  obtained  from  the  non  stationary  F-P  equation  by 
averaging  over  the  random  phase  (j).  It  is  important  to  note 
that  all  SR  experiments,  using  both  the  laser  and  analog 
simulators,  are  performed  by  inherently  averaging  over  the 
(random)  phase  of  the  periodic  modulation.  This  is  discussed 
further  in  Section  3.  The  predictions  of  this  theory  for  the 
real  one-sided  (i.e.  measurable)  power  spectrum  are  twofold: 
first,  the  predicted  signal  features  in  the  power  spectrum  are 
a  sequence  of  delta  functions,  and  second,  for  symmetric 
potentials  like  the  standard  quartic,  they  occur  only  at  odd 
multiples  of  the  modulation  frequency.  These  predictions 
have  been  born  out  by  both  the  laser  experiment  [15]  and 
most  especially  by  measurements  on  analog  simulators  [24] 
where  the  measured  line  widths  in  the  signal  are  completely 
accounted  for  by  the  instrumental  resolution  and  bandwidth 
(i.e.  the  signal  features  in  a  system  with  infinite  resolution 
and  bandwidth  would  be  ideally  delta  functions).  Moreover, 
the  sequence  of  peaks  at  odd  multiples  of  coo  are  readily 
observed. 

Finally,  I  conclude  this  section  with  a  brief  outline  of  the 
theory  developed  by  Marchesoni  and  coworkers  [20,23]. 
They  have  treated  first  the  case  of  an  over  damped  particle 
in  the  standard  quartic  potential  within  the  framework  of 
perturbation  theory  also  in  analogy  to  techniques  developed 
for  treating  periodically  forced  quantum  mechanical  sys¬ 
tems.  Thus  they  also  avoid  the  limitations  of  the  adiabatic 
approximation,  but  are  instead  confined  by  the  limitations 
of  perturbation  theory.  While  the  results  of  these  calcula¬ 
tions  are  in  qualitative  agreement  with  analog  simulations 
performed  by  the  same  group,  the  theory  does  not  predict 
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the  delta  function  form  for  the  signal  function  nor  does  it 
predict  the  sequence  of  features  at  odd  harmonics  of  coo-  A 
major  contribution  by  this  group  has  been  to  treat  the  case 
of  inertial  motion  within  the  adiabatic  approximation,  and 
to  show  that  the  same  approximation  can  be  used  to  obtain 
some  predictions^abput  the  behavior  of  SR  systems  in  the 
•presence  of  colored  noise,  the  relevant  Langevin  equation  is 

•X  +  yx  =  X  -  +  ^(t) ,  (15) 

where  y  is  the  damping  constant,  and  ^(t)  is  now  a  colored 
noise  defined  by 

<^(0^(s)>  =-^exp[-|t-s|/T],  (16) 

with  T  the  noise  correlation  time.  The  results  of  this  theory 
are  in  quite  good  agreement  with  SNR  measurements  made 
on  an  analog  simulator  of  Eqs.  (15)  and  (16)  for  various 
values  of  both  y  and  z  considered  as  parameters. 

3.  Experiments  and  Simulations 

An  early  electronic  experiment  on  SR  was  done  by  Fauve  and 
Heslot  [14]  using  a  Schmitt  trigger.  This  experiment  was  repeated 
more  recently  also  by  McNamara  and  Wiesenfeld  [16].  The  dy¬ 
namics  of  the  Schmitt  trigger  are  represented  by  the  two  state 
model.  An  elementary  diagram  and  the  input-output  voltage  char¬ 
acteristic  of  this  device  arc  shown  in  Fig,  1.  When  operated  such 
that  <15„>  =  0,  i.e.  m  the  middle  of  the  bistable  region,  the  output 
voltage  Fo.  can  assume  cither  of  the  two  values,  F„u,  =  ±  F|.  With 
noise  alone  as  the  input,  the  trigger  randomly  switches  between 
these  states,  and  the  output  is  the  random  telegraph  signal.  When 
the  periodic  modulation  is  added  to  the  noise,  the  switching  events 
become  to  some  degree  coherent,  and  the  measured  power  spectrum 
of  the  output  shows  the  characteristic  sequence  of  delta-like  peaks 
riding  on  the  Lorentzian  noise  background  as  discussed  in  Section 
2.  The  SNR  can  be  measured  in  the  usual  way  using  the  amplitudes 
of  the  signal  peak  and  the  noise  at  the  fundamental  modulation 
frequency.  MW  find  good  agreement  between  their  SNR  measure¬ 
ments  and  the  two  state  theory. 


(a)  A  schematic  diagram  of  a  Schmitt  trigger  using  an  operational 
amplifier  driven  by  noise  and  a  periodic  function,  (by  The  transfer 
characteristic  of  the  Schmitt  trigger.  The  circuit  operates  as  the  two 
state  model  within  the  bistable  region 

It  was  the  observation  of  SR  in  a  dye,  ring  laser  [15]  by 
McNamara,  Wiesenfeld  and  Roy,  however,  which  triggered  the 
modern  burst  of  theoretical  activity.  These  authors  described  un 
experiment  wherein  the  bistability  is  represented  by  the  direction 
of  travel  of  the  light  within  the  ring.  An  acousto-optic  modulator 


is  inserted  in  the  ring.  This  device  creates  a  potential  having  a  weak 
barrier  separating  two  stable  states  which  correspond  to  the  two 
directions  of  light  travel.  The  potential  can  be  modulated  with  the 
acoustic  frequency  which  is  in  turn  controlled  by  the  external  noise 
and  periodic  signal  voltages.  A  fraction  of  the  light  traveling  in  one 
direction  was  extracted  from  the  ring  and  passed  to  a  photo  diode. 
The  output  of  the  photo  diode  was  amplified,  stored  in  a  digital 
oscilloscope  and  then  Fourier  analyzed  to  obtain  the  power  spec¬ 
trum.  This  experiment  provided  the  first  evidence  for  SR  in  a  phys¬ 
ical  system  other  than  electronic. 

Though  some  early  authors  and  MW  as  well  performed  digital 
simulations  by  integrating  an  appropriate  stochastic  differential 
equation,  the  most  recent  tests  of  the  modern  theory  have  been 
provided  by  analog  simulators.  These  are  electronic  circuit  models, 
designed  following  a  particular  stochastic  differential  equation  us¬ 
ing  modern  analog  components,  for  example,  voltage  multipliers, 
dividers,  logarithmic  and  antilogarithmic  amplifiers  etc.  [29,30]. 
Addition  of  voltages  is  performed  in  the  usual  way  with  operational 
amplifiers.  The  circuit  integrates  the  mimicked  differential  equation 
by  collecting  charge  on  a  capacitor  in  the  feedback  path  of  an 
operational  amplifier.  An  example  electronic  simulator  of  over 
damped  motion  in  the  standard  quartic  potential  is  shown  sche¬ 
matically  in  Fig.  2.  The  two  components  shown  with  crosses  rep¬ 
resent  voltage  multipliers.  The  minus  sign  indicates  an  inverting 
operational  amplifier,  and  the  summer  adds  all  the  inputs  to  form 
the  voltage  equivalent  of  the  right  hand  side  of  the  differential 
equation  shown.  Integration  in  time  then  computes  x(t),  which 
closes  the  loop  on  the  circuit.  The  feedback  capacitor  and  the  input 
resistor  of  the  integrator  define  the  integrator  time  constant  t„ 
which  establishes  the  time  scale  on  which  the  simulator  operates. 
As  shown  in  Fig.  2,  the  circuit  is  driven  by  a  signal  generator  which 
provides  the  periodic  modulation,  and  a  noise  generator  [31]  which 
provides  wide  band  Gaussian  noise.  A  linear  filter  between  the  noise 
generator  and  the  circuit  model  (not  shown)  produces  time  corre¬ 
lated  noise  with  correlation  function  given  by  Eq.  (16)  [32],  The 
mean  square  noise  voltage  ((i),  ((HO)  at  the  output  of  the  filter  is 
measured  with  a  wide  band  voltmeter,  and  the  noise  intensity  is 
obtained  from  =  Dlx„. 


x=x-x3+  esinwt+^Jt) 

Fig.  2 

A  schematic  diagram  of  the  analog  simulator  of  the  standard  quar¬ 
tic  potential.  The  x  symbols  represent  multipliers,  the  —  is  an 
inverting  amplifier,  S  is  an  operational  amplifier  summing  circuit, 
and  the  integrator,  shown  by  Jdl,  is  an  operational  amplifier  with 
an  input  resistor  R  and  a  feedback  capacitor  C  which  result  in  a 
time  constant  r,  =  RC.  The  stochastic  differential  equation  of  the 
motion  is  shown  below 

The  time  dependent  v  oltagcs  x  (i),  and  in  some  eases  .v  (i ),  are  then 
passed  to  an  analog-lo-digital  eonveitoi  (ADC).  After  digitizing, 
these  lime  senes  are  then  stored  in  a  eomputei  and  processed.  A 
number  of  quantities,  and  their  ensemble  averages,  can  be  obtained 
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frofh  these  dat^  only  two  of  which  are  discussed  here:  the  power 
spectrum  and  the.  residence  tinie  probability  density. 

Typically,  20()0idigitized: points  are  obtained  in, a  single-'-time 
series  by  dining  the  gate  on  the  ADC  at  a  random  phase.of  the 
periodic  modulation.  The  power  spectrum  and/or  probability  den¬ 
sity  are- computed  and^slored  for  averaging-Perhaps -10.000  such 
operations  areiperfonned,  each  time  openihg  the  ADG  gate  at  a 
random.phase.  In  this  way  the  final  result  is  obtained  as  an  average 
overthepli^e  of  the  modulation.  Example  data  are  shown  in  Fig. 
3.  in  Fig..3(a)„an  example  time  series,  x(t),  is  shown  as  digitized 
directly  from  the  circuit  model.  Note  that  this  represents  the  com¬ 
plete  dynamics.  The  switching  behavior  between  the  two  wetis  is 
evident  as  well  as  the  intra  well  motion.  A  sample  of  the  periodic 
modulation  is  shown  in  Fig.  3(b),  and  the  final,  averaged  power 
spectrum -is  shown' in  (c).  Note  the  Lorentzian  noise  background, 
the  delta-like  peak  at  the  modulation  frequency  and  the  small  3ed 
harmonic  peak, 


Fig.  3 

Example  data  from  the  analog  simulator,  showing  (a)  a  digitized 
time  series  x(t);  (b)  the  periodic  modulation;  and  (c)  the  power 
spectrum  averaged  from  many  samples  of  time  series.  The  width  of 
the  signal  peak  is  determined  completely  by  the  bandwidth  and 
frequency  resolution  of  the  measuring  and  Fourier  transforming 
systems 


In  order  to  study  the  two  state  model  or  to  measuib  the  prob¬ 
ability  density  of  residenee  times,  it  is  necessary  to  eliminate  the 
intra  well  motion  by  replaeing  it  with  a  constant,  say  one  volt.  This 
is  aecomplished  by  connecting  the  output  if  the  circuit  to  a  voltage 
comparator  whose  output  voltage  obeys  the  following  logic: 


_  -FI  if  x(i)>0 
—1  if  x(0<0. 


(17) 


(a)  A  time  scries  measured  after  connecting  a  voltage  comparator 
at  the  output  of  the  analog  simulator,  The  simulator  dynamics  thus 
mimic  the  two  state  model  the  sequence  of  residence  times, 
arc  determined  for  one  well  only,  in  this  example  the 
well  located  near  -F  1  volt,  (b)  An  example  of  a  measured  proba¬ 
bility  density  of  residence  times  assembled  from  many  samples  of 
the  time  series.  In  this  example  the  modulating  frequency  was  500 
Hz  so  that  the  half  period,  7o/2  =  1  ms.  Note  the  sequence  at  odd 
multiples  of  Toll 


elude  that  the  sequences  of  peaks  in  the  residence  time  probability 
density  and  in  the  power  spectrum  are  unrelated  except  that  they 
both  reflect  the  inherent  symmetry  of  the  standard  quartic  potential. 

The  particular  circuit  shown  in  Fig.  2,  and  the  example  results 
of  Figs.  3  and  4,  are  for  over  damped  motion  in  the  standard  quartic 
potential,  many  other  models  arc  possible  as  discussed  in  Ref.  [29] 
including  also  cases  of  inertial  motion  with  arbitrary  damping.  A 
recent  example  is  the  noisy  Hopficld  neuron  as  discussed  in  Ref. 
[25].  In  every  case,  the  simulators  were  constructed  following  the 
principles  outlined  here. 


An  example  of  the  comparator  output  is  shown  in  Fig.  4  (a).  The 
residence  times,  7),  for  the  right  well  =  -F  1)  are  shown. 

Fig.  4  (b)  shows  an  example  of  the  measured  probability  density  of 
residence  times  for  a  modulation  frequency  of /o  =  2  kHz.  Note 
the  first  maximum  located  at  To/2  =  1  ms  and  the  successive  peaks 
at  odd  multiples  of  To/2.  We  note  in  passing  that,  while  the  power 
spectrum  is  the  almost  universally  accepted  tool  of  choice  for  har¬ 
monic  analysis,  the  residence  time  probability  density  certainly  ex¬ 
hibits  a  distinctive  characteristic  structure  and  in  .surne  applications 
may  be  more  suitable.  Indeed,  Fletcher,  Havlin  and  Weiss  [33]  have 
found  this  quantity  most  useful  in  studies  on  random  walk  prob¬ 
lems.  Further,  we  note  that  if  converted  to  frequencies,  these  peaks, 
except  for  the  first  one,  would  be  subharmomes  of  the  fundamental 
frequency.  Yet,  in  spite  of  careful,  precision  searches,  no  such  sub- 
harmonics  are  observable  in  the  measured  power  spectra.  We  con- 


4.  Some  Results 

In  this  section,  I  will  present  some  further  data  for  comparison 
with  the  theoretical  predictions.  First,  the  SNR  data  for  the  case  of 
t  =  0.4  and  /»  =  50  Hz  using  the  standard  quartic,  over  damped 
dynamics  specified  by  Eqs.  (8)  and  (9)  are  shown  in  Fig.  5.  The 
asterisks  are  the  measured  SNRs  and  the  solid  curve  is  the  calcu¬ 
lated  result  from  Eq.  (10).  The  plus  signs  show  the  behavior  of  the 
noise  background  amplitude  measured  from  the  power  spectrum 
at  the  modulation  frequency.  These  are  plotted  on  the  vertical  scale 
in  decibels  using  the  standard  definition,  amplitude  in  db  10 
logSNR.  We  see  that  the  location  of  the  maximum  is  predicted  by 
the  approximate  relation  with  reasonable  accuracy  Since  Eq  (10) 
IS  valid  only  for  small  D,  it  is  not  surprising  that  the  agreement 
seems  to  break  down  at  larger  noise  intensity  An  inaccuracy  in  the 
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piotting  routine,  accounts  for  the  apparent  discrepancy  near  the 
.origin. 


An  example  of  stochastic  resonance.  The  vertical  scale  is  the  SNR 
in  decibels.  The  asterisks  are  the  measured  results,  the  curve  is  an 
approximate  theory  and  the  plus  signs  are  the  values  of  the  noise 
background  measured  at  the  modulation  frequency 


Fig.  6 

(a)  A  measured  probility  density  P(x),  in  the  absence  of  modulation 
for  the  asymmetric  potential.  The  well  near  —  1  volt  is  the  more 
stable,  (b)  The  power  spectrum  measured  for  the  asymmetric  po¬ 
tential,  showing  the  usual  sequence  of  peaks  at  the  odd  harmonics 
as  well  as  a  weaker  set  of  peaks  at  the  even  harmonics 


Next,  the  effect  of  the  sjmmetry  of  the  potential  on  the  sequence 
of  peaks  in  the  power  spectrum  can  he  investigated.  The  symmetry 
of  the  standard  quartic  can  be  destroyed  by  adding  a  small  constant 
force  q: 


U{x,t)  =  +-^x‘*  —  B  cosoio  t  +  qx.  (18) 

The  effect  of  q  can  be  illustrated  by  setting  e  =  0,  applying  the 
noise  and  simply  measuring  the  stationary  probability  density  P(x). 
An  example  is  shown  in  Fig.  6(a)  which  shows  that  we  have  lowered 
the  left  well  at  x  =  —IV  and  raised  the  right  hand  well.  If  the 
modulation  is  now  switched  on|(E  0),  then  a  power  spectrum  as 
shown  in  Fig.  6(b)  is  obtained.  We  note  the  usual  sequence  of 
stronger  peaks  at.^  =  50  Hz  and  its  odd  multiples.  In  addition, 
there  arc  now  weaker  peaks  at  the  even  harmonics.  This  clearly 
demonstrates  the  symmetry  arguments  made  by  Hanggi  and  Jung 
[18]. 


(a)  Two  power  spectra,  one  of  the  noise  alone  (dotted  curve)  and 
the  other  of  the  modulation  plus  the  noise  (solid  curve).  Note  the 
decreased  noise  background  when  the  modulation  is  present,  (b) 
The  integrals  of  the  data  shown  in  (a),  where  the  dashed  curve  is 
the  noise  alone  and  the  solid  curve  is  the  noise  plus  the  modulation. 
The  two  curves  converge  at  high  frequency  indicating  that  the  total 
power  in  each  spectrum  is  a  constant 

Finally,  the  constancy  of  total  power  in  the  noise  and  signal 
spectra  can  be  demonstrated  as  shown  in  Fig.  7.  First  the  noise 
spectrum  alone  is  measured  by  setting  «  =  0.  This  is  shown  by  the 
dotted  curve  in  Fig.  7(a).  For  all  the  same  experimental  conditions, 
the  modulation  is  now  switched  on  as  shown  by  the  solid  curve 
with  the  familiar  signal  peak.  Note  that  the  noise  background  has 
been  suppressed  by  the  modulation.  The  magnitudes  of  the  total 
powers  can  be  displayed  by  digitally  integrating  the  data  of  Fig. 
7(a).  These  curves  are  shown  in  (b),  where  the  solid  curve  is  the 
result  with  the  modulation  present  and  the  dashed  curve  is  the  noise 
alone.  The  two  curves  converge  at  high  frequency  indicating  the 
same  total  power.  This  result  clearly  demonstrates  the  total  power 
prediction  of  MW  in  Ref.  [16].  It  is,  however,  true  only  for  the  two 
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state  ihodel,  and  can  only  be  obtained  from  the  simulator  with  the 
volta^  romparator  on  the.  output. 

We  now  turn  to,  the, probability  density  of  residence  times,  the 
adiabatic  theory  of  which  was  develop^,  in  Ref.  [22].  This  prob¬ 
ability  density  was  assembled  in  the  usual;  way.  from  the  f\  obtained 
from  measur^  time  series  as  shown,  for  example,  in;Fig.  4.  A  result 
calculated  from  the  theory  of  Ref.  [22]  is  shown  in  Fig.  8(a),  where 


(a)  A  P(T)  curve  and  its  mean  (dashed  curve)  calculated  from  the 
theory  of  Ref.  [22]  for  D  =  0.03  and  e  =  0.2.  (b)  a  measured  P(T) 
curve  for  the  same  conditions  from  the  analog  simulator.  The  data 
are  plotted  on  a  semi  logarithmic  scale  in  order  to  illustrate  the 
near  exponential  decay  of  amplitudes,  (c)  Calculated  results  for 
D  =  0.05,  and  (d)  measured  for  the  same  conditions 


the  dashed  curve  is  a  calculation  of  the  average  density  and  is  a 
near  exponential:  This  property  is  further  illustrated  by  the  data, 
measure  for  the  same  parameter  values,  shown  in  Fig.  8(b),  where 
P(T)  is  plotted  on  a  semi  logarithmic  scale.  The  straight  dashed 
line  illustrates  the  near  exponential  decily  of  the  amplitudes  as 
measured  on  the  analog  simulator,  The  slope  of  the  dashed  line  is 
a  strong  function  of  D,  Fig.  8(c)  shows.the  theoretical  results  for  a 
larger  value  of  Z>,  and  the  corresponding  measured  result  is  shown 
in  (d).  There  is  a  small  discrepancy  between  the  calculated  and 
measured  slopes.  This  derives  from  an  inherent  uncertainty  in  de¬ 
terminations  of  D  from  the  analog  simulator  near  the  white  noise 
limit. 


5.  Discussion 

In  this  paper,  I  have  reviewed  the  development  of  the 
theory  of  SR  and  summarized  the  modern  results.  In  par¬ 
ticular,  the  striking  predictions  related  to  the  symmetry 
properties  of  the  potential  have  been  clearly  demonstrated 
by  the  analog  simulations  both  in  the  frequency  domain,  by 
measurcihents  of  the  power  spectra,  and  in  the  time  domain 
by  measurements  of  the  residence  time  probability  densities. 
Moreover,  the  constant  total  power  property  of  the  two  state 
model  was  also  demonstrated  by  direct  measurements.  It 
should  be  noted  that  SR  can  occur  in  any  bi-  or  multi-stable 
potential,  possibly  in  more  than  one  spatial  dimension  as 
well.  It  has  only  been  demonstrated,  however,  for  the  stan¬ 
dard,  one  dimensional  quartic  and  for  a  single  Hopfield 
neuron  potential.  It  is  likely  that  SR  will  find  further  appli¬ 
cations  if  the  theory  can  be  generalized  to  networks. 
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1.  introduction 

Activation  processes  in  bi-  and  multistable  systems  play 
an  important  role  in  many  fields  of  physics  and  chemistry 
such  as  optical  bistability  [1],  tunnel  junctions  [2]  and 
chemical  reaction  kinetics  [3]  to  quote  but  a  few.  The  com¬ 
mon  situation  is  a  dynamical  system  with  at  least  two  basins 
of  attraction.  Fluctuations  provide  the  possibility  of  crossing 
a  basin  boundary  and  thus  give  rise  to  escape  events.  The 
statistics  of  barrier  crossings  has  been  discussed  in  terms  of 
escape  rates  in  the  celebrated  paper  by  Kramers  [4],  and 
subsequently  in  a  large  number  of  publications  [5].  More 
recently,  the  role  of  additional  periodic  driving,  modeling 
the  influence  of  periodic  external  fields,  has  been  considered 
in  a  number  of  experimental  and  theoretical  investigations 
[6].  In  the  low  friction  regime,  the  dynamical  system  has 
been  transformed  to  action  angle  variables,  yielding  under 
the  assumption  of  regular  deterministic  motion  a  time  ho¬ 
mogeneous  Fokker-Planck  equation  in  action  or  equiva¬ 
lently  in  energy  space  [6a, f].  The  overdamped  limit  has  been 
considered  recently  by  one  of  us  for  a  quartic  double  well 
potential  [7].  In  the  regime  of  small  and  large  driving  fre¬ 
quencies,  approximation  schemes  have  been  derived  [7] 
while,  thus  far,  in  the  intermediate  regime  only  numerical 
results  are  yet  available. 

In  section  2  of  this  paper  a  general  concept  for  escape 
rates  in  periodically  driven  systems  is  presented.  In  section 
3  the  particular  model,  Brownian  motion  in  a  washboard 
potential,  is  introduced  and  the  equations  of  motion  are 
discussed.  The  connections  between  escape  rates,  mobility 
and  the  diffusion  coefficient  in  the  overdamped  limit  are 
derived  within  a  jump  model  in  section  4.  In  section  5,  the 
enhancement  of  the  escape  rate  due  to  periodic  forcing  is 
computed  as  a  function  of  the  driving  amplitude  and  fre¬ 
quency  in  the  overdamped  limit. 

The  static  current  voltage  characteristics,  i.e.  the  averaged 
velocity  as  a  function  of  the  bias,  is  known  to  exhibit  Shapiro 
steps.  In  section  6,  the  dynamical  current  voltage  charac¬ 
teristic,  i.e.  the  averaged  velocity  as  a  function  of  the  driving 
amplitude,  is  evaluated.  The  observed  dynamical  behavior 
is  surprisingly  rich  and  includes  besides  steps,  which  arc 
closely  related  to  Shapiro  steps,  also  oscillatory  behavior. 
One  main  difference  to  the  static  current-voltage  character¬ 
istic  is  that  the  averaged  velocity  can  also  decrease  with 
increasing  driving  amplitude. 

2.  Basic  Concept 

In  this  section  a  general  concept  for  escape  rates  in  sys¬ 
tems  with  periodic  forcing  is  presented.  For  the  following 
discussion  we  assume  that  our  problem  is  stated  in  terms  of 
a  set  of  Langevin  equations 


The  dynamical  system  without  noise  is  assumed  to  have  two 
coexisting  basins  of  attraction,  Ai  and  A2.  Under  the  influ¬ 
ence  of  noise,  the  systems  can  cross  the  basin  boundary  and 
can  thus  escape  from  one  basin  of  attraction  to  the  other. 
Injecting  particles  in  A)  and  absorbing  them  in  the  neigh¬ 
boring  attractor  /I2  (by  appropriate  use  of  reflecting  and 
absorbing  boundary  conditions  [3])  a  stationary  flux  •Snfa:) 
over  the  basin  boundary  diA^Az)  between  Ai  and  A2  builds 
up.  The  escape  rate  from  Ai  to  A2  is  then  given  by  the  ratio 
of  the  total  flux  over  the  basin  boundary  and  the  total  pop¬ 
ulation  in  Ai,  i.e.  [8] 

J  dx"-‘»(a:)S,2(x)/l  dx"p(;c).  (2.3) 

OWi.Xj)  A, 

In  the  weak  noise  limit,  i.e.  D-*0,  the  rates  are  connected 
to  the  smallest  non-vanishing  eigenvalue  2m,n  of  the  Fokker- 
Planck  equation,  corresponding  to  (2.1,  2.2),  by 

.A„i„  =  r>^  +  r^‘.  (2.4) 

In  periodically  driven  systems,  e.g. 

X,  =  h,iXi,X2 . x„)  + 5,^/1  sinf2l  +  ^,(0, 

i  =  1,2 . n  and  ke  [l,n]  , 

there  is  no  stationary  structure  of  attractors  in  the  phase 
space,  spanned  up  by  the  variables  X(.  Thus,  the  flux-over¬ 
population  method  cannot  immediately  be  applied.  Time 
dependent  escape  rates,  defined  as  momentary  rates  have 
been  discussed  in  the  literature  [9].  As  a  consequence,  the 
decay  of  the  population  is  non-exponential  [10].  The  latter 
conception  is  therefore  questionable.  In  the  following  we 
introduce  a  concept  which  results  in  time  independent  es¬ 
cape  rates  and  in  exponentially  decaying  populations. 

In  a  first  step  we  extend  the  phase  space  to  «  +  1  dimen¬ 
sions  by  introducing  the  additional  variable  6=Qt  +  (p. 
escape  rates  are  now  defined  in  the  same  way  just  as  in  the 
stationary  case,  but  now  in  the  extended  phase  space.  Par¬ 
ticles  have  to  be  injected  into  and  absorbed  out  of  the  rel¬ 
evant  attractors  in  the  extended  phase  space.  The  resulting 
stationary  flux  has  to  be  integrated  along  the  basin  bound¬ 
ary  of  the  extended  phase  space.  Since  the  integration  of  the 
flux  along  the  basin  boundary  involves  also  an  integration 
over  the  additional  variable  0,  the  total  flux  and  thus  also 
the  rate  is  time-independent  [7,11].  The  smallest  non-van¬ 
ishing  eigenvalue  J.Sn  of  the  Fokker-Planck  equation  in  the 
extended  phase  space  is  connected  in  the  limit  of  weak  noise 
to  the  escape  rates  and  evaluated  via  flux  over  pop¬ 
ulation  method  in  the  extended  phase  space  by 


Xi  = /?i(xi,X2,...,x„)  +  ?((t)  i  =  l,2,...,n,  (2.1) 


where  the  set  (x(}  denotes  macrovariables,  /i,(xi,...,x„)  are 
the  force  fields  acting  on  x.  and  q,  are  Gaussian  white  noise 
forces,  i.e. 


<^,(t)>  =  0 

<?.(t)^/(0>  =  2Z)5,;6(t-0. 


(2.2) 


/Sn  =  •  (2.6) 

The  eigenvalues  of  the  Fokker-Planck  equation  in  the  ex¬ 
tended  phase  space  are  indentical  with  the  Floquet-coeffi- 
cients  of  the  non-stationary  stochastic  process  in  n  dimen¬ 
sions  [7,11,12]  (described  by  the  Fokker-Planck  equation 
corresponding  to  (2.1)  without  extending  the  phase  space). 
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process  (2.5)  iialso  given  by  the  smallest  non-vanishing  Flo- 
quet-coefficient  of  the  corresponding  time  inhomogeneous 
Fokker-Planck  equation. 

In  one  dimensional  bistable  systems,  i.e.  n  =  l,  the  ex- 
tendedi  phase  space  is  the  two-dimensional  x— 0-space.  The 
basin  boundary  is  the  unstable  periodic  orbit,  i.e.  d{At,A2) 
is  a  qne-dimensional  object  in  x— 0-space:  In  two-dimen¬ 
sional  problems,  such  as  the  Kramers’  problem  with  periodic 
driving,  x  =  u,  i)  =  -y  u  -h /(x)  +  visinflt  -b  ^(t),  the  extended 
phase  space  becomes  three-dimensional  and  the  basin 
boundary  is  an  object  which  is  two  dimensional  below  hom¬ 
oclinic  threshold  (regular  motion),  and  a  fractal  above  hom¬ 
oclinic  threshold  (irregular  motion).  The  escape  in  the  latter 
case  is  connected  with  the  flux  through  a  fractal  basin 
boundary.  While  the  regular  regime  has  been  treated  in  the 
weak  damping  limit  within  an  energy  diffusion  equation  as 
mentioned  in  the  introduction,  the  irregular  regime  is  not 
yet  solved. 

3.  The  Model:  Equations  of  Motion 

The  (tilted)  one  dimensional-washboard  potential 

F(x)  =  -dcosx-Fx  (3.1) 

is  a  multistable  potential  for  f  <  d  with  minima  and  maxima 
given  by 


=  arcsin-7  +  2nn 
d 

n  =  0,  ±1,  ±2,... 

(3.2) 

•  P  o 

=  Jt  — aresm-r  +  2nn 
d 

n  =  0,  +  1,  +2,... . 

(3.3) 

The  variable  x  is  dimensionless  and  can  thus  be  interpreted 
as  an  angle  variable  (but  not  necessarily  modulo  27i).  The 
Newtonian  equation  of  motion  supplemented  by  a  noise 
term,  i.e.  the  Langevin  equation,  reads: 

X  +  f  X  -  K'(x)  =  A  sin((ut)  -b  ^(f) ,  (3.4) 

where  dots  indicate  differentiation  with  respect  to  the  time 
t.  The  fluctuation-dissipation-theorem  of  the  second  kind 
[13]  is  fulfilled  without  periodic  driving,  i.e. 

<^(?^(r)>  =  2y/:7’5(F-?).  (3.5) 

In  dimensionless  variables,  i.e. 

t  Hj/dt 
y  sy/l/d 
A  =  A/v'd 
n  =  <y/|/d 
D  =  kTid 
F  s  F/d 


X  +  yx  -b  sinx  =  F+  A  sin(f2t)  +  ?(t)  (3-6) 

with 

<^(i)^(?)>  =  2yZ)5(r-?).  (3.7) 

Here,  the  dots  denote  differentiation  with  respect  to  T.  For 
large  damping,  i.e.  y  >  |/d,  the  first  term  on  the  l.h.s.  of  (3.6) 
or  equivalently  (3.4)  can  be  neglected,  and  we  obtain 

=  -sinx  -b  F+  A  sinflt  -b  j/D  i(t) ,  (3.8) 

with  the  scaled  time  t  =  (d/y)r  =  y~'T and  the  scaled  fre¬ 
quency  Q  =  yii  =  (y/d)m. 

4.  Escape  Rates,  Mobility  and  Diffusion  Constant  in  the 
Overdamped  Limit 

The  stochastic  dynamics  in  the  multiwell  potential  (3.1) 
may  be  modelled  by  a  hopping  dynamics  between  the  wells. 
In  the  overdamped  case  there  is  only  hopping  between 
neighboring  wells,  i.e. 

h  =  r+  P„_,  +  +r~)Pn ,  (4.1) 

where  P„  denotes  the  probability  that  the  system  is  in  the 
p-th  well  and  r*  are  the  eseape  rates  from  the  n-th  to  the 
(n  ±  l)-th  well.  The  rates  and  r“  are  assumed  to  be  in¬ 
dependent  of  the  site  n.  In  periodically  modulated  systems 
the  rates  and  populations  above  are  understood  as  those 
defined  in  the  extended  phase  space.  The  stationary  solution 

for  k-fold  periodic  boundary  conditions,  i.e. 

> 

Pn-ilnk  —  Pn  (4.2) 

is  the  uniform  distribution 

Pf'^XIk.  (4.3) 

The  mean  velocity  is  given  by  the  product  of  the  stationary 
flux  (r"’'  —  r~)P‘’'*  and  the  length  Ink,  i.e. 

<u>  =  2ji(r’’'  —  r~) .  (4.4a) 

The  mobility,  defined  by  the  ratio  of  the  mean  velocity  <u> 
and  force  F  then  reads 

=  (4.4b) 

The  diffusion  coefiicient  can  be  obtained  from  the  first  and 

second-order  moments  <«(t)>  and  <h^(i)>  of  the  master 

equation  (4.1) 

W(ty>  =  (r*  +r-)t  +  (r*  - 
<n(t)>  =  (r+-r-)t. 


(4.5) 
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The  swond'  tenn  onUhe  r.h.s.  of  the  first  equation  of  (4^5)  is 
a  transport:  term  and  Vanishes  for  zero  bias,  while  the  first 
term  omthe  f.h.s.  of  (4.5)  is  a  diffusive  term.  The  diffusion 
coefficientZJetr.  defined  by 

(4.6) 

isgivenby 

Da  =  Y(27t)^4'(<"'(')>  "  =  27t^(r-^  +  r-). 

(4.7) 

In  the  weak  noise  limit,  the  escape  rate  is  connected  with 
the  smallest  non-vanishing  eigenvalue  of  the  Fokker-Planck 
operator  corresponding  to  (3.8)  in  the  extended  phase  space. 

A  dedicate  problem,  however,  is  the  choice  of  the  boundary 
conditibnscfor  the  Fokker-Planck  equation.  Using  simple 
periodic  boundary  conditions,  i.e.  P(x,0,t)  =  P(x  +  2ji,0,t), 
the  potential  is  not  bistable  in  the  interval  [0,2  n].  The  out¬ 
going  flux  at  one  boundary  is  identical  with  the  incoming, 
flux  at  the  other  boundary.  Thus,  the  population  in  the  well 
is  not  decaying  and  the  smallest  non-vanishing  eigenvalue 
has  not  the  meaning  of  an  escape  rate.  Using  two-fold  pe¬ 
riodic  boundary  conditions,  i.e.  P{x,d,t)  =  P(x  + 
the  potential  is  bistable  in  [0,4 ti].  Thus,  the  population  in 
one  of  the  wells  may  decay,  and  the  smallest  non- vanishing 
eigenvalue  is  connected  with  the  escape  rates  r*  by 

>lmin  =  2(r++r-).  (4.8) 

Using  n-fold  periodic  boundary  conditions,  i.e.  P(x,6,t)  - 
P(x  +  2nn.B,t),  additional  branches  of  eigenvalues  emerge, 
being  connected  with  relaxation  processes  between  not-ad- 
jacent  potential  wells.  The  situation  can  be  understood  in 
terms  of  a  Bloch  theory.  A  periodic  force  field  in  space  x 
provides  eigen-solutions  of  the  Bloch-type, 

Vff(x,  0)  =  exp  (i  kx)  (x-,  0)  (4.9a) 

with 

Ua(x  +  271,0)  =  u^(x,0) ,  (4.9b) 

where  the  quasi  continuous  index  k  may  be  restricted  to  the 
first  Brillouin  zone  (Bz),  i.e.  -1/2  <  k  <  1/2  (in  the  sym¬ 
metric  choice).  In  Fig.  1  a  typical  band  structure  is  sketched 
for  illustration.  The  other  index  a  numbers  the  eigenvalues 
for  a  given  value  of  k,  i.e.  is  the  analogue  to  the  band  index 
in  solid  state  theory.  Simple  periodic  boundary  conditions 
restrict  the  possible  values  for  k  to  k  =  0,  while  two-fold 
periodic  boundary  conditions  allow  for  A:  =  0,  ±1/2.  n-fold 
periodic,  boundary  conditions  select  as  possible  values 
k^  =  0,  ±l/n,  ±2/n,...  with  \kn\  <  1/2.  The  relevant  eigen¬ 
value  for  the  rate,  however,  is  only  the  smallest  non-vanish¬ 
ing  eigenvalue  at  one  of  the  boundaries  of  the  first  Bz,  al¬ 
though  there  are  smaller  eigenvalues  within  the  first  Bz. 


Note,4hat  for  (2ri+ l)-fold  periodic  boundary  conditions, 
the  Bz  boundaries'fc=  +1/2  are  not  allowed  values.  There¬ 
fore,  for.  this  choice  of  boundary  conditions  the  rates  are  not 
connected  via  (4;8)  to  eigenvalues! 


r'  '  '  I  ,  ‘i 

•1/2  P  k  1/2- 


Fig.  1 

A  typical  reduced  band  structure  for  the  eigenvalues  of  a  Fokker- 
Planck  equation  with  a  periodic  potential  is  shown.  Two  bands 
(T  =  l  and  a=±2  are  plotted  within  the  first  Brillouin  zone 
*e[-l/2,l/2] 

The  individual  rates  r*  may  be  obtained  by  using  (4.4b) 
and  (4.8),  i.e. 

r*-=-^±£^.  (4,10) 

For  symmetric  potentials  (F=0)  the  rates  r*  are  obtained 
from  the  eigenvalue  only,  while  for  tilted  potentials 
(F¥^0)  it  is  necessary  to  compute  also  the  mobility. 

Finally  we  note  that  the  diffusion  coefficient  Air  in  (4.6) 
is  connected  to  the  eigenvalue  2min  by 

Ait  =  .  (4.11) 

4.1.  Results  for  the  Unperturbed  System  (A  s  0) 

Here  we  briefly  review  on  the  results  without  periodic 
driving.  In  Gaussian  approximation  the  rates  are  given  by 
[14] 

r*  =  ^1/1  -  ir2exp  1^  -  ^(+ F+  2FarcsinF+  2 j/l  -  /^)  . 

(4.12) 

The  total  rate  out  of  a  potential  well  is  then  given  by 
ro  =  r*  +  r~ 

=  -^J/l  —  F^exp  -^FarcsinF  (4.13) 

-  ^1/1^]  cosh  (,^). 
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In,(4:12)an<i  (4.13)  the  normalization  pf(3.8)  has  been  used,  for  periodic  boundary  conditions  in  6,  i.e.  P{x,d,t)  = 
The  mobility  is  obtained  from  (4.4b),  i.e.  P(x,6+2n,t)  and  two-fold  periodic  boundary  conditions  in 

X,  i.e.  Pix,d,t)  =  P{x+4Tt,6,t).  More  generally,  the  full 
2  -/- — .  T  2  „  .  „  band-scheme  for  the  eigenvalues  2a  (A:)  is  obtained  from  the 

/^  =  tV^i^exp|,--i=-arcsinf  boundary  value  problem 


The  mobility  is  obtained  from  (4.4b),  i.e. 

/i;=  — f^'exp  j^—  -^J^arcsinf 

while  the  diffusion  coefficient  Da  is  given  by 
Da~  2n  J/l  —F^  exp  farcsinF 


{Xa{k)  -1-  Dk}"]  Ua{x,6)  =  Lfp  +  iA^(sinx  -1-  A  sin6) 

•L  (5.5) 

+  2iZ)A:-^j«i(x;0) 


with  simple  periodic  boundary  conditions  for  u^(x,d)  in  0 
(4.15)  and  X  and  k  6  [—1/2/1 /2].  As  already  mentioned  earlier, 
2a,i„  is  identical  with'//l(.»i  (fc=  1/2). 


Overdamped  Limit 

llte  Langevin  equation  (3.8)  in  the  extended  phase  space 
reads 

X  »=  -sinx  +  'F+ A  sin0  -1-  {(t)  (5 

6  ='0. 

Without  noise,  the  unstable  periodic  orbits  for  small  A/Q^ 
may  be  obtained  by  linearization  around  the  unstable  fixed 
points,  i.e. 


Xto{0)  =  7t(2n  + 1)-  arcsinF 


A'  -  «  M  (5-2) 

====sin  0-arctanl  ^ - -  , 


where  n  =  0,  ±  1,  +  2, . . .  The  stable  periodic  orbits  for  small 
A/fl^  are  obtained  similarly  and  are  given  by 


Xs"(0)  =’2«7t  +  arcsinF 


■f-=z:====sm 

]/T^1^  +  Q^ 
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The  stable  (full  lines)  and  unstable /dashed  lines)  periodic  orbits  are 
shown  in  the  x  — 0  phase  space.  The  unstable  periqdic  orbit  close 
to  X  =  n  separates  the  phase  space  x  e  [-7t,3n]  into, two  basins  of 
attraction.  The  attractors  are  the  .stable  periodic  orbits  (limit  cycles) 
in  the  X  —  0  phase  space 


The  numerically  evaluated  rate  enhancement  ti(A.Q,D) 
due  to  the  periodic  driving,  i.e. 


In  Fig.  2,  the  x-0  phase  space  (x  e  [-K,3n],  0  e  [0,2jt]  is 
shown  with  numericalvv  evaluated  stable  and  unstable  pe¬ 
riodic  orbits  without  bias  (F=  0)  for  A  =  0.5.  The  unstable 
periodic  orbit  divides  the  phase  space  into  two  basins  of 
attraction.  The  basin  boundary  becomes  for  large  frequen¬ 
cies  Q  or  small  driving  amplitudes  A  a  straight  line.  The 
escape  rate  is  given  in  terms  of  the  smallest  non-vanishing 
real  eigenvalue  2aua(A,D,D)  of  the  Fokker-Planck  equation 

A  ^ 

—  P(x,0,t)  =  “^(smx  +  44sin0)P(x,0,0 
ot  ox 

-  12  p(x,0.t)  +  ^  ^  W.t)  (5.4) 

=  LfpP(x.0,t) 


>1{A.Q,D)  = 


2{A.Q,D) 
2(A  =  0,D) 


is  plotted  in  Fig.  3  as  a  function  of  the  amplitude  A  for 
different  values  of  the  driving  frequency  in  a  double  loga¬ 
rithmic  plot.  The  straight  lines  for  small  A  with  a  slope  of 
2  clearly  indicate  the  law 

il{A,Q.D)  =  k{Q.D)  A^  (5.7) 

being  valid  for  small  driving  amplitudes  A.  In  Fig.  4,  the 
rate  enhancement  factor  k{Q,D)  is  shown  as  a  function  of 
the  driving  frequency  Q  for  various  values  of  the  noise 
strength  D  in  a  double  logarithmic  plot.  For  small  Q,  th'* 
factor  K  reaches  a  certain  plateau,  while  for  large  Q  the  rate 
enhancement  factor  exhibits  a  decrease  <x:Q~\ 
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A 


Fig.  3 

The  rate  enhancement  >i(/4,f2)  is  shown  as  a  function  of  4  in  a 
double  logarithmic  plot  for  fl  =  0.1, 12  =  1  and  12  =  5.  The  power 
law  for  small  A  is  evident 


Fig.  4 

The  rate  enhancement  factor  k  is  shown  as  a  function  of  the  driving 
frequency  12  for  Z)  =  0.2,  D  =  0.5  and  D  =  1 


a 


Fig.  5 

The  rate  enhancement  factor  k  is  compared  with  the  theoretical 
results  (5.9)  and  (5.10)  at  Z)  =  0.2  for  small  and  large  driving  fre¬ 
quencies. 


Both  limits,  Q  small  and  Q  large,  can  be  described  ap¬ 
proximately.  For  small  frequencies  12  4  Chopping  an  adiabatic 
approximation  [,7]  yields 

t}(A,a-D)  »  MAn/D)  - 1  ,  (5.8) 


where  fo(x)  is  a  modified  Bessel  function  [15].  For  AID-*Q 
one  finds  approximately 


k{Q,D)  =-jr» 


(5.9) 


The  crux  with  the  adiabatic  approximaUdn  is  that  with  small 
noise  strength  it  is  valid  only  for  exponentially  small  driving 
frequencies. 

In  the  high  frequency  limit  the  averaging  method  of  Ref. 
7  yields  for  the  rate  enhancement 

>}(A,Q.D)  or  k  «  (5.10) 

Both  limits  (i9)  and  (5.10)  are  compared  with  the  numerical 
results  for  D  =  0.2  in  Fig.  5. 

We  do  not  discuss  individual  rate  or  r~  in  the  presence 
of  bias  (F  ^  0),  since  the  effect  of  periodic  driving  is  the  same 
as  in  the  symmetric  case  (F=0).  We  want  to  point  out, 
however,  that  they  can  be  obtained  by  computing  the  av¬ 
eraged  mobility  /i  and  the  relevant  eigenvalue  Amin  and  by 
using  (4.10).  The  effective  diffusion  coefficient  An  (4.6)  is 
connected  with  the  relevant  eigenvalue  Ami„  by  Eq.  (4,11)  and 
thus  exhibits  the  same  dependence  on  the  driving  frequency 
and  amplitude. 


6.  The  Dynamical  Current-Voltage  Characteristic 

The  current- voltage  characteristics  of  the  model  (3.8),  i.e. 
<.\->  (=  voltage)  as  a  function  of  the  bias  F(=  current)  has 
been  discussed  in  the  context  of  Josephson  junctions  [16], 
phase  locking  in  electric  circuits  [17]  and  mode  locking  in 
ring  laser  gyroscopes  [18].  The  periodic  driving  gives  rise 
to  steps  which  have  been  observed  first  by  Shapiro  [19]  in 
Josephson  junctions.  In  terms  of  the  model  (3.8)  without 
noise,  these  steps  occur  when  the  periodic  output  Xp(t) 
“locks”  into  the  phase  of  the  periodic  driving.  The  locking 
condition  is  fulfilled  when  the  period  T=  InlQ  of  the  driv¬ 
ing  is  a  multiple  of  the  time  Tg,  the  system  needs  for  running 
down  the  tilted  potential  one  period  L  =  ?.n,  i.e.  when 

<.v>  =  nQ  ,  (6.1) 

where  <x>  is  the  averaged  velocity  along  one  spatial  period 
Alt.  The  influence  of  noise  consists  in  rounding  the  steps  or 
destroying  them  if  the  noise  strength  is  sufficiently  large. 
Characteristic  is  the  stepwise  but  monotonous  increase  of 
the  voltage  with  increasing  current  F. 

The  dynamical  current-voltage  characteristic  will  be  de¬ 
fined  as  the  voltage  <x>  as  a  function  of  the  driving  am¬ 
plitude  A.  Without  noise,  such  a  dynamical  current-voltage 
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characteristic  is  shown  in  Fig.  6a  for  F=0.8  and  Q.=  1 
(dashed  line).  The  voltage  vanishes  for  .4  <  since  the 
system  cannot  overcome  the  barrier.  At  A  =  A"*  the  system 
jumps  into  a  funning  state,  and  is  locked  into  the  phase  of 
the  periodic  driving  in  the  locking  regime  n  - 1  (see  Eq. 
(6.1)).  For  >A>  the  locking  conditions  cannot  be 
fulfilled  (for  an  explanation  see  below)  and  the  voltage  drops 
down.  The  locking  conditions  are  fulfilled  only  on  discon¬ 
nected  intervals  of  the,,4-axis,  and  the  width  of  the  locked 
regions  decreases'for  increasing  driving  amplitudes  A.'  For 
very  large  values  of  A,  i.e.  A— >oc,  the  locking  condition 
cannot  be  fulfilled  any  more  and  the  voltage  relaxes  oscil¬ 
latory  to  its  asymptotic  value  <.ic>  =  F,  The  influence  of 
noise  (full  line  in  Fig.  6  a)  results  in  rounding  off  the  plateaus 
in  the  phase  locked  regions  and  finally  in  destroying  the 
xphase  locking  for  large  driving  amplitudes. 


Fig.  6  a: 

The  dynamical  current-voltage  characteristic  (<u>s<.v>)is  shown 
for  F=  0.8  and  Q  =  1  without  noise  (dashed  line)  and  with  the  noise 
strength  D  =  O.Ot  (full  line) 


In  Fig.  6b  the  dynamical  current  voltage  characteristics 
is  shown  for  the  smaller  bias  F=05i  Here  are  no  phase 
locked' regions  at  all.  The  locked  regions  are  estimated  with¬ 
out  noise  in  the  following  [20].  For  convenience  we  choose 
a  cos-driving  in  the  equation  of  motion,  i.e. 

X  =  — sinx-f /I  cosfit-l- F.  (6.2) 

Inserting  the  ansatz 

xit)  =  Xo  +  -j^sinf2t  +  <x>(  (6.3) 

into  (6.2)  we  obtain 

CO 

<x>  =  F  -  S  Jk  {A/Q)  sin(X(i  -f  {kQ  -1-  <x»()  (6.4) 

Jt  -  -  00 

from  which  <x>  follows  self  consistently.  In  (6.4)  (x)  are 

Bessel  functions  [15],  and  xo  is  an  arbitrary  phase.  In  the 
phase  locked  regions  we  find  by  using  (6.1)  and  averaging 
over  one.  period  the  conditions  for  locking  into  the  n-th 
region,  i.e. 

F-  nft  =  J„  {A/Q)  (-  !)’■  sin.Yo .  (6.5) 

For  the  0-th  region  «.<>  =  0)  the  condition  F  =  Jo(A/W) 
sinxo  has  to  be  fulfilled.  The  solution  is  discussed  graphically 
in  Fig.  7  for  F=  0.8.  It  follows  from  Fig.  7  that  for  A  > 
there  is  no  Xo  which  makes  the  'ocking  condition  for  n  =  0 
fulfilled.  For  A  >  A^'\  however,  lie  condition  (6.5)  for  »i  =  1 
can  be  fulfilled  and  the  system  locks  into  the  n  =  1  region. 
At  a  certain  value  of  A  =  the  condition  (6.5)  for  n  =  1 
can  not  be  fulfilled  any  more  and  the  locked  regime 
<x>  =  2Q(n  -  2)  cannot  be  reached  for  12  =  1.  Thus,  the  sys¬ 
tem  cannot  lock  to  the  external  signal  and  the  voltage  <x> 
shows  oscillatory  behavior  as  a  function  of  the  driving  am- 


Fig.  6  b: 

The  dynamical  current-voltage  characteristic  ( <1-  >  s  <  x  » is  shown 
for  F=  0.5  and  f?  =  1  without  noise  (dashed  line)  and  with  the  noise 
strength  D  =  0.01  (full  line) 


Fig.  7 

The  functions  Jo  (AjQ)  (full  hnej  and  Jx  t/l/f2 ( (dashed  hnej  are  plot¬ 
ted  together  with  the  straight  lines  F,  F—Q  and  Q  —  F.  The  light 
regions  of  the  stripe  on  lop  of  the  curves  indicate  phase  locked 
regions 
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plitude.  Due  to  the  oscillatory  behavior  of  the  Bessel  func¬ 
tions,  the  locking  condition  for  «  =  1  can  be  fulfilled  again 
in  a  number  of  intervals  of  larger  A.  It  is  obvious  from  Fig.  7 
that  the  width  of  the  locked  intervals  decrease  for  increasing 
values  of  thd  driving  amplitude  A  until  the  Bessel  functions, 
which  decay  asymptotically  proportional  to  A~'^,  are  too 
small  for  locking.  Note,  that  the  agreement  ofithe  numerical 
values  (Fig.- 6a)  with  those  obtained  from  the  theory 
becomes  better  for  increasing  driving  amplitudes. 


A 

Fig,  8 

The  dynamical  current  voltage  characteristic  with  an  inertia  term- 
(model  (3.4))  is  shown  for  F=0.5,  fJ  =  1  and  y  =  1. 

The  dynamical  current-voltage  characteristics  for  systems 
with  inertia  (the  model  3.4))  is  even  more  rich,  since  it  allows 
also  for  subharmonic  phase  locking,  i.e. 

<u>  =  -^  12  m,  n  e  IM .  (6.7) 

The  numerical  results  for  F= 0.5,  Q  =  1  and  y  =  1  are  shown 
in  Fig.  8  for  vanishing  noise.  The  voltage  as  a  function 
of  the  driving  amplitude  shows  besides  the  steps  also  regions 
with  wild  oscillations.  These  oscillations  occur  with  chaotic 
solutions. 

7.  Conciusiohs 

In  this  paper  we  have  presented  a  concept  for  escape  rates 
in  periodically  driven  systems.  For  a  periodic  (multistable) 
potential  we  have  derived  explicit  results  for  the  escape  rate 
as  a  function  of  the  driving  frequency  and  amplitude.  The 
relations  between  rates,  mobilitiy  and  diffusion  coefficients 
have  been  discussed  as  well  as  the  role  of  boundary  condi¬ 


tions.  In  addition  we  have  presented  dynamical  current-volt¬ 
age  characteristics,  i.e.  <;c>  as  a  function  of  the  driving  am¬ 
plitude  A.  The  observed  rich  dynamical  behavior  has  been 
explained  in  terms  of  phase  locking; 

We  arc  grateful  for  the  financial  support  by  the  Stiftung  Volks- 
wagenwerk.  We  wish  to  thank  Peter  Talkner  for  helpful  discussions 
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Two  methods  for  numerical  solution  of  multidimensional  diffusion  problems  are  presented  and  applied 
to  the  two  dimensional  barrier  crossing  problem  in  the  ovcrdampcd  limit.  One  of  these  methods  is  based 
on  evaluating  the  smallest  non-vanishing  eigenvalue  of  the  Smoluchowski  equation,  and  the  other  is  based 
on  an  adaption  of  Chandler's  steady  state  correlation  function  approach.  Both  methods  make  use  of  the 
fast  Fourier  transform  algorithm  for  solving  a  transformed  version  of  the  Smoluchowski  equation.  The 
numerical  solutions  are  compared  to  results  based  on  the  Kramers  theory  and  some  observations  con¬ 
cerning  effects  of  the  dynamics  of  barrier  crossing  problems  are  made. 


1.  Introduction 

The  concept  of  activated  processes  provides  a  common 
reference  framework  for  the  description  of  numerous  im¬ 
portant  phenomena  in  chemistry  and  physics,  such  as  chem¬ 
ical  reactions  in  gaseous  and  condensed  phases,  desorption 
from  and  diffusion  on  surfaces,  diffusion  of  atoms  and  ions 
inside  solids,  dynamics  of  Josephson  junctions  and  others 
[1],  The  Smoluchowski  equation  has  been  widely  used  for 
describing  these  and  other  kind  of  relaxation  processes-  [2] 
in  the  overdamped  (high  friction)  regime.  In  the  one  dimen¬ 
sional  case  it  takes  the  following  form 

=  +  (1) 

where  P(x,tl.v')  is  the  probability  density  for  finding  the 
system  at  position  x  at  time  t  given  that  it  has  been  initially 
at  x',  D  =  k^TlfM is  the  diffusion  constant  (/tb  is  the  Boltz- 
man  constant,  T  is  the  absolute  temperature,  y  denotes  the 
friction  coeflicient  and  M  is  the  mass  of  the  diffusing  par¬ 
ticle),  p  is  the  inverse  of  keT  and  K(x)  is  the  potential  of 
mean  force.  While  one  dimensional  models  are  frequently 
useful  to  describe  the  evolution  of  a  system  along  the  re¬ 
action  coordinate  (namely  the  minimum  energy  path  be¬ 
tween  the  initial  and  final  states)  motion  in  directions  nor¬ 
mal  to  the  reaction  coordinate  may  have  significant  dynamic 
consequences  [2—13]. 

In  this  paper  we  discuss  methods  for  the  numerical  so¬ 
lution  of  the  multidimensional  analog  of  Eq.  (1),  and  apply 
two  such  methods  to  a  two  dimensional  barrier  crossing 
problem.  Multidimensional  effects  on  the  dynamics  of  bar¬ 
rier  crossing  processes  have  been  subjects  of  several  studies 
lately  [2-12],  Several  issues,  such  as  the  effect  of  diffusion 
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in  directions  other  then  the  reaction  coordinate,  the  effect 
of  curvature  of  the  reaction  coordinate  and  the  effect  of  non¬ 
isotropic  diffusion,  are  of  interest.  A  numerical  algorithm 
based  on  the  use  of  fast  Fourier  transform  (FFT)  for  solving 
the  diffusion  equation  was  recently  presented  by  Agmon  and 
Kosloff  [12].  Approximate  methods  based  on  time  depend¬ 
ent  self  consistent  field  approximations  were  investigated  by 
Kaufman  and  Whaley  [14].  In  the  present  work  we  describe 
an  improved  FFT  method,  where  by  transforming  the  orig¬ 
inal  Smoluchowski  equation  to  a  Schrodinger-like  equation 
(eliminating  the  first  order  spatial  derivatives)  we  are  able 
to  use  the  analog  of  the  Fleck  and  Feit  split  order  propa¬ 
gation  scheme  [15]  rather  than  the  finite  difference  method 
of  Kosloff  and  Kosloff  [16].  Moreover,  we  focus  on  the 
barrier  crossing  rate,  and  apply  the  numerical  technique  to 
directly  evaluate  theoretically  based  expressions  for  this  rate 
rather  than  trying  to  extract  it  from  the  resulting  time  ev¬ 
olution.  Finally  we  use  our  results  to  discuss  several  issues 
associated  with  barrier  crossing  problems  as  mentioned 
above. 

Section  (2)  of  this  paper  describes  the  numerical  method. 
Section  (3)  describes  the  application  of  the  numerical  ap¬ 
proach  to  the  calculation  of  the  rate  by  solving  for  the  small¬ 
est  non-vanishing  eigenvalue  of  the  Smoluchowski  equation 
and  by  evaluating  the  saturation-plateau  value  of 
(^N(0)N(t)}  where  N(t)  is  the  population  in  the  reactant  well 
at  time  t.  Application  to  a  particular  two  dimensional  model 
is  described  in  Section  (4).  Section  (5)  presents  and  discusses 
the  numerical  results  for  a  model  two  dimensional  system. 
We  conclude  in  Section  (6). 

2.  Numerical  Solution  of  the  Diffusion  Equation 

The  multidimensional  version  of  the  diffusion  equation 
(Eq.  (1))  is 

^P{x.t\x')  =  V^-D-[V-t-V(/?K(:c))]  Pix.t\x’)  (2) 

where  x  denotes  a  vector  in  the  multidimensional  configu¬ 
ration  space  and  D  is  the  multidimensional  diffusion  tensor. 
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b  is  assumed  to  be  constant  (namely  independent  of  posi- 
tion)jTbut  not  necessarily  isotropic. 

A  formal  solution  to  Eq.  (2)  is 

?{x,t|  j:')  =  exp(Lt)  •  P{x.t  =  0|x')  (3) 


L  =  V^-D-CV  +  V()SK(x))3.  (4) 

An  exact  solution  to  Eq.  (2)  cannot  be  obtained  ih1he  gen¬ 
eral  case.  The  FFT  method  for  solving  time  dependent  prob¬ 
lems  associated  with  linear  partial  differential  equations  has 
been  recently  shown  by  Agmon  and  Kosloff  [12]  to  be  very 
useful  for  solving  the  Smoluchowski  equation.  The  simplest 
time  propagation  procedure  is  based  on  a  first  order  differ¬ 
ence  scheme,  namely 

P(jt,t  +  A(|*')  =  P(x,(|jc')+ AtLP(4:,(|j:')  +  (?(At^).  (5) 

The  2nd  order  scheme  used  for  Schrodinger  equation  is  not 
stable  in  the  present  case.  Agmon  and  Kosloff  [12]  have 
used  an  expansion  of  the  evolution  operator  in  Chebychev 
polirromials  [16b].  Another  convenient  algorithm  can  be 
obtained  in  principle  by  working  with  the  exponential  prop¬ 
agator  defined  in  Eq.  (3),  in  the  spirit  of  the  split  operator 
method  of  Feit  and  Fleck  [15].  However  since  the  operator 
L  contains  coupling  between  x  and  V  it  is  not  possible  to 
split  exp(L  A  t)  (for  small  A  t)  into  a  product  of  exponentials 
'  which  depend  either  on  x  or  on  Q/dx  as  is  done  in  the 
quantum  inechanical  case. 

There  exist  a  transformation  [17],  which  allows  to  de¬ 
couple  the  position  from  the  gradient  operators,  thus  mak¬ 
ing  it  possible  to  use  the  exponential  propagator  without 
the  need  to  linearize  it.  Let  P^{x)  denote  the  equilibrium 
solution  of  Eq.  (2)  and  define  ■ 


^(Ar.tlx;')  = 


VKix)  ■ 


Then  it  is  easy  to  show  that  the  function  0  satisfies  a  Schro¬ 
dinger  like  equation 


■0=  -H0 


where  the  “Hamiltonian”  H  is 


H  =  -V^-D-V  +  t/(x) 


0(x,t\x')=  S  (p„(x:)-exp(-2„t)-^f)„(j:').  (10) 

n=0 

Since  H  is  real  and  symmetric  its  left  eigenfunctions  are 
identical  to  its  right  eigenfunctions  (i()„(x:)  =  <#i|jr>  = 

This  is  in  contrast  to  the  operator  L  whose  right  and  left 
eigenfunctions  are  not  identical.  Denoting  the  latter  by  tp„  (a:) 
and  Wn" (a:)  we  have 

0n(x)  =  (p„ix)-\/PJ^  (11a) 

Vn+W  =  ^>„(x)/l/P:W.  (11b) 

The  corresponding  eigenvalues  are  identical  to  those  of  H 
and  satisfy 

K  =  <<p„(;r)|H|(p„(x)>  =  <v)„(;r)|L|v)„(;c)>  ^  0 .  (12) 

Assuming  that  the  “ground  state”  9o(^)  is  nondegenerate, 
only  one  of  the  eigenvalues,  Ao,  is  zero  and  all  the  others  are 
positive.  The  normalization  condition  implies 

J  dA:<''Vo(Jc)'^(jc.tk') 

=  J  dAc('^>^(A:,t|Ar')’(po(Ac')  =  1 

—  CO 

where  N  is  the  dimensionality. 

The  problem  of  solving  Eq.  (2)  has  thus  been  transformed 
into  that  of  solving.Eq.  (7)  where  the  “momentum”  terms 
(the  terms  containing  V)  and  those  depending  on  position 
are  separated.  Note  that  this  simple  form  for  the  “Hamil¬ 
tonian”  (Eq.  (8))  is  obtained  only  for  position-independent 
difl’usion  tensors. 

The  time  evolution  associated  with  Eq.  (7)  is  obtained 
from 

<l>(;r.t)  =  <;rlexp(-Ht)|<l>((  =  0)>  (14) 

n 

X  <A:|ncxp(-TA()-exp(-U  At)|^(t  =  0)> 

where  the  “kinetic  energy”  operator  T  denotes  the  term 
— V^-D-V  appearing  in  Eq.  (8)  and  where  At  =  r/n.  In 
practice,  the  function  0  is  defined  on  a  grid  in  configuration 
space.  The  exp(— T  At)  operator  is  carried  out  by  the  FFT 
technique. 


(8)  0{x,At) «  F,^*[e-'^^‘F;t,-,(e-”^'<l>(;c,0))] 


and  the  “effective  potential”  U  is  where  the  two  exponential  operators  appear  in  their  diag¬ 

onal  representations  in  the  appropriate  space,  and  where 
U(x)  =  V^(^F/2)-D  V(J?F/2)  — V'  D  V(/?F/2) .  (9)  denotes  a  Fourier  transform  from  A-space  to  A:-space 


To  obtain  these  results-it  has  been  assumed  that  the  diffusion  f  Y 'it  ,,  mi  , 

tensor  i,syn.m*ic(i.e,  D-D').  A^)  =  =  {^—j  J  <ii«exp(-.4-r:)A*).  (16) 

Let  {9)n(^)}  and  {).„}  respectively  denote  the  sets  of  (nor¬ 
malized)  eigenfunctions  and  eigenvalues  of  H.  The  Green  s  The  choice  of  the  initial  distribution  requires  some  attention, 
function  associated  with  Eq.  (7)  is  given  by  In  principle  it  is  possible  to  make  an  arbitrary  selection  but 
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it  is  advantageous  to  do  it  in  such  a  way  that  the  calculation 
of  the  specific  observable  of  interest,  e.g.,  transition  rate,  is 
easier.  This  point  is  discussed  below. 

3.  The  Transition  Sate  and  the  Reactive  Flux 
The  type  of  processes  which  are  considered  in  this  section 
involve  classical  diffusion  over  a  barrier,  from  a  potential 
well  to  another  region  of  the  configuration  space.  In  partic¬ 
ular  we  are  interested  in  the  transition  rate  and  in  the  con¬ 
dition  for  it  to  exist  as  a  meaningful  measure  of  the  reaction 
dynamics  [17-21]. 

It  is  convenient  to  write  Eq.  (2)  as  a  continuity  equation 

d,P(x,t)  +  V^-J(x,t)  =  0  (17) 

where  the  probability  flux' vector,  J{x,t)  is  given  by 

J{x.t)  =  -D- [V  +  V(iSF(jc))] P(x,t) .  (18) 

At  a  stationary  state  J{x,t)  =  7,,  is  a  constant,  and 
P(x,t)  =  P,{x)  does  not  evolve  in  time.  For  closed  systems 
the  only  stationary  state  is  the  equilibrium  distribution 
Pf{x),  for  which  =  0.  The  barrier  crossing  process  is  char¬ 
acterized  by  a  single  rate  (for  practical  purposes)  if,  following 
a  short  transient  period  after  the  initiation  of  the  process, 
the  system  developes  a  quasi  steady  state  whose  time  evo¬ 
lution  is  governed  by  the  smallest  non-vanishing  eigenvalue 
of  the  Smoluchowski  equation  and  by  a  nearly  constant  flux 
from  the  reactant  to  the  product  well.  Several  approximate 
methods  to  evaluate  this  steady  state  rate  are  available; 

(a)  The  Smallest  Non-Vanishing  Eigenvalue  (SNVE) 

Method  [18,20] 

The  existence  of  a  well  defined  rate  implies  that  A,,  the 
smallest  non-vanishing  eigenvalue  of  L,  is  well  separated 
from  the  higher  eigenvalues  (i.e.,  (7.2  -  A,)  =  r"')  and 

that  this  eigenvalue  is  not  degenerate.  With  this  in  mind  and 
for  times  t  such  that  7.2"’  <  t  <  x  the  relaxation  to  equi¬ 
librium  is  governed  by  7.,  which  is  then  equal  to  the  tran¬ 
sition  rate  Kip). 

These  well  recognized  facts  can  be  used  within  the  nu¬ 
merical  scheme  described  in  Sect.  (2)  as  follows:  Using  an 
arbitrary  initial  distribution  (p{x,0)  the  distribution  at  time 
t  is  obtained  by  performing  the  evolution  (pix,t)  = 
s~^^'(p(x,0)  numerically.  Observing  that 

0{x.  t)  =  <p  (.V,  0  -  (po  (x)  (19) 

(9)o('V)  is  the  state  corresponding  to  the  eigenvalue  7^,  =  0) 
satisfies 

00 

||0(0f  =  JdA:10(;r,0P=  li<p(t)f-l  (20) 

00 

the  transition  rate  K{p)  is  obtained  from 

/<:(/?)= --^Iim-^ln[|l9)(t)||2-l].  (21) 

2  tpx  Qt 


Alteriiatively,  if  the  initial  “wave  function”  ^(x,0)  does  not 
contain  the  “ground  state”  <po(x)  i.e.,  <<Po1q’(0)>  =  0, 
(this  may  be  achieved,  since  (po{x)  is  the  known  equilibrium 
distribution,  by  the  projection  9)(x,0)  ip(j;,0)  - 

<9)o(x)|(/)(x,0)>  followed  by  renormalization)  then 

^:0?)  =  7.,  =  lim4-ln[||(p(t)||).  (22) 

t>x  at 

(b)  Chandler's  Method  [21] 

A  different  treatment  for  the  calculation  of  the  transition 
rate  is  based  on  the  fluctuation  dissipation  theorem.  Close 
to  equilibrium  the  relaxation  process  of  an  observable  ^(t) 
obeys  the  following  relation 

<8A(t)>„c  ^  <5/1(0)  5A(t)> 

<6/l(0)>„e  <5A(0)^>  •  ^  ^ 

Where  <•••>  and  <•■•>„(,  respectively  represent  an  equilibrium 
ensemble  average  (over  initial  conditions)  and  a  non-equi¬ 
librium  one,  and  5A(t)  =  A{t)-iA'). 

The  observable  of  interest  is 

N{t)  =  J  dxP(x,t\xo)  (24) 

n 

where  Q  is  the  domain  defining  the  reactant  state  and 
P{x,t\xo)  is  the  distribution  at  time  t  given  that  initially  it 
was 

P{x,t  =  0|j:o)  =  8(.v  -Xo) ;  Xo  e  ft  (25) 

where  X(  is  the  i-th  component  of  the  A-dimensional  vector 
X  and  x,o  is  the  initial  location  of  the  distribution  on  the 
i-th  coordinate  axis.  The  reaction  coordinate  is  the  minimum 
energy  path  between  the  reactants  and  the  products  poten¬ 
tial  wells.  However  dynamical  effects  may  create  situations 
in  which  the  maximum  reactive  flux  does  not  go  along  the 
minimum  energy  path.  This  aspect  of  the  problem  will  be 
discussed  below  in  the  specific  application  to  two-dimen¬ 
sional  diffusion.  Define 

m(t)  =  J  dx  [?(x,t|xo)  -  e-'’''<*Ve]  (26a) 

Q 

where 

g=  J  dxe"^’'*-'*.  (26b) 

—  CO 

Assuming  that  the  relaxation  of  <5A(r)>  to  its  equilibrium 
value  (i.e.,  zero)  is  given  by  the  chemical  rate  K{P),  we  find 
from  Eq.  (23) 

<5A(0)  5iV(0>  =  <[8A(0)]'>  exp(-/f(/?)0  (27) 

and  consequently 

<8A(0)  6iV(t)>  =  - m  <[87V(0)]2>  exp(- /:(/?)  t) .  (28) 
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As  discussed  above  (see  also  Ref.  [21])  for  the  process  at 
hand  to  have  a  uniquely  defined  rate- constant  one  must 
consider,  times  such  that  t  t  <  K~K  Then  Eq.  (28)  implies 


m 


<5JV(0)  5A(t)> 
<[5iV(0)]^>  • 


(29) 


Thus,  evaluating  the  saturation  or  plateau  value  of  the  r.h.s. 
of'Eq.  (29)  (using  the  numerical  procedure  of  Sect.  (2)  for 
the  numerator)  yields  X(jS).  It  is  obvious  that  apart  from 
reasons  of  numerical  accuracy,  the  procedures  based  on  Eqs. 
(20),  (21)  and  (29)  should  yield  identical  results. 

(c).Kramer’s  Formula  [22] 

■  Kramers  has  derived  an  expression  for  the  escape  rate  out 
of  a  one  dimensional  potential  well  in  several  limits  asso¬ 
ciated  with  the  magnitude  of  the  friction.  For  the  over¬ 
damped  limit  governed  by  the  Smoluchowski  equation  (1) 
and  for  high  barriers  (£b  >  his  result  for  the  rate  is 


(30) 


where  wj®*  and  are  the  vibrational  frequencies  corre¬ 
sponding  to  the  top  of  the  barrier  and  to  the  bottom  of  the 
well  respectively  and  where  the  potential  in  these  two 
regions  has  been  approximated  by  its  expansion  up  to  quad¬ 
ratic  terms  about  these  points.  For  a  multidimensional  sys¬ 
tem,  Eq.  (30)  can  be  generalized  by  assuming  that  the  non¬ 
reactive  modes  are- in  thermal  equilibrium.  Under  this  as¬ 
sumption  the  rate  takes  the  form  [23] 

(31) 


where  ND  stands  for  ‘W-Dimensional”  and  where  Krsr  is 
the  rate  obtained  from  transition  state  theory 


Ktst  = 


hkj^T 

Jdx„,e-^''6>-*«i 

J  tiM 

JdxJ  dx^e-fi'W 

(32) 


In  Eqs.  (31)  and  (32)  the  subscripts  r  and  nr  stand  for  reactive 
and  nonreactive  coordinates  respectively. 


4.  A  Two  Dimensional  Model 

The  method  described  in  Sect.  (2)  has  been  applied  to 
solve  numerically  the  diffusion  equation  in  two  dimensions, 
to  compare  the  Kramers  expression  (31))  to  different  nu¬ 
merical  ways  of  evaluating  the  rate  and  to  examine  effects 
of  multidimensionality  on  the  reaction  rates  other  ther.  these 
incorporated  in  Eqs.  (31)  and  (32).  The  potential  surface  used 
in  this  study  may  be  written  in  the  form 

V{x,y)  =  Vo-fAx.yf)  Mx,y)  (33) 

where  f(x,y)  is  a  quadratic  form  in  x  and  in  y  such  that 
/(x,y)  =  0  describes  the  locus  of  an  ellipse.  In  terms  of  the 
geometrical  parameters  defined  in  Fig.  l,/(x,y)  is 


fix,y)  =  [cos^(0)  +  asin^(0)] 

+  .  IUlL  (1  _  oj)  sin(20)  (34) 

a  a 

+  [sin^(0)  +  a  cos^(0)],- 1 

where  {xo\yo),  a,  9  and  a  represent  the  parameters  of  any  of 
the  two  ellipses  f{x,y)  =  0.  The  subscripts  R  and  L  (Right 
and  Left)  represent  different  choices  of  the  parameters.  These 
parameters  are  chosen  for  the  two  ellipses  such  that  the 
saddle  point  of  the  potential  is  at  the  origin.  For  the  sake 
of  simplicity  we  have  considered  in  this  article  only  poten¬ 
tials  which  are  symmetric  with  respect  to  the  y  axis.  The 
parameter  Vq  is  the  hight  of  the  potential  barrier  and  the 
reaction  coordinate  i.e.,  the  minimum  energy  path,  goes 
from  one  well  to  the  other  through  the  origin.  In  all  the 
calculations  described  below  we  have  taken  Ur  =  flu  = 
and  have  chosen  the  units  of  time  and  length  such  that  a 
=  Dx  +  Dy  =  1. 

In  the  numerical  evaluation  of  the  rate  Eq.  (22)  can  be 
used  as  written,  but  Eqs.  (28)  and  (29)  may  be  simplified  for 
the  model  considered.  The  dividing  surface  s,  where  the  flux 
is  calculated,  is  taken  as  the  y  axis.  By  using  the  symmetry 
of  the  potential  F(x,y)  with  respect  to  this  axis,  Eqs.  (24), 
(25)  and  (2)  lead  to 

CO  CO 

5iV(t  =  0)=  J  dx  J  dy[5(x-xo)-8(y-yo)-e'^''^"'y6] 

0  —CO 


=  0(xo) 


(35) 


where  0(x)  is  the  Heaviside  function.  Also  from  Eq.  (2) 

•  F(x,y,t|.Yo,yo) 


(36) 


-<5iV5A(t)>=^  T  dye-~^ 

y  —CO  OX 


(37) 


•  J  dxo  J  dyoe^‘'‘*->'> 

—  00  —00 

•  p  (X.y,  t  |xo,yo)e-'’’''^'’'^<'’  [^0  (xq)  -  . 

Defining 

P(x,y)  =  e-'”'^^->»[0(x)  -  I  IQ. 

Eq.  (37)  takes  the  form 


(38) 


-<5iV5i^(t)>  =  0;.  I  dye-'’‘'«’-»-|- 

—CO  vX 


(39) 


x=0 
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where 


and  where 


P(x.y.t\P) 


00  00 

=  J  dxo  J  dyoPx.y.flxojo) 


—  00  —00 

•  P{xo,.yo)  =  p^'  P . 


(40) 


Eqs.  (39)  and  (40)  imply  that  the  calculation  of  <5 A^8 /?({)> 
(hence  of  the  escape  rate,  Eq.  (29))  can  be  done  by  simply 
propagating  the  initial  “distribution”  P{x,y)  of  Eq.  (38).  This 
propagation  is  performed  using  the  FFT  algorithm  and  the 
equivalent  Schrodingcr  equation  (see  below).  A  final  FFT 
procedure  is  then  used  to  get  the  derivative  with  respect  to 
X  in  Eq.  (39).  The  evaluation  of  Eq.  (29)  is  facilitated  by 
noting  that  the  symmetry  of  the  potential,  implies 


=  (47) 

with 

CO 

j  dye--^''('^>') 

A  =  •  (48) 

J  d.v  f  dy 

—CO  —00 

Since  the  origin  is  at  the  saddle  point  the  barrier  frequency 
is  obtained  from 


<[5M0)]'>=  j.  (41) 

Note  that  P{x,y)  can  be  negative  (in  fact  j'dxP(x,y)  =  0) 
hence  it  is  not  a  real  distribution.  An  initial  real  normalized 
distribution  can  be  constructed  as 


8-K 


8x^ 


=  -M(cu®)-- 


(49) 


Substitution  of  Eqs.  (47)  and  (48)  in  (45)  then  leads  to 


P(x.y.t  =  0)  =  Pc(x\y)  +  P(x.y)  (42) 

where  P^x.y)  is  the  equilibrium  distribution.  Note  that  P* 
is  orthogonal  to  P,  <PclP>  =  0;  «Pe|  =  constant).  If  this 
choice  of  initial  distribution  is  made  than  P  can  be  inter¬ 
preted  as  the  deviation  of  the  initial  distribution  from  equi¬ 
librium.  In  fact  it  is  easy  to  see  that  P(xo,yo.(  =  0)  can  be 
used  in  the  r.h.s.  of  Eq.  (40)  instead  of  P(xo,Xo)  without 
changing  the  results  for  in  Eq.  (37). 

In  actual  calculation  we  use  the  language  of  the  equivalent 
Schrodlnger  equation  to  compute  the  r.h.s.  of  Eq.  (39).  The 
rate  Eq.  (29)  is  the  given  by 


K  =  lim 


T  dye-''’'''^^'-!- 

.00  ox 


1/2 


x4I<K-'  Q 

[e+/>''(’'-^><f(x,y,t|^)U.o] 


(43) 


where  ‘I>(x,y,{|^)  is  defined  in  analogy  with  Eq.  (40)  as  the 
“wave  function”  at  time  t,  given  that  at  t  =  0  it  was 


Hxo.yo) 


(44) 


It  is  evaluated  as  <I>(.x,y,t|^)  =  e  Note  that  by  sym¬ 
metry  it  is  orthogonal  to  the  “ground  state”  <po(2c.y)  at  all 
time. 

Next  consider  the  Kramers  result  in  two  dimensions.  Eq. 
(31)  takes  the  form 

=  (45) 

7 

where  y  is  given  by 


hT 

D,M 


(46) 


2^ 

n  8x^ 


mO,  yaaO 


(50) 


5.  Results  and  Discussion 

The  initial  “distribution”  used  in  our  calculation  is  given 
by  Eq.  (38).  This  corresponds  to  the  actual  distribution 
Eq.  (42),  leading  to 

PR  =  Idx  T  dxP(x,y,0)  =  4-  (51a) 

0  -CO  4 

and 

Pl=  1  dx  I  dxP(x,y.0)  =  -J-.  (51b) 

00  —CO  ^ 


Eqs.  (51  a)  and  (51  b)  imply  that  the  diffusion  process  follow¬ 
ing  the  preparation  of  this  initial  state  proceeds  from  right 
to  left. 

In  Table  2  we  present  results  obtained  from  the  different 
methods  described  in  the  previous  sections:  The  smallest 
eigenvalue  (SNVE)  method  (Eq.  (22)),  Chandler’s  steady 
state  relaxation  rate  (CSSR)  method  (Eqs.  (29)  and  (43))  and 
the  Kramers’  steady  state  rate  (KSSR  Eq.  (50)).  These  results 
are  given  for  different  choices  of  the  model  parameters  given 
in  Table  1.  All  the  calculations  where  performed  on  a  2’  x  2’’ 
grid  covering  the  physical  dimensions  x  =  (-1.5;  1.5),  y  = 
(—1.0, 1.0)  (hence  the  spacings  are  Ax  =  1.5  x2~®  Ay  = 
1.0x2“*).  The  parameters  in  Table  1  characterize  the  po¬ 
tential  surface  and  the  diffusion  rates.  The  last  colomn  in 
Table  2  gives  the  number  of  timesteps  used  in  the  numerical 
time  evolution. 

Two  of  the  potential  surfaces  used  in  the  calculations  de¬ 
scribed  here  are  shown  in  Figs.  2  and  3.  These  figures  display 
the  potential  surfaces  corresponding  to  cases  1  (also  3  and 
4)  and  9  (also  11  and  12)  of  Table  1  respectively.  Cases  1-4 
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Table  I 

’’Tfescription  of  cases 


Potential 

paramkers*) 

DJD, 

dVo 

Case 

Ov 

=  0 

1.0 

6 

I 

=  0 

1,0 

2 

2 

0s 

=  it/2 

5.0 

6 

3 

at 

=  5.0 

0.2 

6 

4 

aR 

=  5.0 

T 

=  1 

Ol 

=  it/3 

1.0 

6 

5 

=  n/6 

1.0 

2 

6 

0s 

=3  7t/2 

5.0 

6 

7 

«L 

=  0.2 

0.2 

6 

8 

«R 

1=  5.0 

T 

5=  1 

Ol 

=  n/4 

1.0 

6 

9 

Or 

=  it/4 

1.0 

2 

10 

0$ 

=  11/2 

5.0 

6 

11 

=  0.2 

0.2 

6 

12 

«R 

=  5.0 

T 

=  1 

•)  See  Fig.  1. 

Table  2 

Transition  rates 

Case 

SNVE'> 

CSSR" 

KSSR" 

Time 

1 

0,05007 

0.05027 

0.05658 

2000 

2 

0.70500 

0.69150 

0.69950 

2000 

3 

0.08379 

0.08260 

2000 

4 

0.01449 

0.01775 

- 

2000 

5 

0.05123 

0.05156 

0.05616 

2000 

6 

0.70290 

0.60090 

0.59740 

2000 

7 

0.07191 

0.07252 

— 

2000 

8 

0.01774 

0  02086 

— 

2000 

9 

0.04751 

0.04853 

0.05677 

2000 

0.04742 

0.04712 

- 

3000 

to 

0.69200 

0.59080 

0.57210 

2000 

0.67330 

0.50260 

- 

3000 

11 

0.06221 

0.06521 

- 

2000 

0.06170 

0.06214 

_ 

3000 

12 

0.01870 

0.02101 

- 

2000 

0.01833 

0.01942 

— 

3000 

SNVE;  Smallest  Non-Vanishing  Eigenvalue  method,  Eq.  (22). 
CSSR;  Chandler’s  Steady  State  relaxation  Rate,  Eq.  (43). 
KSSR:  Kramer’s  Steady  State  relaxation  Rate,  Eq.  (45). 


correspond  to  a  linear  reaction  coordinate  while  cases  5—8 
and  9—12  represent  two  groups  of  situations  with  curved 
reaction  coordinate.  Some  of  the  cases  (2,6  and  10)  corre¬ 
spond  to  a  small  barrier  hight  (/?Ko  =  2)  where  the  experi¬ 
mental  reaction  rate  is  not  well  defined.  For  the  other  cases 
PVq  =  6.  Finally  in  cases  1,2, 5, 6,  and  9,10  the  diffusion  ten¬ 
sor  IS  isotropic  while  the  other  cases  correspond  to  non 
isotropic  diffusion. 

From  Table  2  we  see  that  good  agreement  between  the 
two  numerical  procedures  considered  in  this  paper  exists  in 
all  cases  where  the  rate  is  well  defined  (discrepancies  are  of 


Description  of  the  geometrical  parameters  of  the  potential,  Eq.  (33). 
0$  is  the  angle  between  the  two  principal  axes  of  the  diffusion  tensor. 
In  all  the  present  calculations  0$  =  11/2  and.  these  two  principal  axes 
arc  taken  as  the  cartesian  axes  x  and  y 


Fig.  2 

Contour  plot  of  the  potential  energy  surface  of  case  3  with  arrows 
indicating  the  direction  and  magnitude  of  the  steady  state  reactive 
Dux 

the  same  order  us  the  numerical  accuracy  of  the  results).  It 
should  be  noted  that  the  numerical  accuracy  is  also  consid¬ 
erably  better  for  the  high  potential  barrier  cases  where  the 
smallest  non-vanishing  eigenvalue  is  well  separated  from  the 
higher  eigenvalues  (or  where  the  saturation  region  in 
Eq.  (29)  is  well  defined).  In  these  cases  we  have  found  that 
at  time  2000  (time  units  correspond  to  u  =  £>.,+  =  1) 
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Fig.  3 

Same  as  in  Fig,  2  for  case  1 1 

the  error  was  less  than  3%.  The  Kramers  result  also  works 
reasonably  well  when  applied  to  the  isotropic  cases  (in  fact 
its  success  for  cases  2,6  and  10  (pVo  =  2)  is  surprising,  and 
-i^  probably  fortuitous. 

Consider  now  the  effect  of  curvature  on  the  reaction  co¬ 
ordinate  and  of  anisotropy  on  the  diffusion  tensor.  These 
issues  have  been  recently  subjects  of  several  studies.  A  recent 
study  [6]  of  the  effect  of  the  reaction  path  curvature  in  the 
overdamped  (Smoluchowski)  limit  of  the  Kramers  problem 
has  shown  that  for  isotropic  diffusion  (and  isotropic  poten¬ 
tial  wells)  the  curvature  of  the  reaction  coordinate  plays  no 
direct  role  in  the  reaction  kinetics,  as  is  intuitively  clear  since 
this  kinetics  is  dominated  by  the  flux  across  the  saddle  point. 
Still  Matkowsky  et  al.  [6]  have  shown  that  the  pre-expo¬ 
nential  factor  in  the  reaction  rate  may  be  modified  by  the 
diffusion  in  direction(s)  normal  to  the  .5-,eaction  coordinate, 
and  thus  may  account  for  part  of  the  difference  between  the 
result  based  on  the  (essentially  one  dimensional)  Kramers 
expression  and  the  numerical  work.  (Note  that  the  Kramers 
result  is  the  lowest  order  term  in  an  expansion  in  powers  of 
(^Fo)~',  so  corrections  are  expected  even  in  one  dimension). 

Of  more  interest  is  the  effect  of  non  isotropic  diffusion, 
particularly  when  the  reaction  coordinate  does  not  coincide 
with  a  principal  axis  of  the  diffusion  tensor.  (Cases  3  and  4 
correspond  to  situations  when  it  does).  Klosek  et  al.  [8,9], 
as  well  Berezhko vskii  and  Zitserman  [10,11]  have  shown 
that  a  qualitative  difference  exists  between  the  cases  where 
the  second  derivative  A  of  the  potential  at  the  saddle  point 
in  the  direction  of  fast  diffusion  is  larger  or  smaller  than 
zero.  When  ^  >  0  the  large  potential  barrier  and  large  dif¬ 
fusion  anisotropy  are  interchangable,  and  a  trivial  general¬ 
ization  of  the  Kramers  problem  applies.  When  A  <0  the 
situation  is  much  more  complicated.  We  defer  a  detailed 


I _ J _ I _ I _ I 

-03  ^0^5  0  025  0.5 

flux  of  X'-'O 


flux  at  X=0 

Fig.  4 

The  reactive  flux  along  the  y  axis,  at  a,  =  0  vs.  position. 

(a)  case  3;  (b)  case  1 1 

comparison  between  the  analysis  of  this  situation  and  the 
numerical  work  to  a  later  publication.  Here  we  note  that 
this  case  correspond  to  >  Dy  (cases  3,  7  and  11)  and  is 
characterized  here  by  the  fact  that  the  reactive  flux  across 
the  ridge  0  -  0)  between  the  two  wells  is  not  necessarily  the 
largest  at  the  saddle  point.  To  see  this  we  have  plotted  in 
Figs.  2  and  3,  superimposed  on  the  potential  surfaces  cor¬ 
responding  to  cases  1  (3,4)  and  9(11,12)  respectively,  arrows 
whose  direction  and  length  represent  the  direction  and  mag¬ 
nitude  of  the  reaction  flux.  The  latter  is  obtained  from 

y,(x,y.t)  =  +  /?^^^]p(x,y.t)  (52) 
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9>- 


<y<t) 


(53) 


where  P{x,y,t)  is  taken  at  the  quasi-stationary  state  for 
which  the  transition  rate  is  calculated.  The  flux  arrows  in 
Fig.  2  correspond  to  case  3  and  the  flux  arrows  in  Fig.  3  — 
to  case  11.  The  length  l(x.y)  of  an  arrow  at  location  (x.y)  is 
taken  as 


l(x.y)  =  p' 


V  /0/VT'^ 


(54) 


where  p  is  an  arbitrary  scale  factor.Fig.  3  clearly  shows  the 
deviation  of  the  maximal  flux  from  the  geometrical  saddle 
point.  This  deviation  depends  on  the  geomefy  of  the  po¬ 
tential  surface,  on  the  diffusion  anisotropy  and  on  the  tem¬ 
perature,  and  may  lead  to  non-Arrhenius  temperature  de¬ 
pendence  of  the  reaction  rate.  Another  view  of  the  same 
effect  is  shown  in  Fig.  4,  where  we  plotted  the  x  component 
of  the  reactive  flux  as  a  function  of  the  position  y  along  the 
y  axis  (x  =0).  Shown  are  plots  for  case  3  (Fig.  4a)  and  for 
case  11  (Fig.  4b).  The  fact  that  for  the 'latter  case  the  flux 
peaks  at  y  =  0  (position  of  the  saddle  point)  clearly  dem¬ 
onstrates  the  effect  discussed  above. 


6.  Conclusion 

In  this  paper  we  have  described  numerical  methods  for 
solving  multidimensional  diffusion  equations  and  have  ap- 
plied  these  methods  to  a  model  chemical  reaction  where 
curved  reaction  coordinates  and  anisotropic  diffusion  play 
non-trivial  role  in  determining  the  reaction  rate,  The  ap- 
pearence  of  such  multidimensional  effects  even  in  the  rela¬ 
tively  simple  overdamped  situation  emphasizes  the  short¬ 
comings  of  analyzing  reaction  rates  from  equilibrium  and 
dynamical  considerations  purely  at  the  transition  state. 

This  work  has  been  supported  in  part  by  the  U.S-Israel  Bina¬ 
tional  Science  Foundation  and  by  the  Israel  Academy  of  Science, 
We  thank  N.  Agmon  for  helpful  comments. 

References 

[1]  For  a  very  recent  review  see  P.  Hanggi,  P.  Talkner,  and  M. 
Borkovec,  Rev.  Mod.  Phys.  62,  251  (1990). 

[2]  N.  Agmon  and  J.  J.  Hopfield,  J.  Chem.  Phys.  78, 6947  (1983); 
ibid.  70, 2042  (1983);  N.  Agmon,  Biochemistry  27, 3507  (1988). 


[3]  R.  S.  Larson  and  D.  Kostin,  J.  Chem.  Phys.  77,  5017  (1982). 

[4]  R.  S.  Larson  ,  Physica  4 /37,  295  (1986). 

[5]  R.  S.  Larson,  J.  Chem.  Phys.  89, 1291  (1989). 

[6]  B.  J;  Matkowsicy,  A.  Nitzan,  and  Z.  Schuss,  J.  Chem.  Phys. 
88, 4765  (1988). 

[7]  B.  J.  Matkowsky,-.^.  Nitzan,  and  Z.  Schuss,  J.  Chem.  Phys. 
90, 1292  (1989). 

[8]  M.  M.  Kfosek-Dygas,  B.  M.  Hoffman,  B.  J.  Matkowsky,  A. 
Nitzan,  M.  A.  Ratner,  and  Z.  Schuss,  Jl'Chem.  Phys.  90, 1 141 
(1989). 

[9]  M.  M.  Klosek-Dygas,  B.  J.  Matkowsky,  and  Z.  Schuss,  to  be 
published. 

[10]  A.  M.  Berezhkovskii,  L.  M.  Berezhkovskii,  and  V.  Yu.  Zit- 
serman,  Chem.  Phys.  30,  55  (1989);  Chem.  Phys.  Lett.  158, 
369  (1989). 

[11]  A.  M.  Berezhkovskii  and  V.  Yu.  Zitserman,  to  be  published. 

[12]  N.  Agmon  and  R.  Kosloff,  J.  Phys.  Chem.  9i,  1988  (1987). 
Further  numerical  work  on  this  model  is  presented  in  the 
paper  by  Agmon  and  Rabinovich  in  this  volume. 

[13]  C.  Gehrke,  J.  Schroder,  D.  Schwartzer,  J.  Troe,  and  F.  Voss, 
J.  Chem.  Phys.  92, 4805  (1990). 

[14]  A.  D.  Kaufman  and  K.  k  Whaley,  J.  Chem.  Phys.  90,  2758 
(1989). 

[15]  M.  D.  Fcit,  J.  A.  Fleck,  Jr.,  and  Steiger,  J.  Comput.  Phys.  47, 
412  (1982);  M.  D.  Feit  and  J.  A.  Fleck,  Jr.,  J;  Chem.  Phys.  78, 
301  (1983). 

[16]  a)  D.  Kosloff  and  R.  Kosloff,  J.  Comput.  Phys.  53,  35  (1983); 

b)  H.  Tal  Ezer  and  R.  Kosloff,  J.  Chem.  Phys.  8i,  3967  (1984). 

c)  Review  see:  R.  Kosloff,  J.  Phys.  Chem..6S,  2959  (1978). 

[17]  N.  G.  van  Kampen,  J.  Stat.  Php.  /7,  71  (1977). 

[18]  N.  G.  van  Kampen,  Stochastiw  Processes  in  Physics  and 
Chemistry,  North  Holland,  Amsterdam  1981. 

[19]  D.  Chandler,  Introduction  to  Modern  Statistical  Mechanics, 
Oxford  University  Press,  Oxford  1987. 

[20]  H.  Risken,  The  Fokkcr-Planck  Equation,  Springcr-Verlag, 
Berlin  1984. 

[21]  D.  Chandler,  J.  Chem.  Phys.  68, 2959  (1978). 

[22]  H.  A.  Kramers,  Physica  7,  284  (1940). 

[23]  H.  C.  Brinkman,  Physica  22,  149  (1956);  G.  H.  Vineyard,  J. 
Phys.  Chem,  Solid  3, 121  (1957);  R.  Landaucr  and  J.  A.  Swan¬ 
son,  Phys.  Rev.  12t,  1668  (1961);  H.  R.  Glyde,  Rev.  Mod.  Phys. 
39,  373  (1967);  J.  S.  Langer,  Phys.  Rev.  Lett.  21,  973  (1968) 
and  A..  Phys.  (NY)  54,  258  (1979);  Z.  Schuss,  Theory  and 
Application  of  Stochastic  Differential  Equations,  Wiley,  New 
York  1980;  R.  F.  Grote  and  J.  T.  Hynes,  J.  Chem.  Phy.s.  74, 
4465  (1981)  and  ibid.  75,  2191  (1981). 

Presented  at  the  Discussion  Meeting  of  the  E  7490 
Deutsche  Bunsen-Gesellschaft  fiir  Physi- 
kalische  Chemie  “Rate  Processes  in  Dis¬ 
sipative  Systems:  50  Years  after  Kramers” 
in  Tutzing,  September  10—13, 1990 


P.  Talkner;  Interrelations  of  Different  Methods  for  the  Determination  of  Rates  ete. 


327 


Interrelations  of  Different  Methods  for  the  Determination  of  Rates:  Flux 
Qver  Population,  Generalized  Reactive  Flux,  the  Lowest  Eigenvalue  and  Its 

Rayleigh  Quotient 

Peter  Talkner 

Paul  Schorrer  Institute,  CH-5232  Villigen 

Nonequilibrium  Phenomena  /  Reaction  Rates  /  Reactive  Flux 

The  ratio  of  Kramers’  current  carrying  stationary  probability  density  and  the  equilibrium  probability 
density  is  utilized  as  smoothed  characteristic  function  in  the  generalized  reactive  flux  method  recently 
proposed  by  Borkovec  and  Talkner  [J.  Chem.  Phys.  92,  5307  (1990)].  Under  a  certain  condition  on  the 
potential,  as  generalized  transition  state  rate  Kramers’  phase  space  diffusion  limited  rate  is  obtained.  It 
then  represents  an  upper  bound  for  the  true  rate.  An  approximate  expression  for  the  plateau  value  of  the 
generalized  reactive  flux  yields  a  Rayleigh  quotient  for  the  lowest  eigenvalue  of  the  considered  Fokker 

Planck  process. 


1.  Introduction 

The  generalized  reactive  flux  method  [1]  primarily  aims 
at  the  effective  numerical  simulation  of  rate  constants  [2] 
for  those  classes  of  dynamics  as  e.g.  Smoluchowski  or  jump 
processes  that  cannot  be  tackled  by  the  original  reactive  flux 
idea  [3].  This  goal  was  achieved  by  the  use  of  a  smoothed 
characteristic  function  from  which  the  reactive  flux  is  de¬ 
rived  in  contrast  to  a  discontinuous  one  for  the  original 
reactive  flux  method  [1].  In  this  note  it  will  be  demonstrated 
that  the  same  idea  may  lead  to  an  important  improvement 
of  the  initial  reactive  flux  rate  compared  with  the  transition 
state  rate.  For  the  sake  of  simplicity  this  discussion  is  re¬ 
stricted  to  the  original,  one  dimensional  Kramers’  model 
[4].  The  generalization  to  higher  dimensional  models  is 
straightforward.  From  Kramers’  solution  for  a  current  car¬ 
rying  probability  density  one  finds  a  smoothed  characteristic 
function  for  which  the  initial  reactive  flux  rate  already  yields 
Kramers’  phase  space  diffusion  limited  rate.  The  initial  con¬ 
ditions  for  the  individual  transmission  factors  that  lead  to 
the  time  dependent  reactive  flux  rate,  are  given  by  the 
sources  and  sinks  that  render  Kramers’  current  carrying 
solution  stationary  [1,5].  In  order  that  these  initial  condi¬ 
tions  follow  from  proper  nonnegative  probability  densities, 
the  nonlinear  potential  which  is  obtained  from  the  original 
potential  by  subtracting  the  barrier  part  must  be  convex. 
Under  this  condition  it  is  sure  that  Kramers’  rate  is  an  upper- 
bound  for  the  true  rate.  In  an  appropriate  limit  an  exact 
expression  for  the  plateau  value  is  obtained  that  deviates 
from  the  smallest  eigenvalue  of  the  considered  Fokker- 
Planck  process  only  by  an  exponentially  small  amount.  An 
approximate  calculation  of  the  plateau  value  leads  to  a  Ray¬ 
leigh  quotient  for  the  smallest  eigenvalue  which  is  different 
from  previously  used  ones  [5]. 


with  local  minima  corresponding  to  an  initial  reactant  and 
a  final  product  state.  The  reactant  state  Xg  <  0  is  separated 
from  the  product  states  Xp  >  0  by  a  barrier  located  at  Xb  =  0. 
The  vicinity  of  the  barrier  is  assumed  to  be  parabolic  with 
curvature  —  tu?: 

U(x)  a:  -  Y  Mcolx^  +  (7(0)  for  x  near  the  barrier  (2.1) 


Under  these  conditions  Kramers  could  construct  a  station¬ 
ary  Fokker  Planck  equation  in  the  parabolic  vicinity  of  the 
barrier; 


Lp{x,v)  =  0  for  X  near  the  barrier  (2.2) 

where  the  Fokker  Planck  operator  is  given  by 


e  f  u'ix)  ^  \ 

wi— +  '"j 


+ 


yhT 
M  0y2 


(2.3) 


and  where  y  denotes  the  friction  rate  and  T  the  temperature 
of  the  heat  bath  causing  fluctuations  and  dissipation. 

The  solution  p  is  given  by  the  product  of  a  form-function 
C(v,i')  and  the  equilibrium  Boltzmann  distribution  Pcq(-x,t’) 

pIx.v)  =  C(x,y)  pgq{x,v)  (2.4) 

where 

Pcqf.v.u)  =  Z-'  .  (2.5) 

The  form  function  matches  smoothly  the  equilibrium  dis¬ 
tribution  in  the  initial  veil  with  a  vanishing  probability  den 
sity  at  the  product  state.  It  is  given  by  [4] 


C(x,y)  =  wKMIlTiyk^T?.^)'’^ 

2.  Kramers’  Model 

As  a  model  of  a  chemical  reaction  Kramers  [4]  considered  .  J  dii 

a  Brownian  particle  of  mass  M  moving  in  a  potential  U{x)  '-x.r  c4 


(2.6) 
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where 


(2.7) 


The  stationary  solution  p  (x,y)  carries  a  probability  current 
over  the  barrier  that  follows  from 


■j  =  J  dvvp{x  =  0,v). 


(2.8) 


This  flux  is  maintained  by  sources  and  sinks  which  are  given 
by  [1,5] 


S(x,v)  =  -Lp(x,v) 

i 


ilnyMkjiT  J 


\i/2  _  _  iiHY 

'  K'(x)e  foj  / 


(2.9a) 


(2.9b) 


where  K(x)  denotes  the  nonlinear  part  of  the  potential  re¬ 
sulting  from  the  full  potential  U(x)  subtracted  by  its  para¬ 
bolic  contribution  (2.1) 


K(x)  =  U{x)  +  -J  A/  CO?  -  U(0) . 


(2.10) 


Kramers’  phase  space  diffusion  limited  rate  /tk,  is  then  readily 
obtained  from  the  ratio  of  the  flux  given  by  Eq.  (2.8)  and 
the  population  n  of  the  well 


klr  = 


_  _a)o_  _£^/kjr 


(Ob  2n 

where  Eb  =  U(0)  —  U(xo)  denotes  the  barrier  height  and 


11=  J  dx  J  dop(x,o). 


■kfPcq  =  PcqE*/. 


L*  =  -v^  + 
ox 


( V'ix)  \ 


Moreover,  we  note  that  the  operator  L*  is  just  the  adjoint 
operator  of  the  backward  operator  L"^  of  the  original  proc¬ 
ess  with  respect  of  the  scalar  product  defined  by  the  equi¬ 
librium  expectation  value 


<JL*gy  =  <gL*fy 
where 

CO  00 

</>  =  J  dx  J  dy/(x,y)pcq(x,i;) 

—  CO  —CO 

and 


-  I  V'(x)  .  \  8  ,  tl!,T  5= 

^  " '-ST + - 


M  dv^  ■ 


(2.16) 


(2.17) 


(2.18) 


In  the  next  Sect,  we  shall  discuss  the  generalized  reactive 
flux  method  for  this  classical  model. 

3.  The  Generalized  Reactive  Flux  Method 
After  a  transient  on  a  microscopic  time  scale  the  re¬ 
action  rate  governs  the  time  behavior  of  the  correlation  func¬ 
tion 


C(t)  = 


</(x,ii)e(-x(i))> 
</(x,y)  0(-x)> 


a:  e 


(3.1) 


(2.11) 

(2.12) 


where  <•>  again  denotes  the  equilibrium  average.  0(-x)  is 
the  step  function  being  unity  for  negative  and  zero  for  pos¬ 
itive  values  of  x.  In  contrast,  f(x,v)  is  a  function  that 
smoothly  interpolates  from  unity  in  the  phase  space  region 
of  reactants  to  zero  in  that  of  products.  In  order  to  avoid 
back  reactions,  phase  space  regions  of  products  must  be 
absorbing. 

The  tirne  derivative  of  Eq.  (3.1)  yields  a  time-dependent 
expression; 


*(0  =  - 


(2.13) 


dC(0  _  <g(-x(t))LV(,v,a)> 

dt  <f{x.v)  0(-x)> 


(3.2) 


This  result  represents  a  reasonable  estimate  of  the  true  rate, 
if  all  trajectories  ejected  by  the  source  properly  thermalize 
before  eventual  thermal  fluctuations  drive  them  out  of  the 
initial  well  [1,5]. 

We  conclude  this  section  by  noting  that  the  action  of  the 
Fokker  Planck  operator  L  on  a  product  of  a  function /(x,a) 
and  the  equilibrium  distribution  can  be  expressed  by  an¬ 
other  operator  L*  acting  solely  on  /: 


In  order  to  obtain  this  result,  one  expresses  the  time  de¬ 
pendent  part  9(— x(t))  formally  by 


0i-x{t})  =  e‘-*‘0{-x) 


(3.3) 


and,  after  differentiation  with  respect  to  t,  uses  Eq.  (2.16). 

In  a  standard  way  the  generalized  transition  state  k(0) 
and  the  transmission  coefficient  K(t)  are  introduced: 


(2.14) 


The  operator  L*  coincides  with  the  backward  operator  of 
the  time  reserved  process  [7, 8] 


k{t)  =  kiO)  K(t) 

where 

<0(-x)  L*fix.v)y 


A'(0)  = 


and 


</(x,a)9(-x)> 


K{t)  =  iO(-x(t))y^  -  <0(-x(O)>_  . 


(3.4) 


(3.5) 


(3.6) 
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The  nonequilibrium  initial  states  p±  by  which  the  expecta¬ 
tion  values  <0(-x(t))>*  are  determined,  read 

g(Tx)p«,(x,n)L*/(x,t)) 

<0(+x)L*/(x.i;)>  •  ^  ^ 

In  order  that  p±  are  nonnegative  probability  densities,  the 
function  /(x,y)  has  to  be  properly  chosen.  The  best  choice 
would  be  the  eigenfunction  K{x,v)ioi  L*  with  the  smallest 
eigenvalue 

L*fi(x,v)  =  -A/r(x.ii) .  (3.8) 

With  this  choice,  the  time  dependent  rate  k(t)  varies  exclu¬ 
sively  on  the  long  time  scale,  determined  by  the  inverse  rate 

k{t)  =  A  e-*' .  (3.9) 

Hence,  the  generalized  transition  state  rate  already  coincides 
with  the  true  rate  A 

k(0)  =  A  .  (3.10) 

However,  the  eigenfunction  ft  and  the  corresponding  eigen¬ 
value  -A  are  not  knowrj  exactly. 

As  an  approximation  Kramers’  function  {(x.a)  suggests 
itself  because  first,  it  shows  the  desired  qualitative  behavior 
and  second,  approximates  the  eigenvalue  Eq.  (3.8)  in  the 
important  barrier  region  [cf.  Eqs.  (2.2),  (2.4)  and  (2.14)] 


for  any  admissible  choice  of  f(x,v)  the  generalized  reactive 
flux  rate  is  an  upper  bound  for  the  true  rate 

*(0)  >  k .  (3.16) 

From  the  above  consideration  we  find  that  a  sufficient  con¬ 
dition  for  the  Kramers  rate  to  be  a  bound  for  the  true  rate, 
is  the  convexity  of  the  nonlinear  potential.  This  is  certainly 
too  strong  a  condition.  For  example,  for  a  cubic  potential 
l/(x)  =  Moilx^ll  -  ax^P, «  >  0  one  can  modify  Kramers’ 
form  function  for  positive  values  of  x  such  that  one  obtains 
proper  probability  densities  p*  without  a  change  of  Kra¬ 
mers  rate.  Consequently,  still  in, cases  where  F(x)  is'not 
convex,  the  Kramers  rate  may  be  an  upper  bound. 

Recently,  Poliak  et  al.  [9]  obtained  the  weaker  condition 
that  K(.x)  must  be  nonnegative  in  order  that  ku  be  an  upper 
bound. 

4.  The  Plateau  Value 

The  time  dependence  of  the  reactive  flux  rate  is  deter¬ 
mined  by  the  propagator  o'-*'  see  Eqs.  (3.2),  (3.3),  and  results 
finally  in  an  exponential  decay  proportional  to  e”"'';  where 
—A  is  the  smallest  eigenvalue  of  L*  and,  with  Eq.  (2.16)  also 
of  L*.  In  order  to  compensate  for  this  decay,  one  may  mul¬ 
tiply  the  reactive  flux  rate  (3.5)  by  e^'.  Then,  in  the  limit 
t-+oo,  one  obtains  for  the  plateau  value  kj,\  of  the  reactive 
flux  rate 


i*C{,x.u)  =  0  for  X  near  the  barrier .  (3.11) 

With  Eqs.  (2.5),  (2.6),  (2.15)  and  (3.5)  we  obtain  for  the  gen¬ 
eralized  transition  state  rate  A’(0)  Kramers’  phase  space  dif¬ 
fusion  rate  (2.12) 

A(0)  =  Ai,,  (3.12) 

Combining  Eqs.  (2.5),  (2.9),  (2.14)  with  Eq..(3.7)  we  obtain 
for  the  initial  distributions  p+  and  p_  the  normalized  pro¬ 
jection  of  the  source  and  sink  density  (2.9)  on  the  reactant 
and  product  phase  space  regions,  respectively: 


A'pi  =  lim  A(0  e^' 

l-*0O 

ih(x.v)L*f(x.v)yiri(x.i>)0{-x)> 

<Ax.v)0{-x)y 


(4.1) 


where  the  fact  is  used  that  c''"*  in  the  limit  t-*  co  projects 
onto  the  eigenspace  of  belonging  to  the  smallest  eigen¬ 
value  -A: 

lim  =  ?,i.  (4.2) 

l-^co 


p±  = 


0(+x)S(x,v) 

CO  CO 

j  dx  J  dyO(+x)S(x,u) 


The  projection  operator  may  in  the  usual  way  be  con- 
(3.13)  structed  from  the  right  —  and  left  —  eigenvectors  of  L*: 

L*h(x.v)=  -?Mx.v)  (4.3a) 


From  (2.9b)  we  immediately  find  that  the  functions  p±  are  i,*ri{x,v)  =  —?Ji{x,v)  (4.3b) 

nonnegative  if  the  nonlinear  potential  K(x)  defined  by 

Eq.  (2.10)  is  a  convex  function  where 


r(.x)  ^  0 .  (3.14) 

Under  this  condition,  the  Kramers’  form  function  Cf-’c.t’)  is 
an  admissible  choice  for  the  reactive  flux  function  f(x,v). 

Since,  as  for  the  original  reactive  flux,  for  proper  nonneg¬ 
ative  the  expectation  values  fulfill  the  obvious  inequali¬ 
ties 


</i(x,i;)  H(x,v)}  =  1  (4.3c) 

and  where  we  have  used  that  L'^  and  L*  are  adjoint  to  each 
other  [see  Eq.  (2.16)].  Since  I'’’  and  L*  are  further  connected 
by  time  reversal  [compare  Eqs.  (2.15),  (2 18)]  h  and  /T  are 
also  connected  by  the  time  reversal  transformation: 


0  ^  <0(-x(O)>-  <  <0(-x(t))>+  <  1 


(3.15)  ii{x,v)  =  h(x,—v) . 


(4.4) 
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Using  Eqs.  (2.16)  and  (4.3a)  one  obtains  from  Eq.  (4.1)  for 
,  the  plateau  value  fcpi 


(f{x,v)  h{x,v)}  {Rjx.v)  0(-2)> 
<fix,v)  B{-x)y 


(4.5) 


All  three  factors  (Jix,v)h{x',v)'),  <^(x,«)fl(— x)>,  and 
</(x;i))0(— x)>  deviate  from  the  population  of  the  well  only 
by  factors  of  order  l  —  Hence,  as  one  expects,  the 

plateau  value  of  the  reactive  flux  rate  coincides  up  to  ex¬ 
ponentially  small  corrections  with  the  smallest  eigenvalue  of 
the  Fokker  Planck  operator. 

Since,  however,  the  exact  eigenfunctions  h  and  /T  are  un¬ 
known,  one  can  try  to  evaluate  the  expression  (4.1)  for  the 
plateau  value  of  the  reactive  flux  with  the  help  of  an  appro¬ 
priate  pair  of  test  functions  h[x,v)  and  fio(x,v),  that  one  may 
choose  consistently  with  the  reactive  flux  function  /(x,u); 


hoix.v)  = 


7(x,t)) 

</(.v.i>)/(x,D)>''^ 


(4.6) 


where  [see  Eq.  (4.4)] 

7ix.v)=f(x.-v)  (4.7) 

and  where  the  normalization  is  given  by  Eq.  (4.3c).  ft(x,v) 
follows  immediately  with  Eq.  (4.4).  For  the  plateau  value  A-pi 
one  then  obtains  a  Rayleigh  quotient  for  the  smallest  eigen¬ 
value  of  L*: 


(f(x.v)  L*J{x.v)'> 
<fix.v)hx.v)> 


(4.8) 


This  expression  is  difierent  from  previously  suggested  forms 
of  the  Rayleigh  quotient  [6],  as  it  contains  two  different  test 
functions  for  the  left  and  right  eigenvectors  which  are  related 
by  time  reversal,  rather  than  only  one  of  these.  Only  in  cases 
with  strict  detailed  balance  [7,10]  where  the  operators  L* 
and  L*  coincide  the  classical  Rayleigh  quotient  for  a  selfad- 
joint  eigenvalue  problem  is  recovered  from  Eq.  (4.8). 

If  one  chooses  for  f(x.v)  again  Kramers’  function  %(x.v) 
one  finds  from  Eqs.  (2.6),  (4.6)  and  (4.8)  for  a  symmetric 
potential  for  the  plateau  value 


where 


/2 

Mwl  +  (Iwbf  ' 


(4.10) 


Possible  temperature  corrections  to  the  Gaussian  approxi¬ 
mation  of  the  well  population  are  neglected.  For  j  — >  x  Api 
goes  over  to  the  Smoluchowski  rate  with  its  leading  tem¬ 


perature  corrections  [11],  whereas  the  expression  (4.9)  fails 
to  give  the  correct  behavior  for  small  friction  constants  y, 
because  then  the  Kramers  form  function  does  not  ade¬ 
quately  approximate  the  eigenfunction  ft(x,v). 

Conclusions 

In  this  note  the  generalized  reactive  flux  method  is  applied 
to  the  original  Kramers’  model.  It  is  shown  that  under  the 
condition  of  a  convex  nonlinear  potential  Kramers’  phase 
space  diffusion  rate  may  be  obtained  as  a  generalized  tran¬ 
sition  state  rate.  It  is  then  an  upper  bound  for  the  exact  fate. 
Further,  it  is  demonstrated  that  the  crucial  modification  of 
the  reactive  flux  function  from  a  discontinuous  to  a  smooth 
characteristic  function  does  not  change  the  plateau  value  of 
the  time  dependent  reactive  flux  rate  which  is  given  by  the 
lowest  eigenvalues  of  the  Fokker  Planck  operator.  The  Ray¬ 
leigh  quotient  that  follows  from  the  expression  for  the  pla¬ 
teau  value  allows  for  the  nonselfadjointness  of  the  backward 
operator  as  it  contains  two  different  test  functions. 

The  generalization  of  the  demonstrated  method  to  higher 
dimensional  systems  with  detailed  balance  is  straightfor¬ 
ward.  In  principle,  the  generalized  reactive  flux  method  may 
also  be  applied  to  problems  without  detailed  balance.  The 
main  problem  then  consists  in  the  determination  of  a  sta¬ 
tionary  state  corresponding  to  the  thermal  equilibrium  stale. 

The  author  gratefully  acknowledges  valuable  discussions  with 
Mischa  Borkovee,  Peter  Hiinggi,  and  Eli  Poliak. 
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Activated  Rate  Processes  /  Diffusion  /  Nonequilibrium  Phenomena  /  Statistical  Mechanics 

We  consider  the- problem  of  activated  escape  of  a  Brownian  particle  from  a  potential'wcu:  We  find  the 
stochastic  separatrix  S  (the  locus  of  starting  points  of  the  phase  space  trajectories  which  have  equal 
probabilities  of  ending  up  inside  or  outside  the  well)  for  (i)  the  extremely  anisotropic  overdamped  motion 
of  a  two-dimensional  Brownian  particle  in  a  bistable  potential,  and  (ii)  the  damped  and  uiiderdamped 
motion  of  a  one-dimensional  Brownian  particle  in  a  single  metastable  state.  The  significance  of  S  is  that 
(1)  it  defines  the  reactant  and  product  wells  in  a  natural  though  not  necessarily  intuitive  way,  and  (2)  it 
reduces  the  calculation  of  the  escape  rate  to  the  solution  of  the  stationary  Fokker-Planck  equation  inside 
S,  with  absorbing  boundary  conditions  on  S.  Finally,  employing  this  approach  we  derive  an  expression 
for  the  Kramers  escape  rate  which  bridges  uniformly  between  Kramers  weak  dainping  regime  and  tran¬ 
sition  state  theory. 


1.  Introduction 

The  correct  description  of  the  transition  state  (TS)  of  a 
diffusive  aetivated  rate  process  with  a  (single)  metastable 
state,  and  of  the  stochastic  dynamics  in  the  neighborhood 
of  the  TS,  is  crucial  for  the  understanding  of  the  activation 
process.  However,  descriptions  of  this  behavior  for  diffusion 
processes  (see  e.g.  [1-16])  do  not  seem  to  be  complete. 
Indeed,  the  behavior  of  the  stochastic  trajectories  near  the 
TS  has  often  been  assumed,  rather  than  derived  from  anal¬ 
ysis  of  the  underlying  diffusion  model.  For  example,  a  fre¬ 
quently  used  assumption  in  Kramer’s  problem  [1]  is  that 
trajectories  do  not  return  from  the  TS  (see  e.g.  [2]).  When 
applied  to  the  stochastic  trajectories  of  the  Langevin  equa¬ 
tion,  although  correct  in  the  extremely  underdamped  regime, 
as  shown  below,  it  does  not  hold  for  higher  values  of  the 
damping  coefficient  y  [1].  Analyses  of  stochastic  trajectories 
near  the  TS  (see  e.g.  [6,7,10—12])  also  do  not  provide  a 
complete  picture.  In  particular,  an  adequate  theory  of  the 
return  probability  in  the  transition  region  between  the  un¬ 
derdamped  and  the -transition  state  theory  range  of  y,  which 
must  be  taken  into  account  in  the  calculation  of  the  escape 
rate,  has  not  been  developed.  This  issue  did  not  arise  in  [3] 
and  [4],  where  the  Langevin  description  was  replaced  by 
one  based  on  a  Hamiltonian  of  a  particle  in  a  bath  of  har¬ 
monic  oscillators,  thus  changing  the  formulation  of  the  dif¬ 
fusion  problem  posed  by  Kramers.  In  addition,  because  of 
the  choice  of  normal  mode  coordinates  in  [3,4],  the  sto¬ 
chastic  phase  space  trajectory  of  the  particle  near  the  TS 
was  not  described. 

The  purpose  of  this  paper  is  to  clarify  the  behavior  of  the 
random  trajectories  near  the  TS  and  to  calculate  the  acti- 
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vation  rate  in  several  problems  described  by  the  Langevin 
equation.  We  describe  analytically  the  stochastic  separatrix 
S,  the  locus  of  starting  points  of  the  phase  space  trajectories 
which  have  equal  probabilities  of  ending  up  inside  or  outside 
the  potential  well.  Thus  S  is  taken  as  the  definition  of  the 
TS. 

There  arc  several  important  applications  for  S.  Obviously, 
the  escape  rate  x'e«  from  the  domain  bounded  by  S  is  twice 
the  absorption  rate  Kjb,  in  S,  which  explains  the  factor  1/2 
in  the  relation  between  iCc»  !ind  the  mean  first  passage  time 
to  S  [8].  The  analytical  and  numerical  calculation  of 
can  thus  be  reduced  to  that  of  calculating  the  first  non-zero 
eigenvalue  of  the  forward  or  backward  Fokker-Planck  op¬ 
erator  inside  S,  with  absorption  in  S.  It  also  defines  the 
reactant  and  product  wells  for  bistable  damped  models  in 
a  natural,  though  not  necessarily  intutitive  way,  indepen¬ 
dently  of  the  ridge  R  of  the  potential  (see  Fig.  1),  and  so  on. 
Therefore  the  determination  of  S  is  of  considerable  impor¬ 
tance. 

We  determine  S  in  two  classical  examples.  In  Section  2 
we  consider  the  case  of  a  two  dimensional  anisotropic  bist¬ 
able  Smoluchowski  system.  We  show  that  depending  on  the 
relative  sizes  of  the  anisotropy  parameter  5  and  the  dimen¬ 
sionless  temperature  e  (measured  in  units  of  the  well  depth), 
either  S  =  r  (e.g.,  if  Sps),  or  S  is  an  altogether  different 
curve  (if  5  e),  depending  on  the  geometry  of  the  potential 
near  the  saddle  point  M.  While  in  the  first  instance  S  passes 
through  M,  in  the  latter  it  may  not.  This  explains  the  non¬ 
saddle  point  activation  energy  predicted  in  [9—12].  It  also 
shows  that  S  is  not  always  close  to  f  when  e  is  small,  as 
implied  in  [6].  If  however  d  =  0(1)  and  e  1,  then  S  =  F, 
as  asserted  in  [6]  and  [8].  The  proof  that  S  =  F  for  e  5 
is  the  same  as  that  for  the  classical  Kramers’  problem  of 
activated  escape  of  a  Brownian  particle  from  a  metastable 
state  for  e  4  y.  The  Langevin  equation  in  this  case  is  given 
in  dimensionless  variables  by 

-v  -1-  yx  -F  y'(x)  =  \/2^ew  .  (1.1) 
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where  w  is  standard  Gaussian  white  noise.  We  assume  that 
K(x)  has.a  single  local  minimum  (maximum)  at  xa(<Xc). 
The  domain  of  attraction  D  of  the  stable  point  x  =  Xa,  3c  =  0 
in  phase  space  is  bounded  by  a  separatrix  f,  which  in  this 
example  is  determined  by  the  solution  of 

;C  =  y,  y=_yy_F(x),  (1.2) 


potential  F(xi,X2)  [10,13].  In  dimensionless  variables  the 
dynamics  is  given  by  the  Smoluchowski  equations 


dV  r— 

X,  =  -  -^  +  l/2gw, 

dV  , — 

X2  =  -5-t - h  Y^Wi , 

0X2 


(2.1) 


which  converges  to  the  saddle  point  x  =  Xc,  y  =  0  as  00. 
We  set  (ol  =  F"(xa)  and  cuc  =  —  y"(Xc)-  Kramers’  expres¬ 
sions  for  the  escape  rate  from  D  are: 

=  for  y<8<l,  (1.3) 

27tE 

where  Ic  is  the  action  of  the  motion  on  the  critical  energy 
contour  E  =  =  K(xc)  and  AK  =  V{xc)  —  ^(xa),  and 

Kkr,  =  f3K„t  for  e  ^  y  , 

where 

^  _  l/yH'ftac-y 

2o)c 

and  where  the  transition  stale  theory  rate  k,s,  is  given  by 


(1.4) 


(1.5) 


Xu\  ~ 


2u  ®  ’ 


(1.6) 


Obviously  12  ~  1  if  y  o)c,  so  that  Xi,  reduces  to  Xut  in  this 
limit,  rather  than  to  Xud,  as  it  should.  This  leaves  a  gap 
between  the  expansion  of  the  escape  rate  in  the  extremely 
underdamped  region  y  <|  g  1  and  the  TST  region 
8  ^  y  cuc. 

In  Section  3  we  show  that  for  g  5  in  a  two-dimensional 
anisotropic  Smoluchowski  problem,  as  well  as  in  Kramers’ 
problem  in  the  limit  (1)  g— »0,  y  =  0(l),  the  stochastic  se¬ 
paratrix  is  the  deterministic  separatrix  S  =  f.  In  Section  4 
we  show  that  in  the  limit  (2)  y— >0,  S  is  the  constant  energy 
contour  E  =  Ec-  glog2,  thus  solving  the  problem  cited  in 
[7].  In  Section  5  we  find  an  asymptotic  expansion  of  S  in 
the  range  of  parameters  (3)  g  <  1,  y  <  coc,  which  includes 
the  range  where  e  and  y  are  comparable,  and  which  bridges 
between  (1)  and  (2).  Finally,  in  Section  6  we  derive  an  ex¬ 
pression  for  the  escape  rate  in  the  region  (3),  which  bridges 
between  Kramers’  expression  (1.3)  in  the  limit  (1)  and  the 
TST  expression  (1.6)  in  region  (3). 


2.  The  Stochastic  Separatrix  for  an  Extremely  Anisotropic 
System 

We  first  consider  the  extremel)  anisotropic  overdamped 
motion  of  a  two  dimensional  Brownian  particle  in  a  bistable 


where  5  is  the  anisotropy  parameter,  and  vvi ,  W2  are  inde¬ 
pendent  standard  white  noises.  The  bottom  of  the  reactant 
(product)  well  is  at  a  =  (X|a,X2a)  (b  =  {Xib,X2b)).  The  do¬ 
mains  of  attraction  Da  and  Db  of  the  wells  a  and  b,  are 
separated  by  a  separatrix  T,  which  is  the  curve  determined 
by  the  noiseless  dynamics  ((2.1)  with  g  =  0)  which  converges 
to  M  as  In  the  isotropic  case  5  =  1,  r  =  R,  where./? 
is  the  ridge  of  the  potential  surface  (see  Fig.  1). 


the  ridge,  the  deterministic  and  stochastic  separatrices  respectively. 
The  dashed  curves  represent  level  curves  of  V 


If  however  5  1,  f  differs  considerably  from  R.  The  direc¬ 

tions  of  R  and  r  at  M  are  shown  in  Fig.  1.  If  the  local 
expansion  of  F  near  M  is  given  by 

1  1 

F(x,.X2)~-jAxJ-bBx,X2  +  yCx?  -b  ...,  (2.2) 

the  scenario  depicted  in  Fig.  1  corresponds  to  A  <  0. 

Let  Qa(t>)  be  a  neighborhood  of  a(b),  deep  inside  the  re¬ 
actant  (product)  well  and  let  pixi.Xz)  be  the  probability  that 
a  trajectory  of  (2.1),  starting  at  (xi,X2),  will  hit  Qa  before  it 
hits  Qb-  For  a  trajectory  that  starts  in  the  reactant  well  and 
reaches  the  point  (aj.a^),  pix,,xj  is  the  probability  of  return 
from  (A,,Xi).  The  curve  defined  by  p(.v,,  v.)  =  1,'2  is  the 
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stochastic  separatrix  S.  The  function  p(xi,X2)  is  the  solution 
ofri4] 


LoP  +  dLiP  = 


dV  dp  d^p 
dxi  dXj  ^  ^  dxf 


dF  dp  d^pl  _ 
9x2  9^2  ^  9^L  ’ 


(2.3) 


considerably  from  both  f  and  JR.  The  reactant  and  the  prod¬ 
uct  wells  for  an  extremely  anisotropic  (5  s)  chemical  re¬ 
action  described  by  (2.1)  [13]  are  naturally  defined  as  the 
domains  on  either  side  of  S,  rather  than  the  domains  on 
either  side  of  il  or  f  [9 — 1 3] .  Thus  the  physically  meaningful 
separatrix  is  neither  f  nor  R  [9-13],  but  rather  S.  Other 
cases  will  be  discussed  elsewhere. 


with,  the  boundary  conditions 

p(x,,X2).=  1  if  (x,.X2)e0fl,,  (2.4) 

p(Xi,X2)-0  if  (X),X2)e0f2i, 

where  dQa  and  012^  are  the  boundaries  of  and  Qi,  ,  re- 
spectively.Jf  3  4e,v/e  expand 

p  ~  p®  +  5p'  +  ...  (2.5) 

a'ltl  obtain 

ioP"  =  0  (2.6) 


3.  The  Stochastic  Separatrix  for  e— »0 

We  now  consider  (2.1)  in  the  limit  e— >0  with  3  =  0(1)  as 
well  as  (1.1)  in  the  limit  e— »0  with  y  =  0(1)  and  prove  that 
in  these  limits  S  =  r.  These  problems  were  considered  in 
[6]  [7]  and  [17],  however  the  argument  in  [6]  does  not 
cover  all  cases,  as  may  be  seen,  e.g.,  from  the  simple  example 
of  a  drift  which  vanishes  on  T  (constant  ridge  height).  For 
definiteness  werpresent  the  proof  for  the  Langevin  equation 
(1.1).  The  proof  for  (2.1)  is  exactly  the  same.  Let  Qa  be  a 
neighborhood  of  the  stable  point  (xa,0),  and  Of  be  the  half 
plane  x  >  Xb,  where  Xb  is  chosen  so  that  Xb  >  Xq.  The  prob¬ 
ability  p(x,y)  that  the  particle,  initially  located  at  (x,y)  will 
hit  dQa  before  it  his  dQ/,,  is  the  solution  of 


L,p'  ==  -Up\  (2.7) 

and  so  on.  From  (2.6)  we  obtain  that  p®  is  independent  of 
X|,  and  from  (2.4)  we  obtain  that  p®  =  1  (0)  in  the  strip 
Sa(S(,).  Next  we  determine  p®  in  the  strip  Sm  (see  Fig.  1).  The 
solvability  condition  for  (2.7)  is  that  the  right  hand  side  is 
orthogonal  to  the  solution  exp(—  V/c)  of  the  homogeneous 
problem  for  Q  (the  one-dimensional  Fokker-Planck  oper¬ 
ator).  Thus 


d^p® 
®  dxi 


dF“^(X2.E) 

dxi 


dp® 

dX2 


=  0  for  X2  <  X2  <  X2  , 


(2.8) 


outside  Qa  and  Qi,,  with  the  boundary  conditions 
p  =  1  on  dQa ,  p  =  0  on  dQb .  (3.2) 

The  outer  expansion 

p  =  p®  +  o(l)  as  e  -+  0  ,  (3.3) 

implies  that  on  the  trajectories  (x(t),  y(0)  of  (1.2)  we  have 


(see  Fig.  1)  with  the  boundary  conditions 

P®(xD  =  0,  p®(xD  =  l, 


(2.9) 


p”(x(0,y(0) 

dt 


=  0, 


(3.4) 


where 


+00 

F'‘'^(x2,e)  =  —slog  I  e~*'*'''’*2’^*dxi . 


(2.10) 


so  that  p®(x(t),  y(0)  =  const,  on  each  such  trajectory.  Since 
trajectories  that  start  inside  (outside)  F  reach  dQa  (the  line 
Xb),  we  have  by  (3.2) 


We  consider  the  case  that  has  two  minima,  and  achieves 
its  local  maximum  at  a  point  Xn,(£)  in  the  interval  (xj,xl). 
The  solution  of  (2.8)  and  (2.9)  is  given  by 


|e-»''“('=-')/^dx2 

P^  =  4 - •  (2.11) 

j  e~’'''**2’'^''®dx2 


p®  =  1  inside  f,  p®  =  0  outside  F .  (3.5) 

The  outer  solution  p®  is  discontinuous  across  F.  Therefore 
we  construct  an  asymptotic  solution  in  a  layer  about  F,  to 
smoothly  connect  the  solutions  (3.5).  We  change  variables 
in  (3.1)  to  (x,/0,  where 


Q  =  dist((x.y),F), 


(3.6) 


Clearly,  limp  =  1(0)  for  X2  >  (<)Xni(0).  Thus  S,  the  locus  ^  solution  the  Bernoulli  equation 

of  points  (xi,X2)  such  that  p(xi,X2)  =  1/2,  is  given  to  leading 

order  in  5  and  £  by  X2  =  x„(0)  (see  Fig.  1).  Note  that  S  differs  3'/(x)/(x)  +  (-'D/SilV.’. 


(3.7) 
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that  satisfies  the  initial  condition 


v  yXMxcm'yf ' 


For  E<Ec  we  average.(3.1)  over  constant  energy  contours, 
to  obtain 


z{l{E)^+TiE)- 


^  .  koil  +  X-y 

'’•<*'>=-1+7- 


where  the  action  1{E)  and  the  period  T{E)  of  the  undamped 
noiseless  motion  on  the  constant  energy  contour  E,  are  given 
by 


(see  [5],  Eqs.  (2.23)-(2.29)  or  [15],  Eqs.  (5.26) -(5.45)).  Set¬ 
ting  p(x,y)  =  P(x,/t)  and  expanding 

F(x,/t)  =  P®(x,/t)  +  o(l)  for  e  1  ,  (3.11) 

we  obtain  the  leading  order  boundary  layer  equation 

3^P°  ,  „  ,  >>r(x)  6P»  _ 

0/<^  3/4  ey(^.0)z^(x)  3x 

with  the  boundary  and  matching  conditions 

lim  P\x,n)  =  1 ,  lim  P®(x./<)  =  0 .  (3.13) 

Here  c,,  s  Sg/ay.  The  solution  of  (3.12),  (3.13)  is  [17] 


P®(.v,/<)  =  e-‘''*  ds . 


Thus  if  (x,y)  6  f,  then  e(x.y)  =  0,  so  that  /t  =  0,  and 


It  follows  that  5  =  r  in  the  limit  e  ->  0  for  y  =  0(1)  [6—8, 
17]. 

4.  The  Stochastic  Separatrix  in  the  Extremely 
Underdamped  Kramers’  Problem 

Next  we  consider  (3.1)  for  y  e  <?  1.  We  expand 

p{x,y)  ~  p°(x,y)  +  0(1)  as  y  ^  0  ,  (4.1) 

and  obtain  that  p®  (x,y)  is  constant  on  constant  energy  con¬ 
tours.  Thus  for  every  (x.y)  such  that  E  =  y-jl  +  F(x)  > 
the  outer  solution  is 


/(£)  =  f  y  dx,  and  T{E)  =  /'(£)  =  f  — .  (4.4) 

E  B  y 

We  choose  dQg  to  be  the  contour  £  =  £i  <  E^.  The  bound¬ 
ary  condition  for  p®  is  given  by 

p®(x,y)  =  1  on  £  =  £i  ,  (4.5) 

and  the  matching  condition  is  that  the  solution  of  (4.3) 
matches  with  the  outer  solution  (4.2)  as  E-*Ec,  which  iir- 
plies  that 

P®(x,y)  =  0  on  E  =  Ec ,  (4.6) 

The  solution  of  (4.3),  (4.5),  and  (4.6)  is 


Note  that  the  matching  condition  (4.6)  implies  that  trajec¬ 
tories  which  reach  £„  are  unlikely  to  reach  dQa  before  dQ/,, 
i.e.,  are  unlikely  to  return. 

Now  we  use  (4.7)  to  find  S,  by  finding  the  value  E,/2  of  £, 
for  which 


P“(x,y)  =  4. 


Since  for  small  e  the  main  contribution  to  the  integrals  in 
(4.7)  come  from  £  =  £„  we  obtain  to  leading  order  in  e 

£5  s  £,y2  ~  £<;  -  e  log2  for  c  1  .  (4.9) 

Thus  in  the  limit  y— >0,  S  is  the  contour  £  =  Ei^.  Obviously, 
for  y  7^;  0,  S  lies  between  the  £1/2  and  £.  Particles  whose 
energy  is  higher  than  E^  -elog2  have  a  probability  of  at 
least  1/2  not  to  return  to  the  well,  contrary  to  commonly 
held  beliefs.  Obviously  as  y  increases,  the  probability  of  re¬ 
turning  from  the  barrier  top  to  the  well  increases  continu¬ 
ously  from  0  to  1/2. 

Note  that  for  £  close  to  £„  I(s)  is  close  to  4,  the  action 
of  the  motion  on  the  critical  energy  contour  £  =  £^,  so  that 
(4.7)  implies  that 


p®(x,y)  =  0. 


(4.2)  p®(x,y)  ~  1-e-f  , 


(4.10) 
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where 


(4.11) 


Thus,  in  a  layer.near  Ec,  the  probability  p®  (x,y)  as  a  function 
of  C,  satisfies 


with  the  initial'fand  boundary  conditions 

e?,(0,t/)  +  e5(0,t/)  =  0  for  t/>0  (5.8) 

and 

Q“(^,0)  =  0,  and  ->  1  as  t/  ->  oo  .  (5.9) 


P{{  +  P(  =  0  • 


(4.12)  The  solution  is  given  by 


This  fact  is  used  in  the  next  section. 

5.  A  Uniform  Expansion  of  the  Stochastic  Separatrix  in 
Kramers’  Problem 

In  Sections  3  and  4  we  found  S  for  e  y  and  for  y<c, 
respectively.  Here  we  determine  S  in  the  range  where  y  and 
s  are  comparable.  Comparing  (3.14)  with  (4.7)  we  see  that 
neither  is  uniform  in  c  and  y,  since  they  do  not  reduce  to 
one  another  in  the  appropriate  limits.  Therefore  we  now 
construct  a  boundary  layer  to  connect  the  outer  solutions 
(3.5)  in  the  parameter  range  where  c  and  y  are  comparable. 
We  introduce  in  (3.1)  the.variables 

C  =  ^  =  --f/r(x),  (5.1) 

where 


QMn)  =  J-  J 

yj  n  0 


+  — pzr  J  dz 

yin 

e-n+i  « 

j  e-^^Mz  =  R' («.»/). 

yin 


(5.10) 


Next  we  show  that  in  the  limits  y  e  <  1  and  s  y  4 
(Oc,  (5.10)  reduces  to  the  results  obtained  in  sections  3  and 
4,  so  that  (5.10)  provides  a  uniform  expansion  of  the  prob¬ 
ability  p(x,y). 

First  we  consider  y  4  e,  which  corresponds  to  >0  in 
(5.10).  Obviously,  in  this  limit  the  initial  condition  (5.8)  is 
recovered,  so  that 


/r(x)  =  J  yr(^)dx  (5.2) 

is  the  (negative)  action  :of  the  motion  on  F  between  the 
points  xc  and  x.  Setting  p{x,y)  =  Q(ij,0  in  (3.1)  we  obtain 

e«  +  ^c(i  -y)-  (5-3) 

Matching  to  the  outer  expansion  implies  that 

e(|.C)  =  0  for  C-l-?  =  0,  C<0  (5.4) 

and 

as  C-^co,  (5.5) 


~  QHo,n)  =  1  -  e-"  =  1  -  (5.11) 

Setting 

e'’(^.'/)  =  y  (5.12) 

we  obtain 

Es  =  Er-E  log2  =  Ec  -ylr{x)  -  e  log2  .  (5.13) 

Clearly,  (4.10)  is  recovered  as  y— >0,  and  (5.13)  also  provides 
a  first  correction  term  to  (4.10). 

Next  we  consider  e  4  y,  which  corresponds  to  ^— >  oo.  It 
is  easily  seen  that  R^i^.tj)  and  R®(^,»;)  in  (5.10)  vanish,  so 
that  R'(^,>})  determines  the  asymptotic  behavior  of  2®(^,>;), 
which  agrees  with  (3.14).  To  determine  S  in  this  limit,  we  set 
=  1/2.  There  exists  a  value  Zi/2  such  that 


The  initial  condition  at  ^  =  0  is  obtained  as  follows.  The 
limit  »0  corresponds  to  y-»0,  so  that  in  this  limit  <2(0,0 
must  agree  with  (4.10).  Thus  (4.12)  implies  the  initial  con¬ 
dition 


2«  +  ec(l-^)  =  0  for  ^  =  0. 


(5.6) 


Therefore  S  is  determined  from  the  equation 

_!i _ , 


(5.14) 


(5.15) 


Setting  f/  =  C  +  C  and  expanding  g  =  g®  -b  o(l)  we  obtain  or  equivalently 

g®,  =  g|  for  j;  >  0,  ?  >  0  (5.7)  £s  ~  Fr  -  l/28yl/r(x)|z,/2 . 


(5.16) 
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Clearly, ,(ll6)  reduces. to  S  =  r  in  the  limit  s— >0,  and  also 
provides  a  first-correction  term  in  the  expansion  of  S. 

We  note  that  in  the  two  limits  considered,  we  obtain  dif¬ 
ferent  correction  terms  in  the  expansion  of  S,  so  that  neither 
one  can  be  separately  used  as  a  uniform  expansion  of  S. 


6.  A  Uniform  Expansion  of  the  Activation  Rate  in 
Kramers’  Problem 

Next  we  calculate  the  .escape  rate  from  the  relation 

Kesc  ~  ^abs »  . 

where  Kai»  is  the  absorption  rate  in  S.  To  this  end  we  cal¬ 
culate  the  stationary  probability  density  function  /(x,y)  in¬ 
side  S  (in  phase  space),  with  a  source  at  (x^,0)  and  absorp¬ 
tion  in  S.  Thus  /(x,y)  is  Green’s  function  for  the  Fokker- 
Planck  operator  with  absorption  in  S.  Then 

Kaba  =  -|-,  (6.2) 

where  F  is  the  total  probability  current  on  S  and  N  is  the 
total  population  inside  S.  The  Fokker-Planck  equation  is 
given  by 

v^/yy  - y/x  +  [(ry  +  -Xa.>’)  ,  (6.3) 

with  the  boundary  condition 


/(x.y)|s  -•=  0  .  (6.4) 

The  asymptotic  structure  of  /(x,y)  for  small  c  is  given  by 
[15] 

/(x,y)  =  e-^/'^l'x.y),  (6.5) 

where  q(x,y)  is  the  solution  of  (3.1)  with  the  absorbing 
boundary  condition  (6.4)  and  the  matching  condition 

q  ~  const,  as  e  — »  0,  (x,y)  inside  S  —  {(x,i,0)}  ,  (6.6) 

The  function  q(x,y)  has  an  integrable  singularity  at  the 
source.  We  note  that  although  <?(x,y)  and  Q(^,>;)  satisfy  the 
same  equation  Lq  =  0  (see  (3.1))  and  the  same  matching 
conditions  (6.6),  the  absorbing  boundary  condition  for 
q{x,y)  is  assigned  on  S,  whereas  that  for  is  assigned 
on  r.  However,  since  to  leading  order  in  e  we  have  S(^,/;) 
=  1/2  on  S,  the  function  2  2(iJ,>;)  —  1  vanishes  on  S,  matches 
to  1  away  from  S,  and  satisfies  (6.4).  It  follows  that  to  leading 
order  in  s 


(6.7) 


(6.8) 


By  definitipri,  th ;  probability  current  F  and  the  total  pop¬ 
ulation  N  are  given  by  [15,16] 


F  =  —  J  yefy  dx  ~  —ley  J  e  -  dx 

s  s  oy 

and 

N  =  fj/dxdy  « 

D  (Oa 


(6.9) 


(6.10) 


where  D  denotes  the  reactant  well.  Hence,  by  (6.1), 

Win) 


-y(OA  I  e' 
s 


■£/c. 


Oy 


■dx 


2n 


.  Qyiu.xAVc  ^ 


(6.11) 


Next  we  consider  (6.11)  in  the  two  limits,  y  <^e  and  s^y, 
From  (5.10)  we  have 


yiK 


(6.12) 


The  limit  y  e  corresponds  to  <—>0  so  that  by  (5.13), 
Es  ~  Ef  -  elog2,  the  first  integral  in  (6.12)  vanishes,  the  sec¬ 
ond  integral  tends  to  1,  and  — +  ^  -»  -log 2.  Therefore 
(6.11)  reduces  to 


y(OA\c-'^‘'''ys(x)Ax 
s _ 

27re 


27tE 


for  V  <  e  <1  1 , 


(6.13) 


which  is  Kramers’  result  (1.3)  in  this  limit. 

The  limit  E<^y  corresponds  to  »oo.  As  noted  in  Sec¬ 
tion  5, 


~  R'dn)  as  c  CO  ,  (6.14) 


and  it  can  be  easily  seen  from  (6.12)  that 

Qniln)  ~  Rliiln)  as  ^-»oo.  (6.15) 

The  boundary  layer  function  R'(s.'/)  is  similar  to  P®(x,/i)  in 
(3.14).  It  has  been  shown  in  [5, 15]  that  if  is  replaced 
by  P^(x,n)  in  (6.11),  then 


as  E->0,  (6.16) 

which  is  equivalent  to  ~  for  6  1.  In  particular  12  ~  1 

if  y  <  (Oc,  that  is, 

Kcm:  ~  Km  for  s  <y  4.(0c  ■ 


qix,y)  ~  2Q%ti)  -  1  , 
so  that  by  (6.5) 

f{x.y)  ~  e-^/^(22“(?,»;)  -  1) . 


(6.17) 
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Therefore  in  order  to  show  that  (6.17).hoids.for  Kesc  defined 
by  (6;11),  it  suffices  to  show  that 

for  (x,y)  in  a  boundary  layer  mear  the  saddle  point  (xc,0) 
(in  particular  for  (x,y)  e  S,  near  (xc,0)).  According  to  [5, 15] 


Xixc)  = 


ey(Xc,0)  ’ 


(6.19) 


where  A+  and  are  the  positive  and  negative  roots  of 

+  Ay-ft)|*=  0,  (6.20) 

respectively.  On  the  other  hand,  for  (x,y)  in  the  boundary 
layer  near  (xc,0) 


(6.21) 


(6.22) 


n  yrix)-^y^  (yr(A:)-T)}’r(x) 

1/2?  21/-2ey/r(x)  ~  |/-2ey/r(x) 

Since  near  (xc,0) 

yr(x)  =  A_(x-xc)  +  0((x-yc)^), 
we  have  by  (5.2) 

/r(x)  =  +  0((x -xc)’)  near  (xc.O) .  (6.23) 

and 

yr(x)  -  y  ~  -  for  c  <  1  and  (x.y)  near  (xc,0) . 

6y(^C>0) 


It  follows  that 
■r,  l/=r 


1/^  ey(xc,0)l/^’ 


(6.24) 

(6.25) 


hence  (6.17).  Thus  (6.11)  bridges  between  the  extremely 
underdamped  regime  y  ^  s  <  1  and  the  TST  regime 
e  <  y  <  coc.  A  uniform  approximation  to  the  rate  .constant 
is  given  by 


^unif  ~  QXcsq  {6,21) 

(see  [2]),  where  Q  is  Karmers’  factor  given  by  (1.5). 
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1.  Introduction 

The  problem  of  dynamical  properties  of  nonlinear  systems 
driven  by  colored  noise  is  subject  of  considerable  interest 
[1].  In  this  paper  we  consider  the  general  nonlinear  flow 


paper  we  give  an- exact  calculation  of  the  NLRT  for  systems 
driven  by  the  DMP  generalizing  previous  results  for  the 
LRT  [20-22]. 

We  consider  the  Stratonovich  model  in  a  parameter  re¬ 
gion  where  the  stationary  probability  density 


X,  =fix,)  +  g{x,)Ii  =  F„(x,),  I,  =  aA,  a  =  ±  (1) 

driven  by  the  dichotomous  Markovian  process  (DMP)  /, 
which  jumps  between  the  two  values  ±  A  with  the  mean 
frequency  a.  To  be  specific  we  investigate  the  Stratonovich 
model  [2] 

X,  =  ax,  -  X?  +  x,I, '  (2) 

where  a  is  the  control  parameter  which  (in  the  absence  of 
noise)  describes  a  bifurcation  of  the  stable  stationary  state 
when  changing  its  sign.  A  variety  of  physical  phenomena 
(some  of  them  are  listed  in  [3]),  where  stochastic  fluctuations 
of  the  control  parameter  around  the  mean  value  occur,  is 
modelled  by  (2). 

The  full  information  about  the  dynamical  properties  con¬ 
tains  of  course  the  time  dependent  probability  density  which, 
however,  can  be  hardly  calculated  for  nontrivial  problems. 
For  the  Stratonovich  model,  e.g.,  only  the  asymptoties  is 
known  [3]. 

There  are,  however,  characteristic  times  which  can  be  cal¬ 
culated  without  explicit  knowledge  of  the  time  dependent 
probability  density,  the  mean  first  passage  time  (MFPT)  and 
the  nonlinear  relaxation  time  (NLRT).  Whereas  the  MFPT 
is  the  average  of  stochastic  first  passage  times  which  are 
needed  in  a  representative  number  of  realizations  to  leave 
a  given  interval,  the  NLRT  describes  the  relaxation  of  the 
mean  trajectory  starting  far  from  equilibrium  to  its  station¬ 
ary  value.  The  concept  of  MFPT  remains  even  meaningfull 
if  no  stationary  state  of  the  system  exists. 

MFPT’s  of  non-Markovian  processes  driven  by  dichoto¬ 
mous  noise  are  investigated  starting  from  the  Kolmogorov- 
backward  equation  [4-14]  or,  alternatively,  enumerating 
the  stochastic  trajectories  [15—19].  In  the  former  approach 
boundary  conditions  characterizing  the  end  points  of  the 
interval  have  to  be  posed.  The  exit  point  is  absorbing,  the 
other  end  point  may  be  reflecting  [13]  or  absorbing,  if  it 
coincides  with  the  natural  boundary  of  the  support  it  is 
natural  reflecting  [14].  With  these  boundary  conditions  the 
MFPT  can  be  calulated  up  to  quadratures  [11  —  14,17], 
These  quadratures  can  be  evaluated  analytically  in  terms  of 
hypergeometric  functions  of  multiple  arguments  if  the  flow 
Fo(x)  is  polynomial  in  x  [14]. 

The  NLRT  generalizes  the  formalism  of  linear  relaxation 
times  (LRT)  which  describes  the  relaxation  of  correlation 
functions  in  the  steady  state.  For  the  LRT  there  exist  exact 
results  for  Gaussian  white  noise  (GWN)  [20]  as  well  as  for 
the  DMP  [21,22].  For  the  NLRT  exact  results  are  known 
for  GWN  [23].  For  the  Ornstein-Uhlenbeck  process  (OUP) 
approximative  methods  are  available  [24-27],  only  very 
recently  an  exact  result  for  the  Verhulst  model  was  obtained 
via  the  calculation  of  time  dependent  moments  [28].  In  this 


Ps(x)  =  W|x|-'  n  |x|-^''°|x^-x?,|'‘''-' 

a-± 

2Xa  =  u/{a  +  (yA),  y?„  =  a  +  oA, 


(3) 


(N  is  a  normalizing  factor)  exhibits  a  noise  induced  local 
maximum,  i.e.  for  max  {aJA  -1,  (zl/a-£j/zl)/4}  <a/ 
(2zl)  <  a! A  + 1  [3,4].  We  investigate  in  Section  2  the  MFPT 
to  reach  the  local  maximum  x^ax  of  P*  injecting  the  system 
at  the  local  minimum 

•xLx/m,n  =  {a  +  3<i  +  [(a  -  2fl)^  +  .  (4) 

In  Section  3  we  calculate  the  NLRT  characterizing  the  re¬ 
laxation  of  the  system  starting  from  x„„„,  i.e.  the  decay  of 
an  unstable  state  (see  also  [29]  and  references  therein)  and 
compare  the  result  with  a  MFPT. 


2.  Mean  First  Passage  Time 

The  MFPT  T„{x^  to  leave  the  first  time  a  given  interval 
/  starting  at  t  =  0  with  realization  I,  aA  from  Xq  is 
governed  by 

-1  =  F„r;-a(7;-r_<,),  (T=  ±,  (5) 

where  T'a  is  the  shorthand  for  5/9  Xo  T^. 

Eq.  (5)  is  obtained  in  the  simplest  way  by  integrating  the 
Kolmogorov  backward  equations  over  the  interval  /  and 
over  the  time  span  from  0  to  co  [4-14]. 

The  boundary  conditions  depend  on  the  nature  of  the  end 
points  of  the  interval  /  under  consideration.  At  an  exit  point 
.Vn  one  imposes  an  absorbing  boundary  condition,  i.e.  if  the 
flow  for  the  realization  Ofcd  of  the  driving  process  leaves  the 
interval  at  Xn  we  have 

(.vn)  =  0.  (6) 

If  the  interval  is  bounded  by  two  exit  points  we  simply  have 
two  absorbing  boundary  conditions.  A  different  situation 
appears  if  the  other  end  point  coincides  with  one  of  the 
natural  boundaries  Xb  of  the  support.  There  the  flow  for  the 
realization  csaA  of  the  driving  process  vanishes,  Fjb  (^'b)  = 
0.  Putting  the  system  with  1,  =0  =  cjbzI  at  Xb  it  remains  there 
until  the  driving  process  jumps  to  -a^A  which  needs  in 
average  the  time  1/a.  Then  due  to  the  nonvanishing  flow 
P-aflxo)  the  system  is  reflected  into  support.  We  call  this 
type  of  boundary  condition  natural  reflecting  [14], 

Fag  (xb)  =  1/a  +  (xb).  (7) 

In  Fig  1.  both  tjpes  of  boundar)  conditions  are  illustrated. 
Most  of  the  previous  work  deals  with  absorbing  boundary 
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conditions,,  only  very  recently  the.  case  oi  immediate  reflec¬ 
tion  was.cdnsidered  in  some  detail  [13].  There,  in  the  ap¬ 
pendix,  a  reflection  with  finite  rates  but  of  different  nature 
thaii  considered  here  was  also  discussed; 


X_  Xt  Xo  X+ 


F.(x.)«0 


x_  sujDport  X+  X 

Fig.  1 

Typical  shape  of  the  probability  density  in  the  considered  parameter 
region.  The  system  is  injected  at  xo.  We  ask  for  the  mean  time  the 
system  needs  to  reach  x^.  The  boundary  conditions  at  the  end 
points  of  the  Interval  /  become  obvious  looking  at  the  flow  x,  = 
Fa{xt)  which  is  shown  in  the  lower  part  for  the  realizations  I,  =  d 
(solid  arrow)  and  /,  =  -  d  (opon  arrow) 

From  (1)  an  equivalent  first  order  equation  for  T'a  is  read¬ 
ily  obtained 

F-o  r;  -i-  (f;  f_„  -  2«/)  f;  =  2  a .  (8) 

The  natural  reflecting  boundary  conditions  transform  to 

Flo,  (.Xb)  =  -2/F_„3{.Xb),  r;,(.XB)  =  0  .  (9) 

Obviously,  Eq.  (4)  can  be  immediately  integrated  up  to 
quadratures  [4—14].  For  F,{x)  polynomial  in  .x  of  order  n 
these  quadratures  can  be  evaluated  analytically  in  terms  of 
hypergeometric  functions  of  n-1  arguments  [14]. 

To  be  specific  we  now  consider  the  Stratonovich  model 
(2)  choosing  a  starting  point  Xq  and  an  exit  point  Xe  <  .Xo  so 
that  the  other  end  point  of  the  interval  is  the  natural  right 
boundary  Xb  =  x+  (cf.  Fig.  1).  Then  one  obtains  after 
straightforward  but  length  calculations  [14] 

FE(xo)  =  a[2(;.+-l-l)xt]-' 

(2++2)„,+„(l  +/«-l-«)7«!n! 

•zr (xo)zr ' (x,)F [1  +»i  +  «,1  -X,  - +2,2 

+  m+n,z,(xo),Z2(xo)]  +  l/a+r_(x+),  (10) 


where 

z,(x)  =  (x^+  -  xyxl,Z2(x)  =  (xV  -  x^)/(xi  -  xi),  (11) 
and 

r_(x+)  =  a[22+-x'’+]-' 

^  (^■+)m+)i(l  +/._)„, (  —  2_)n 

m.n-0  (A+ +!)„+„(! +m  +  n)7H!n! 

•  Zi"  (xe) (xe)  •  Fi  [1  +  m  +  n,  1 -A+  - A_, 

+  1,2  +  m  +  n,  zi  (xe),  Z2(^e)3  •  (12) 

In  Fig.  2  the  MFPT  to  reach  the  local  noise  induced  max¬ 
imum  of  Ps(x),  starting  from  the  local  minimum  of  Ps(x), 
i.e.  Xe  =  Xmax  and  xo  =  x^tn,  is  shown  as  function  of  the 
mean  frequency  a  of  the  driving  DMP.  The  dominant  effeet 
seems  to  be  that  the  MFPT  diverges  as  x^a*  reaches  the  left 
boundary  of  the  support  x_  (cf.  lower  part  of  Fig.  2).  This 
is  clear  since  the  flow  for  /,  =  -  d  vanishes  near  the  bound¬ 
ary  x_  as  X,  =  -(x,  —  x_)  xL.  Here,  both  initial  and  exit 
points  depend  on  parameters.  Introducing  (xo  —  XE)/r+  one 
finds  that  this  quantity  systematically  increases  with  increas¬ 
ing  a,  i.e.  the  noise  induced  state  is  reached  as  “faster”  as 
faster  the  driving  processes  is  [14].  This  agrees  with  the 
tendency  that  the  MFPT  to  reach  a  preassigned  value  in¬ 
creases  with  increasing  correlation  time  observed  for  differ¬ 
ent  models  driven  by  several  types  of  colored  noise  [6,30], 


Fig.  2 

MFPT  7+  (x„J  for  the  Stratonovich  model  to  reach  the  noise  in¬ 
duced  local  maximum  of  P,  starting  with  a  =  +  in  the  local  min¬ 
imum.  For  <1  =  1.5,  J  =  1  we  compare  the  exact  result  (solid  line) 
against  the  noise  parameters  «/(2d)  with  a  digital  simulation  from 
10'  realizations  (full  circles)  and  the  simple  approximation  (1 3)  (bro¬ 
ken  line).  The  lower  part  exhibits  Ps(x)  for  characteristic  parameter 
values 
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The  finite  support  (which  results  from  the  multiplicative 
coupling  of  the  noise  and  its  finite  space  of  states)  and  the 
peculiar  behaviour  near  its  boundaries  make  a  steepest  de¬ 
scent  approximation  unfeasible  where  the  finite  boundaries 
are  replaced  by  infinite  ones.  Instead,  a  simple  approxima¬ 
tion  is  obtained  from  the  rigorous  result  (10)  as  [14] 


r+(xo) 


_i_r_  g  xv  - 

x+  L  a  +  2x+  xo  -  xL 

+  4  --r]  + 

Xe  -  xi  J 


The  problem  to  calculate  the  MFPT  to  reach  the  local  min¬ 
imum  x„i„  starting  from  the  local  maximum  x^x  of  P,(x) 
which  is  more  close  to  Kramers’  escape  problem  [31]  (for- 
a  recent  review  see  [32])  can  be  treated  in  a  similar  way. 
The  calculations  slightly  modify  since  then  xb  =  x_  and 
Xo  *  Xniax  ^  ^E' 

We  furthermore  mention  that  a  superposition  of  N  in¬ 
dependent  realizations  of  the  DMP  scaled  in  an  appropriate 
way  gives  in  the  limit  N-~*co  the  Ornstein-Uhlenbeck  proc¬ 
ess.  Already  a  finite  sum  DM  P’s  (pregaussian  noise  [33]) 
models  some  characteristics  of  the  Ornstein-Uhlenbeck 
process.  In  this  case  the  support  is  finite  too,  and  stratified 
into  regions  which  cannot  be  left  for  a  given  realization  of 
the  pregaussian  noise.  At  the  boundaries  of  these  regions 
similar  conditions  as  developed  in  this  paper  hold. 

In  the  next  Section  we  consider  the  NLRT  which  char¬ 
acterizes  the  relaxation  of  the  mean  trajectory  <x?>  to  its 
stationary  value  a  starting  from  Xmi„.  We  compare  the  result 
with  the  MFPT  to  reach  Xe  =  a''^  starting  from  Xo  =  x„i„, 
TmM  =  Cn(.Vo)  -h  r_(xo)]/2. 

3.  Nonlinear  Relaxation  Time 

The  NLRT  of  a  function  <j)(x,)  of  a  stochastic  process  x, 
is  defined  as  [34] 


T^lrt  = 


f  dx(?,(x)^(x) 


<(^>0  -  <^>s 


i>,  =  L(P,-Pd,L= 


9x/  \ 


After  time  integration  we, obtain 

P,-Po  =  Lq,  (17) 

00 

where  q  =  (qi,  Q2)^,  gi  given  by  (15)  and  e2(^}  =  I  dt 

0 

C2i(x)  -  Qs(^)]-  We  proceed  integrating  the  first  compo¬ 
nent  of  (17)  between  one  boundary  of  the  support,  say  x_, 
and  X  with  the  result 


G{x)=  ]  dy(P,-Po)=  -/(x)0i(x)-fif(x)e2(x). 


In  (18)  we  have  imposed  that  the  probability  flux 

J,(x)=/(x)P,(x)  + g(x)Q,(x)  (19) 

vanishes  at  the  boundaries  Xb  =  x^.  Eq.  (19)  can  be  used 
to  eliminate  Q2(x)  in  the  second  component  of  (17).  We  fur¬ 
ther  impose  that  in  the  stationary  state  the  probability  flux 
vanishes  everywhere,  /ji.x)  s  0,  and  that  there  are  no  initial 
correlations  Qo(x)  =  0.  Thus  we  obtain  a  closed  first  order 
equation  for  g,  (x), 

2  «/•  g-'  Q,  +  a,  F_  r '  ’  e.)  =  -  h(x),  (20) 

where  H  ^  luG/g  +  Qx{Gf/g)  +  P,J7g.  Eq.  (20)  is  readily 
solved  up  to  quadratures  as 


dyHb)/E{y) 


-  f  dzP,(z)  J  dyH{y)/E{y) 


the  integration  constant  was  determined  by  the  normaliza¬ 
tion  condition  j  dx  gi  (x)  =  0.  Note,  that  the  stationary 


probability  density  [35] 


where  <^>,  =  J  dx  P,  (x)  (j>  (x)  and  P,  (x)  =  (x  -  x, )>'’•'"’ 

$upp 

is  the  time  dependent  probability  density,  and  Po{x)  and 
Ps{x)  are  the  initial  and  stationary  densities,  repectively.  The 
quantity 


ei(^)=  fdi[P.{.v)-P.(x)]  (15) 

0 

can  be  determined  without  explicit  knowledge  of  P,(x)  as 
follows. 

Introducing  P,  =  (P„  Qif  where  2i(^)  =  Oi^ix—x,)} 
DMP  the  Kolmogorov  forward  equation  reads 


Psix)  =  A-T—rcxp 
r+  t- 


(-1 


solves  the  homogeneous  part  of  (20)  and  that  the  normali¬ 
zation  factor  N  cancels  out  in  (21). 

We  finally  write  the  NLRT  as 


=  TTT - TTT  J  dx(</>(x)  -  <^X) 

\<P/0  ~  W/s  X. 


P,(x)  I  dyH{y)fE{y). 


(16)  In  the  limit  of  the  Gaussian  white  noise  the  result  [23]  is 
reproduced. 
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Similar  to  the  MFPT,  the  integrals  in  (23)  can  be  evalu¬ 
ated  in  terms  of  generalized  hypergeometric  functions  of 
multiple  arguments  if  <f>  and  F  are  polynomial  in  x. 

The  choice  ^(x)  =  f{x)lg(x)  makes  the  integrals  in  (23) 
especially  simple.  For  the  Stratonovich  model  we  investigate 
therefore  the  relaxation  of  the  second  moments  <x’>,  to  the 
stationary  value  <x^>s  =  a  from  the  initial  value  xl  = 
Xmin  in  the  parameter  region  considered  above. 

After  some  algebra  we  obtain 

T’nlrt  =  -r —  [ -  f  dx  ?j(x)  Inxl .  (24) 

AO  ~  «  L  J 


In  Figs.  3  and  4  we  compare  the  NLRT  given  by  (24)  with 
the  MFPT  to  reach  Xe  =  starting  from  xq  =  Xmm-  The 
analytic  results  for  both  NLRT  and  MFPT  are  checked  by 
a  digital  simulation. 

Both  characteristic  times  have  the  same  order  of  magni¬ 
tude,  and  show  a  similar  behaviour  in  dependence  on  sys¬ 
tem’s  and  noise  parameters.  For  slow  processes  MFPT  and 
NLRT  come  very  close,  the  difference  enlarges  however  if 
the  driving  process  becomes  faster  and  the  control  param¬ 
eter  reaches  the  critical  point. 

A  more  detailed  derivation  and  thorough  discussion  will 
be  published  elsewhere  [36]. 


The  evaluation  of  the  integral  yields 

flX-*  (2 J)' 


J  dxP$(x)lnx  =  lnx_  + 


£  _ (A^.  -f  2_)„,  ■  (1  —  A_)„ _ 

I.  m.  n-o  (A+  +  /  +  w  +  « -hi)  •  (A+  +  in  Hr «)  w!  n! 

•ziCv-)'-*-”. 


(25) 


NLRT  of  the  second  moment  TjaRT  for  tlic  Stratonovich  model  to 
reach  the  stationary  value  a  starting  from  Xn,i„  for  a  =  1.5,  A  =  1 
(broken  line)  against  the  noise  parameters  a/(2/l).  We  compare  the 
NLRT  with  MFPT  Tmppt  =  (T+  +  7’_)/2  to  reach  first  the  value 
a''^  starting  from  (solid  line).  Tlie  results  of  a  digital  simulation 
from  10’— 10’  realizations  are  indicated  by  the  full  rectangles  and 
full  circles,  repectivcly 


The  same  quantities  as  in  Fig.  3  against  the  control  parameter  a 
for  a  =  3.6,  J  =  1 


Valuable  discussions  with  Peter  Hiinggi,  Frank  Moss,  and  Peter 
Jung  arc  gratefully  acknowledged. 
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We  illustrate  how  first  passage  times  can  be  calculated  in  systems  with  disorder.  We  use  a  renormalization 
approach  to  discuss  first  passage  times  in  one-dimensional  continuous  time  random  walks  and  on  deter¬ 
ministic  fractals.  We  discuss  the  phenomenon  of  field-induced  trapping  on  a  random  comb.  Finally,  we 
calculate  mean  first-passage  times  for  one-dimensional  random  random  walks,  and  discuss,  in  particular, 
the  case  of  Sinai  disorder.  In  a  short  Appendix,  we  show  how  mean  first-passage  times  can  be  calculated 
for  an  arbitrary  inhomogeneous  continuous  time  random  walk  in  one  dimension,  using  a  recursion  relation 
similar  in  spirit  to  the  renormalization  approach. 


1.  Introduction 

We  are  celebrating  the  50th  anniversary  of  Kramers’  sem¬ 
inal  paper  [1]  on  thermal  escape  over  a  potential  barrier. 
As  is  indicated  by  the  vast  literature  on  the  subject,  there 
has  been  a  great  deal  of  effort  in  trying  to  improve  and 
generalize  the  results  of  Kramers  [2];  One  of  the  challenges 
has  been  to  obtain  results  for  thermal  escape  in  higher¬ 
dimensional  systems.  Another  challenge,  the  one  that  we  will 
address  here,  is  to  study  transport  and  escape  phenomena 
in  systems  with  disorder.  The  paper  by  Kramers  is  known, 
among  physicists,  mainly  in  relation  to  the  result  for  the 
transition  rate  in  a  bistable  system  in  the  high-friction  or 
Smoluchowski  limit.  This  result,  however,  was  anticipated 
by  earlier  results  on  first  passage  time  in  a  one-dimensional 
diffusion  process  (and  by  the  “flux-over-population”  calcu¬ 
lation  for  the  transition  rate)  [2].  There  has  also  been  a  lot 
of  progress  in  the  calculation  of  first  passage  time  properties, 
especially  in  one-dimensional  systems  [3].  Here  we  will 
briefly  review  how  first  passage  time  densities  and  their  mo¬ 
ments  can  be  calculated  in  an  elegant  way,  using  renormal¬ 
ization  procedures,  and  how  these  results  can  be  applied  to 
study  transport  properties  in  systems  with  disorder  [4]. 

We  will  discuss  four  types  of  models  that  have  been  in¬ 
troduced  to  study  the  properties  of  systems  with  disorder. 
One  of  the  simplest  approaches  is  based  on  a  description  in 
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terms  of  a  continuous  time  random  walk  on  a  regular  lattice 
with  an  effective  waiting  time  density  that  captures  the  es¬ 
sential  features  of  the  disorder.  This  approach  was  adopted 
with  success  by  Montroll  and  Scher  [5]  in  their  paper  on 
anomalous  transport  in  amorphous  semiconductors.  In  Sec¬ 
tions  2  of  this  paper,  we  will  illustrate  how  first  passage  time 
densities  can  be  obtained  for  biased  random  walks  on  the 
line,  using  the  above  mentioned  renormalization  procedure. 

Systems  with  disorder  lack  translational  invariance.  In 
many  cases,  however,  it  is  found  that  they  are  characterized 
by  scale  invariance.  This  suggests  that  the  study  of  transport 
on  simple  scale  invariant  structures,  such  as  deterministic 
fractals,  is  relevant  to  the  understanding  of  transport  in  sys¬ 
tems  with  disorder.  In  Section  3,  we  illustrate  how  the  re¬ 
normalization  approach,  applied  to  continuous  time  ran¬ 
dom  walks  in  one  dimension,  can  also  be  formulated  for 
deterministic  fractals. 

A  third  way  to  model  disorder  is  to  consider  a  simplified 
random  model,  which  hopefully  displays  transport  proper¬ 
ties  similar  to  that  of  the  physical  system.  An  example  is  the 
random  comb,  which  is  discussed  in  Section  4.  This  model 
is  of  interest  because  it  displays  a  transition  between  field- 
induced  convection  to  field-induced  trapping. 

Finally,  in  Section  5,  we  calculate  the  mean  first  passage 
time  in  a  so-called  random  random  walk  (in  one  dimension). 
We  discuss  in  particular  the  case  of  Sinai  disorder,  which 
corresponds  to  the  case  of  a  random  walk  with  symmetric 
disorder. 
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A  typical  feature,  of  all  these  models  is  that  disorder  can 
give  rise  to, anomalous  transport.  By  this,  one  usually  means 
that'the  dispersive  motion  is  subdilfusive  (cf.  Sections  2  and 
3),  or  that,  the  convective  motion  is  sub-ballistic  (in  the  pres¬ 
ence  of  a  field,,  cf.  Section  4).  In  the  context  of  Kramers 
escape,  the  density  of  escape  times  may  be  non-exponential' 
(cf.  ^tion  5  for  an  example). 


.excursions  have  to  add  up  to  i.  In  terms  of  Laplace  trans¬ 
forms,  a  convolution  becomes  a  product,  and  we  get  the 
following  simple  result; 

V3<l'(s)  =  [v)^>(s)]^  +  2v%)  vW(s)  [v5<J>(s)]2  ^2.2) 

+[2m)ms)vmis)v+... 


2.  Renormalization  of  Biased  Continuous  Time  Random 

Walks 

We  consider  a  continuous  time,  nearest-neighbour-  ran¬ 
dom  walk  on  the  set  of  natural  numbers  i  =  0,1,2,....  The 
walk  is  characterized  by  the  waiting  time  densities  v»*+(t) 
and  v>-(T)!for  the  walker  at  any  site  i  >  0  to  step  to  the 
sites  i-bl  and  i-l  respectively,, after  a  residence  time  at  i 
equal  to'''T.  The  waiting  time  density  for  the  walker,  located 
at  the  origin,  to  step  to  site  -hi  after  a  total  time  t  is  denoted 
For  simplicity,  we  will  assume  that  these  are  also  the 
waiting  time  densities  for  the  occurrence  of  the  first  jump, 
which  is  the  appropriate  choice  for  a  so-called  ordinary  re¬ 
newal  process. 

Since 


nW 


J  V'+ (t)  dr ,  q*"'  =  J  dr 
0  0 


(2.1) 


or 


V+(s)  = 


bms)T 

1— 2v5'+\s)t/5!2?(s)  ' 


(2.3) 


Here, -the  superscript  ~  denotes  the  Laplace  transformed 
function. 


7(s)  =  Te-V(0dt.  (2.4) 

0 

Since  the  decimated  lattice  has  a  structure  identical  to  the 
original  lattice,  the  renormalization  equation  will  have  a 
form  identical  to  the  one  above,  at  any  stage  of  the- deci¬ 
mation.  Similar  equations  arc  easily  derived-  for  the  other 
two  waiting  time  densities,  and  we  find  (dropping  for  brevity, 
the  s-dependence); 


are  the  probabilities  for  stepping  to  the  right  or  left  at  any 
site  i>0(p'®>  -hq*'’>»  1),  we  see  that  the  case  cor¬ 

responds  to  the  situation  of  a  particle  trapped  at  the  origin 
by  a  bias  field  equal  to  -  p'®’.  Our  purpose  is  to  calculate 
the  probability  density  for  the  escape  time  from  this  trap  by 
using  a  renormalization  procedure.  Apart  from  giving  a  new 
and  elegant  solution  to  this  problem,  the  renormalization 
procedure  has  also  the  advantage  that  it  can  be  applied  to 
deterministic  fractals  (cf.  Section  3). 


= 


ss 


i-2ip!;-"tpt-'» 


1/)+*'** 
1  — 


(2.5a) 


(2.5b) 


(2.5c) 


Renormalization  of  a  biased  continuous  time  random  walk  in  one 
dimension,  with  a  reflecting  boundary  at  the  origin 

The  procedure  is  as  follows  (see  Fig.  1).  Starting  from  site 
1,  we  decimate  every  other  site  on  the  lattice.  The  decimated 
lattice  has  the  same  structure  as  the  original  one,  but  the 
renormalized  waiting  time  density,  e.g.  tp'iHr),  gives  the 
probability  density  for  the  waiting  time  to  go  from  a  site 
(say  /)  to  the  appropriate  next  nearest  neighbour  (i  -b  2).  This 
transition  can  be  realized  by  an  arbitrary  number  of  excur¬ 
sions  to  the  nearest  neighbours,  i  -i- 1  or  j  —  1,  and  returns 
to  i,  followed  by  the  final  excursion  to  the  next  nearest  neigh¬ 
bour  i  -b  2.  Moreover,  the  partial  times  spent  in  these  various 


Before  we  give  the  solution  to  these  recursion  relations,  we 
make  a  few  comments.  First,  the  waiting  time  densities 
and  v>-  are,  in  fact,  the  first  passage  time  densities  to 
the  sites  at  a  distance  +2"  and  -2"  of  the  considered  site 
on  the  original  lattice  (assuming,  of  course,  that  the  initial 
site  I  is  situated  sufficiently  far  from  the  boundary  at  0,  i.e., 
assuming  that  /  >  2").  ipif*  is  the  first  passage  time  or  escape 
time  density  from  site  0  to  the  site  at  the  position  2"  on  the 
original  lattice.  Second,  normalization  implies  that  vj!S?(0)  -b 
ip'5(0)  =  1  and  v^^O)  =  L  This  normalization  property  is 
preserved  under  renormalization.  Finally,  a  remarkable  fea¬ 
ture  of  the  renormalization  equations  is  that  the  s-depend- 
ence  of  the  functions  tp  plays  no  role  in  the  solution  of  these 
recursion  relations. 

To  solve  the  renormalization  Eqs.  (2.5)  we  first  notice  that 
Eqs.  (2.5a)  and  (2.5b)  are  closed  in  tp+  and  v5_,  and  can  be 
rewritten  in  the  following  convenient  form: 
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‘  4  ■  T  ■ 

^  1  |/4y5!j“'*  ipil”*’} 


where  Ti(z)  =  2z^  - 1,  is  the  Chebyshev  polynomial  of  or¬ 
der  2. 

The  solution  of  Eq.  (2.6a)  is  obvious: 


55l‘  “  Lv‘-*. 


one  finds: 


tp+’(s)  = 


yW(s).  = 


cosh^  = 


2cosh(2"^) 


1 

2cosh(2''^) 


(2.13a) 


(2.13b) 


(2.13c) 


On  the  other  hand,  Eq,  (2,6b)  is,  in  fact,  identical  to  the 
logistic  map  at  fully  developed  chaos.  Its  solution  goes  back 
to  Von  Neumann  and  Uiam.  This  solution  is  easily  obtained 
using  the  following  definition  and  property  of  the  Chebyshev 
polynomials: 

Tn{2)  =  cosh(ncosh“'z)  (2.8) 

7;(r„(z))  =  7;„.(z).  (2.9) 

Hence 


1  r  (  ^  \ 

'  |/4tp+*  tpil'  ^  \  |/4i/)'.J?  V’-  ' 


=  cosh  (2"  cosh"'  ■ 


2cosh(2"^) 


iVmm' 

2cosh(2'‘^) 


where  ^  is  defined  by 


cosh^  = 


These  results  can  also  be  obtained  using  the  known  results 
for  the  Green  function  of  a  biased  random  walk  [6,7],  and 
the  renewal  equation  (with  appropriate  boundary  condi¬ 
tions)  linking  the  above  first  passage  time  densities  to  this 
Green  function. 

Let  us  now  turn  to  the  solution  of  Eq.  (2.5  c).  This  equation 
is  linear  in  l/ip*  and  can  be  rewritten  as  follows: 


■* _ ■*  ^ 


where  y„  is  given  by  (cf.  Eqs.  (2.11)): 


where  cosh"'  denotes  the  inverse  hyperbolic  cosine.  Com¬ 
bining  Eqs.  (2.7)  and  (2.10),  we  conclude  that 


(2.11a) 


(2.11b) 


(2.11c) 


tp'r"  2cosh(2’’0  ■  '  ' 

Eq.  (2.14)  can  easily  be  solved  recursively,  and  one  obtains; 


-  (1  +71  +7172  +  ■•■  +  yi72...y«-i)- 

From  the  identity 
sinh(2^)  =  2sinh^  cosh^ 
it  follows  that 

- =  n  2cosh(2'c)  =  — .  .  ■ 

7i72..-7n  '“1  smh(2^) 

On  the  other,  the  identity 


For  the  case  of  a  Markovian  walk  with  jump  rate  k,  namely. 


coth(2^)  =  coth^ 


sinh(2^) 


Vil“?(s)  =  q* 


(2.12a) 


(2.12b) 


l+Yi+YiY2+-.+Yi-Yn-i  =  sinh(2^)  t 

i=ismh(2',^)  (2.20) 
=  [coth<^— coth(2''^)]sinh(2c). 
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Hence 


-p  ,  _ 

(2.21) 

where  ^  has  been  defined  in  Eq.  (2.11c).  The  results  (2.11) 
and  (2.21)  are  the  exact  solutions  of  the  renormalization  Eqs. 
(2.5),  for  general  “initial  conditions”  yi!??  and  In  case 
of  Markovian  dynamics  (cf.  Eqs.  (2.12)),  with 


Note  again  that  this  equation  preserves  the  normalization 
(^<"“*>(s  =  0)  =  1  implies  that  v5*"'(s  =  0)  =  1).  The  mean 
first  passage  time  to  reach  one  of  the  four  nearest 
neighbours  on  the  «-times  decimated  lattice  is  given  by: 


<xW>  =  _ 


di/5*"‘ 


ds 


Ij-O 


(3.2) 


Eq.  (3.1)  then  implies  the  following  simple  recursion  relation: 


(3.3) 


Eq.  (2.21)  reduces  to 

(l/]/V)2'sinh^ 


sinh(2''  + 1)  ^  -  l/qV’  sinh2"| 


Hence  it  takes  (on  the  average)  five  times  as  long  to  go  twice 

(2.22)  as  far  (since  the  distance  under  consideration  doubles  after 
each  decimation),  this  is  in  agreement  with  the  well-known 
subdiffusive  behavior  on  this  fractal.  Higher  order  moments 
can  be  obtained  recursively  by  calculating  successively 
higher  order  derivatives  of  both  sides  of  Eq.  (3.1).  It  is,  how¬ 
ever,  possible  to  write  the  explicit  solution  of  Eq.  (3.1),  by 

(2.23)  introducing  the  analytic  function  /(x)  that  is  a  solution  of 
the  following  nonlinear  scaling  equation  [8]: 


again  a  result  which  can  be  obtained  from  the  renewal  equa¬ 
tion  linking  the  first  passage  time  tpt"*  to  the  known  Green 
function  of  a  random  walk  with  a  reflecting  boundary  con¬ 
dition  at  the  origin  [6,7], 


gasket 


3.  Random  Walks  on  Deterministic  Fractals 

The  renomalization  procedure  that  we  have  discussed  in 
the  preceding  section  can  also  be  applied  to  simple  deter¬ 
ministic  fractals,  such  as^  jJlie  Sierpinski  gasket  (cf.  Fig.  2).  At 
each  stage  of  the  decimation,  the  smallest  triangles  are  re¬ 
moved,  and  the  first  passage  time  density  to  the  four  new 
nearest  neighbours  is  calculated.  The  renormalization  equa¬ 
tion  has  the  following  form  (compare  with  Eqs.  (2.5))  [8], 
see  also  [9]: 


4_3^('-n  ■ 


(3.1) 


4/(x)  -  3/(x)  =  /(5.V),  /(O)  =  /'(O)  =  1  .  (3.4) 

One  can  show  that  such  a  solution  exists  and  that  it  is 
unique.  The  solution  of  Eq.  (3.1)  can  then  be  written  as 
(compare  with  Eq.  (2.10)): 

1/vW(s)=/C5V-'(1/v“’Hs))]  (3.5) 

where /“*  is  the  inverse  function  of/  A  number  of  properties 
of /  can  be  derived  from  Eq.  (3.4).  Moreover,  it  represents 
the  solution  to  the  quadratic  map  x„  =  4x^_i  -  3x„_i  (ob¬ 
tained  from.Eq.  (3,1)  by  setting  x„  =  1/v*"*),  and  is  therefore 
related  to  the  study  of  (transient)  chaos  in  such  discrete  maps 
[8,10]. 

4.  Escape  and  Field-Induced  Trapping  on  a  Random  Comb 

An  interesting  feature  of  an  external  bias  on  a  system  with 
disorder  is  that  it  can  have  a  dual  effect:  on  the  hand,  it 
induces  a  drift  in  the  direction  of  the  field;  on  the  other 
hand,  it  can  create  traps,  if  the  network  possesses  dead-end 
branches.  To  participate  in  the  convection,  particles  have  to 
escape  from  these  dead-ends.  This  becomes  increasingly  dif¬ 
ficult  as  the  amplitude  of  the  field  increases.  The  question 
arises  as  to  whether  there  exists  a  threshold  value  of  the 
field,  above  which  the  drift  velocity  vanishes. 

A  model  for  which  this  question  can  be  investigated  in 
full  detail  is  the  random  comb  (see  Fig.  3)  [11].  A  particle 
performs  a  random  walk  on  an  infinitely  long  linear  lattice 
fthe  backbone)  with  branches  of  random  length  emanating 
at  random  from  the  sites  of  the  backbone.  We  define  the 
following  probabilities  (see  Fig.  3):  q  is  the  probability  to 
make  a  step  in  the  “backward”  direction,  while  p  and  p  —  pi 
respectively,  are  the  probabilities  for  a  “forward”  step  on 
the  backbone  at  a  non- vertex  point  (i.e.,  no  side  branches), 
and  at  a  vertex  point.  In  the  last  case  pi  is  the  probability 
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to  movcrinto  the  side  branch.  •<!})  is  the  probability  that  a 
side  branch  has  a  length  iV(A^=  1,2, ...),  and 


CO 

(T  =  E  ff,v 
iV-1 


(4.1) 


is  the  probability  that  a  site  is  a  vertex.  An  explicit  mean 
field  calculation  [1 1]  leads  to  the  following  value  of  the  drift 
velocity  along  the  backbone  (for  p^q,  and  choosing  the 
unit  of  time  to  be  equal  to  the  mean  waiting  time  between 
jumps): 


p-q 


1  + 


(1  -Pi){p 


(4..2) 


As  E,  the  energy  cost  per  site  in  the  side  branches,  increases 
from  0  to  00,  Pc  goes  from  1/2  to  1.  We  note  that  goes  to 
zero  linearly  with  (pc  —  p)  in  the  vicinity  of  p^: 


Vi  ~  (Pc-P) 


(2pc-l)(l-p,) 

<^PlPc 


(4.6) 


Beyond  pc,  it  can  be  shown  that  sub-convective  behaviour 
sets  in,  with  [11] 


<m(t)>  ~  I  -  p  P  >  Pc  >  Y .  (4.7) 

5.  Random  Random  Walks 

Consider  a  random  walk  on  the  set  of  integers,  such  that 
a  walker  can  move  to  the  left  or  right  at  eacH  site  ieZ  with 
transition  rates  equal  to  kr  and  k!*"  respectively.  Further¬ 
more,  suppose  these  rates  are  themselves  random  variables, 
identically  distributed  but  independent  from  site  to  site, 
while  the  rates  at  the  same  site  are  possibly  correlated.  To 
obtain  some  insight  into  the  transport  properties  of  such  a 
random  random  walk,  we  investigate  the  analogue  of  the 
problem  discussed  in  Section  2.  A  particle  starts  at  the  origin 
of  a  semi-infinite  lattice  with  disorder  (of  the  kind  just  des¬ 
cribed).  How  long  will  it  take  to  escape  to  a  certain  distance 
i.from  the  origin?  To  calculate  this  time,  we  will  use  the 
following  exact  result  for  the  moments  T„  =  <t">  of  the  first 
passage  time  t  to  go  from  a  site  k  to  i  (where  i  >  k)  in  a 
nearest  neighbour  random  walk  with  general  transition  rates 
[7] 


i-i 

7’„(»|/o)  =  n  E 


L  5»  —00 


7;-.(i|5)P(s) 
k*P{r) 


(5.1) 


Note  that  uj  will  vanish  in  the  limit  of  a  symmetric  walk 
p-*q,  as  expected,  but  also  in  the  case  when 

S  OnipIqY  (4.3) 


diverges.  An  interesting  situation  displaying  a  non-trivial 
“critical”  behaviour  is  that  of  an  exponential  probability 
distribution  for  the  branch  length  N{N=  1,2,...): 

ffA'  =  (Texp(— eAf)  (e'— 1)  (e  >  0) .  (4.4) 

Such  a  distribution  has  the  form  of  a  Boltzmann  factor  with 
s  representing  the  “cost”  in  energy  per  site.  (If  the  branches 
.'ire  imagined  to  represent  —  albeit  crudely  —  finite  clusters 
attached  to  the  backbone,  such  an  exponential  distribution 
of  cluster  sizes  is  not  unrealistic,  with  c~'  standing  for  the 
cluster  size  lengthscale).  For  this  model,  a  finite  drift  velocity 
is  obtained  for  values  1/2  <  p  <  Po  with  the  critical  value  po 
given  by 


1  -Pc 


=  1 ,  or  Pc  = 


1 


1+e-^ 


(4.5) 


Here  To  =  0,  and  the  lattice  extends  to  -  oo.  P{s)  is  the 
steady-state  probability  distribution  for  the  same  random 
walk  with  a  reflecting  boundary  condition  at  s  =  i  (i.e. 
A'/ti  =  0),  namely. 


?(s)  = 


ks  +  \  ^j+2  ^l-l 


k:- 


K-2 


F(f-l). 


(5.2) 


P(i — 1)  can  be  found  from  the  normalization  condition  (we 
are  assuming  that  this  normalization  factor  is  finite,  i.e.  that 
P{s)  exists).  In  particular,  the  mean  first  passage  time  ri(i|0) 
to  go  from  zero  to  /,  when  there  is  a  reflecting  boundary  at 
the  left  of  zero,  may  be  obtained  from  the  foregoing  general 
result  by  setting  ko  =  0  P(0)  =  0.  We  get 


*v'r  1  .V'  ks  +  i—kr-tkr 

Ti(i\0)=  L  —r+  L  - TT-TT  • 

r=oLAr,  s=oA',  A, A,  J 


(5.3) 


In  the  Appendix,  we  show  how  this  result  can  be  derived  in 
a  simple  way  using  ideas  similar  to  those  of  the  renormal¬ 
ization  procedure  discussed  above.  The  rates  at  a  given  site 
are  possibly  correlated,  but  those  at  different  sites  are  not. 
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The  average  over  the  disorder  can  thus  easily  be  carried  out, 
and  one  finds  [7],  see  also  [12]: 


where  we  have  defined 


We  emphasize  that  two  kinds  of  averages  are  involved,  an 
average  over  the  statistics  of  the  random  walk  (Tj  is  the 
mean  first  passage  time  for  a  given  realization  of  the 
quenched  disorder),  and  one  over  the  disorder  (denoted  by 
the  overbar).  The  foregoing  calculation  also  applies  to  the 
case  of  non-random  constant  rates  and  k~,  and  the  result 
is  identical  to  Eqs.  (5.4)  and  (5.5),  with  the  overhead  bars 
removed.  In  the  calculation  above,  we  have  introduced  a 
reflecting  boundary  at  0  to  guarantee  that  a  finite  mean  first 
passage  time  exists.  In  the  case  of  a  disordered  system,  with 
a  mean  bias  pointing  away  from  0,  i.e.  g  <  1,  we  expect  that 
this  boundary  condition  becomes  irrelevant  for  the  behavior 
of  the  first  passage  time  in  the  limit  i-+oo.  In  this  case, 
Eq.  (5.4)  reduces  to 


r,(i|0)  =  -^(~r)/  (5.6) 

i  —  g\k  / 

which  is  identical  to  the  result  for  an  ordinary  random  walk 
with  the  drift  velocity  - 


Ud  = 


1 

1-9 


(5.7) 


This  straightforward  calculation  thus  leads  quite  easily  to 
the  evaluation  of  the  effective  drift  velocity  of  the  random 
random  walk.  Eq.  (5.7)  is  identical  to  the  result  obtained  by 
Derrida  [13]  using  a  much  more  complicated  procedure.  In 
a  similar  way,  the  calculation  of  the  second  moment  T2  leads 
to  the  correct  value  of  the  effective  diffusion  coefficient  [7]. 
One  should,  however,  be  careful  in  extrapolating  results 
from  configuration-averaged  first  passage  time  properties 
directly  to  actual  transport  properties  of  the  disordered  sys¬ 
tem.  To  illustrate  the  sort  of  problem  that  can  arise,  we 
discuss  the  case  of  so-called  Sinai  disorder  [14], 

A  random  random  walk  with  Sinai  disorder  is  character¬ 
ized  by  the  following  additional  properties: 


"•#)'"  '"’(f)""- 

The  first  condition  indicates  that  the  disorder  is  “symmetric 
on  the  average”,  i.e.  a  bias  to  the  left  and  to  the  right  are 
equally  probable  at  any  site.  The  second  condition  puts  a 
limit  on  the  strength  of  the  disorder.  Under  these  conditions, 
Sinai  [14]  showed  that  while  the  position  of  a  walker  does 


not  change  on  the  average,  its -root  mean  square  displace¬ 
ment  grows  extremely  slowly  with  time,  namely: 

<F^~lh^t.  (5.9) 

The  result  (5.9)  can  be  easily  understood  as  follows  [15]. 
One  can  view  the  presence  of  a  local  bias  kf  >  kf  as  a 
small  increase  of  an  effective  potential  in  which  the  particle 
is  moving.  An  opposite  bias  kf  <  kf  corresponds  to  a 
decrease  of  the  potential.  Since  the  rates  at  different  sites  are 
independent,  the  potential  U  which  one  thus  obtains  in  func¬ 
tion  of  i  is  itself  like  a  realization  of  an.  (uncorrelated)  ran¬ 
dom  walk  (in  the  variable  i);  hence  the  amplitude  of  the 
fluctuations  of  the  potential  l/<At/^  over  a  region  of  length 
I,  will  be  typically  of  the  order  of  l/i.  In  order  to  cover  such 
a  distance,  the  particle  has  to  overcome  a  barrier  of  typical 
height  )/<A[/^>>  and  the  time  needed  to  do  so  is: 

(5.10) 

This  explains,  heuristically,  why  the  length  scales  as  the 
square  of  the  logarithm  of  the  time  in  this  problem.  The 
foregoing  behavior  of  t  is  surprising,  for  the  following  rea¬ 
son.  We  have  seen  that  the  disorder-averaged  mean  first 
passage  time  must  in  fact  be  essentially  the  same  as  that  of 
a  particle  trapped  at  the  origin  by  a  certain  constant  effective 
field  biased  towards  the  origin,  in-  a  random  walk  without 
any  disorder.  The  latter  mean  first  passage  time  has  been 
found  in  Eq.  (5.4).  Now,  using  Jensen’s  inequality,  we  find 
that 


In^^ln^|:^^  =  ln.g.  (5.11) 

The  Sinai  condition  (5.8)  therefore  implies  that  the  effective 
bias  is  directed  towards  the  origin  (g  >  1).  For  large  dis¬ 
tances  i,  one  then  gets  (employing  the  standard  Arrhenius 
form  for  the  escape  over  a  barrier) 

TUip-e''"*.  (5.12) 

This  is  in  sharp  contrast  to  the  results  of  the  heuristic  scaling 
arguments  given  above,  cf.  Eq.  (5.10).  This  discrepancy  was 
first  noticed  and  explained  by  Noskowicz  and  Goldhirsch 
[16].  The  explanation  is  in  fact  quite  obvious:  the  average 
over  the  disorder  in  Eq.  (5.12)  is  dominated  by  the  config¬ 
urations  in  which  the  effective  potential,  that  the  particle 
has  to  overcome,  is  of  order  i  rather  than  the  typical  value 
l/i.  These  configurations  have  an  exponentially  small  prob¬ 
ability;  but  the  corresponding  first  passage  times  are  expo¬ 
nentially  large,  and  they  dominate  in  the  calculation  of  the 
average.  Eq.  (5.12),  even  though  an  exact  result,  is  atypical 
for  Sinai  disorder  and  does  not  describe  the  typical  first 
passage  time  dynamics  that  one  observes  in  this  case. 
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Appendix, 

First  Passage  Times  for  Inhomogeneous  Continuous-Time 
-Random  Walks  in  One  Dimension 


iL  =  iL  i!:L  =  _L 

Pj  kj*  p,  ' 

We  thus  recover  the  familar  result 


(A.8) 


We  consider  a  continuous-time  random  walk  on  the  set  of  in¬ 
tegers,  characterized  by  the  site-dependent  waiting  time  densities 
Vi*'(T)  and  tprW  to  jump  from  t  to  i-H  and  i— 1  respectively  at 
time  T  (without  first  jumping  to  the  other  neighbour).  To  calculate 
first  passage  times  on  this  lattice,  we  first  consider  the  first  passage 
time  to  go  from  i  to  i  -1- 1  (involving  any  type  of  excursion  to  the 
left  of  /).  Clearly  such  . a  first  passage  can  be  realized  by  n  jumps  to 
i-1  (where 71  =  0,1,2,...),  each  followed  by  a  first  passage  back 
from  I  —  1  to  i,  and  a  final  jump  from  i  to  i  -1- 1.  Hence,  one  obtains 
the  following  exact  recursioii."  ,ition  for  the  Laplace  transform  of 
the  first  passage  time  density  FT  (t)  to  go  from  i  to  i-H: 


?i^(s)  = 


i-ipr(s)f'itt(s)  ■ 


(A.1) 


By  setting  s  =  0  in  this  equation  one  gets  the  foliowing  recursion 
relation  for  the  probability  P,*  for  a  first  passage  to  take  place  (at 
any  time)  from  i  to  i  -}•  1 : 


P,*  = 


Pt 

t-RiPt-l  ' 


(A.2) 


Here  pi  =  ipi*"  (0)  and  qi  =  tpr  (0),  and  we  have  of  course  pi  +  qi-  1. 
Note  that  Pi*  s  1  is  a  fixed  point  of  this  equation.  We  will  assume 
that  this  is  correct  solution  for  the  case  under  consideration,  i.e., 
first  passage  occurs  with  certainty.  By  differentiating  both  sides  of 
Eq.  (A.l)  with  respect  to  s  and  setting  s  =  0,  we  obtain  the  following 
recursion  relation  for  the  mean  first  passage  time  Ti  (i  + 1 10  to  go 
from  i  to  i+ 1: 


Tid  +  W)  =  -2.'.  Tidli- 1)  (A.3) 

Pi  Pi 

where 

<Tj>  =  -  [V.^  +  vr)li-o  (A-4) 


is  the  average  residence  time  at  site  i.  By  iteration,  one  finds  (pro¬ 
vided  the  series  converges) 


p,  J--CO  Pi  Pi  Pi^i 


(A.5) 


Since 

7’i(i-l-/i|i)  =  Tifi'-HIO  -f  7’i(i-b 21i -h  1)  ...  +  7i(i-h(i|i-fn— 1) 

(A.6) 


one  has 


T,(»i|njo)  = 


±  ilfzlll. 
Pi  Pj-i  J' 


(A.7) 


Note  that  the  above  derivation  is  independent  of  whether  the  time 
variable  is  a  discrete  or  continuous  variable,  so  that  Eq.  (A.7)  also 
gives  the  mean  first  passage  time  for  discrete  time  dynamics.  For 


r,(m|mo)  = 


+  S 


kr  kf 

k*  '"k,*k,ti. 


in  this  instance. 


(A.9) 
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Colored  Noise  /  Inversion  States  /  Nonequilibrium  Phenomena  /  Nonlinear  Phenomena 

•We  consider  bistable  dynamics  driven  externally  by  a  noisy  harmonic  oscillator.  For  small  damping  we 
derive  a  Markovian  approximation  for  the  energy  dynamics.  In  conclusion, we  discuss  the  possibility  of 
the  inversion  of  bistable  oscillators  induced  by  colored  noise. 


1.  Introduction 

The  coordinate  of^  a  white  noise  driven  harmonic  oscil¬ 
lator  is  used  as  a  stochastic  source  term  in  bistable  dynamics. 
This  simple  picture  on  the  one  hand  side  generalizes  the 
conwpt-of  colored  noise  where  usually  the  Ornstein-Uhl- 
enbeck-process  is  applied  to  nonlinear  dynamics  [1].  On 
the  othor  hand  our  picture  gives  rise  to  resonance  phenom¬ 
ena  as  they  are  studied  in  the  case  of  Duffing  oscillators  [2], 
In  that  case  a  phase-  and  amplitude-stabilized  periodic  func¬ 
tion  is  applied  as  a  driving  force  on  the  bistable  dynamics. 
This  requires  generally  a  nonlinear  driving  element  to  gen¬ 
erate  the  phase  and  amplitude  locking. 

Contrary,  we  think  that  our  situation  is  simpler  since  it 
implies  only  linear  elements  in  the  generation  of  the  noisy 
periodic  force.  Also  we  will  assume  mean  energies  of  the 
driving  oscillators  much  smaller  than  the  energy  barrier  of 
the  bistable  oscillator  and  the  resonance  phenomena  will  be 
of  stochastic  origin  due  to  amplitude  and  pliase  flu-'tuations. 

We  see  many  similarities  to  the  investigations  which  now¬ 
adays  are  discussed  in  the  framework  of  “stochastic  reso¬ 
nance”  [3].  We  want  to  point  out  that  this  resonance  cor¬ 
responds  more  to  a  modulation  since  the  harmonics  of  the 
process  are  determined  by  the  frequency  of  the  driving  func¬ 
tion.  In  contrast  to  this  we  will  obtain  transition  frequencies 
between  the  two  attractors  of  the  bistable  dynamics  quite 
different  from  that  of  the  driving  force.  This  is  due  to  res¬ 
onance  effects  between  the  noisy  driving  oscillator  and  the 
bistable  dynamics  (comp.  [4]). 

.The  model  we  studied  consists  in  a  four-dimensional  Mar¬ 
kovian  dynamics  [5,6]  (similar  proposals  were  made  in 
Refs.  [7],  our  model  describes  situations  which  are  related 
to  the  microwave  modulated  Josephson-junctions  [8]) 

x  =  v;  v=  -yv  +fix)  +  y{t)  (Uj 

y  =  s;  s  =  -r s  -  Qly  +  Ql  \/2e  ^(f) 

where  ^(r)  is  white  noise  and  this  stochastic  source  term  is 
scaled  in  such  a  way  that  s  is  the  intensity  of  the  noise  y(rj 
in  the  white  noise  limit  if  (i)  f  oo;  f2o  — »  oo;  PjQl  =  r  = 
const;  e  =  const  and  (ii)  t  — »  0;  e  =  const.  We  suppose 
bistable  forces  f{x). 

Let  us  shortly  characterize  the  dynamics  of  the  driving 
system  [9].  Under  the  condition  Ql  >  f’V2  the  spectrum 


_  /  .  2  fi  Qq  .  . 

possesses  a  peak  at  cOp  =  (Do  -  rV2)'^  corresponding  to  an 
oscillating  correlation  function.  The  stationary  probablity 
'distribution  density  (p.d.d.)  is  a  Gaussian  one  and  an  effec¬ 
tive  temperature  of  the  noise  can  be  introduced  by 

r„N  =  J  <(As)^>  -b  ^  <(Ay)^>  =  <e>  =  e  ^ .  (1.3) 

We  see  that  the  quality  factor  Q  =  Qo/P  influences  strongly 
the  effective  temperature. 

For  fixed  temperatures  Tun  and  fixed  e  by  changing  P  we 
distinguish  three  typical  regimes  of  transitions  between  the 
two  stable  attractors  [6]: 

(i)  ;(or  small  P  (Do  small  as  wcll).it  yields  a  modulation 
of  the  bistable  oscillator.  Once  the  harmonic  oscillator 
reaches  high  energy  it  is  slowly  damped  out.  In  this  situation 
the  bistable  oscillator  is  forced  by  the  noise  to  move  with 
the  frequency  of  the  applied  force; 

(ii)  For  large  P  the  oscillatory  character  is  suppressed  and 
the  noise  is  effectively  white.  Transitions  are  very  rare; 

(iii)  If  for  medium  P  the  effective  frequency  of  the  har¬ 
monic  noise  equals  to  the  frequencies  of  the  bistable  dynam¬ 
ics  in  the  attractor  region  transitions  occur  rapidly  due  to 
resonance.  The  mean  transition  time  is  of  several  magnitudes 
smaller  than  in  the  white  noise  case. 

The  maximal  number  of  transitions  occurs  in  the  reso¬ 
nance  regime.  For  this  case  we  draw  in  Fig.  1  the  waiting 
time  distribution  for  an  escape.  It  shows  an  exponential 
decay  with  small  peaks  at  the  subharmonics  (comp.  [4]). 
The  transitions,  therefore,  are  mainly  of  stochastic  origin. 

Some  properties  of  the  resonant  regime  can  be  understood 
by  investigating  the  effect  of  the  harmonic  noise  on  linear 
systems  (i.e.  /(x)  =  —  coq  x  in  Eq.  (1.1)).  Then  the  corre¬ 
sponding  stationary  Fokker-Planck-equation  for  the  four¬ 
dimensional  dynamics  can  be  solved  exactly.  It  is  a  Gaussian 
distribution  and  the  mean  energy  of  the  driven  oscillator 

<£>  =  i«>-l-^<(Ax)^>  (1.4) 
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P 


Fig.  1 

Waiting  time  distribution  for  transitions  in  the  Duffing  oscillator. 
The  characteristic  times  of  transitions  (the  most  probable  as 
well  as  the  mean  time  <7'»  are  quite  different  from  the  character¬ 
istic  time*  of  the  driving  force  Inf  dp 


<E> 


Fig.  2 


Mean- energy  <£>  in  dependence  on  the  frequeney  of  the  driven 
oscillator  roo  for  the  linear  system^  The  effective  frequency  of  the 
driving  oscillator  is  Wp.  The  full  line  is  the  result  for  the  exact 
solution;  the  dotted  line  is  the  result  from  Eq.  (2.13) 


with  the  standard  deviations 


we  propose  a  Markovian  approxiihation  for  the  dynamics 
of  the  energy  of  a  harmonic  noise  driven  bistable  oscillator, 
which  will  be  valid  for  sufficiently  small  y. 

2.  Markovian  Approximation  for  the  Energy  Dynamics  in 
the  low  Friction  Limit 

We  consider  the  damped  oscillator  driven  by  harmonic 
noise  and  introduce  the  potential  F(x)  (/"(x)  =  -  V'.(x)) 

x  =  v;  t>  = -yu  - +  y(0-  (2.1) 

The  energy  E  =  v^l2  +  F(x)  of  this  system  will  be  a  slow 
variable  in  the  low  friction  regime  if 

(2.2) 

where  co  is  the  frequency  for  the  motion  in  the  potential  and 
Tcot  is  the  correlation  time  of  the  noise.  The  relation  (2.2) 
implies  a  Markovian  approximation  for  the  energy  dynam¬ 
ics.  To  obtain  this  Markovian  description  we  use  in  the 
following  a  modification  of  a  method  which  has  been 
worked  out  by  Carmeli  and  Nitzan  [11], 

In  a  single  potential  well  it  is  possible  to  introduce  the 
action  angle  variables  defined  by  the  canonical  equa¬ 
tions 

/  =  (2,3) 

where  H  is  the  Hamiltonian  of  the  deterministic  system  with¬ 
out  friction.  For  these  new  variables  we  obtain  from  Eq.  (2.1) 
the  Langevin  equations 

Q  Y  9  ^ 

/  =  ^(- yy  +  y(0):  4  =  (o(f)  -  ■^{-yo  +  y(t)).(2A) 

Expanding  the  coordinate  x  and  the  velocity  u  in  Fourier 
series 

+  OQ  +00 

x(I,4>)=  E  x„e"'^;  i)(/.0)=  E  u„e'''^  (2.5) 

n  »  —CO  — 00 

the  Langevin  equations  result 

n,  m»+oo  +00 

/=-iyE  E  «x„i;„e‘*"'*''"’^  +  i>>(t)  E  nx„e'"'^ 

00  n*i— CO 

+  CO  +CO  Jy  +00 

^  =  w(/)  +  yE  E  E 

n,  mw—oo  Cl  00  Cii 

(2.6) 


(1.6)  Then  the  time  evolution  of  the  p.d.d.  for  the  action  angle 
shows  resonance  (Fig.  2).  dynamics  ?(/,  t)  is  given  by  the  Kramers-Moyal  expan- 

In  reference  [6]  we  derived  a  Markovian  approximation  gjon 
for  the  dynamics  of  the  bistable  oscillator  in  the  phase  space 

(x,y)  and  for  the  overdamped  bistable  system  following  the  dP  fl  ^  (—1)"  v  /0Y"/9Y 

ideas  of  the  unified  colored  noise  approximation  [10].  Un-  dt  =  i  n!  m.*=o  \^) 

fortunately  the  resulting  Fokker-Planck  equation  for  the  m+i-n  (2.7) 

p.d.d.  has  been  solved  for  the  overdamped  limit  only  •<A/?'(T)A^f(T)>p|. 

(y  — >  oo),  but  not  for  the  general  case.  In  the  next  section  J 


L.  Schimansky-Geier  et  al.;  Harmonic  Noise  Driven  Bistable  Dynamics 


351 


If  reduces  to  the  knowledge  of  the  moments  (A^*)>. 
their  computation  can  be  realized  by  using  the  iteration 

A/<')(t)  =  ids/(/(t)  +  A/f-'>(s),<^(£)'+  A^<'-*>(s),t  +  s). 

(2.8) 

where  the  starting  point  A/f’  (s)  =  0;  A^i®  (s)  =  (o{I)s 
follows  from  (2.3)  and  /-is  given  by  (2.6)  (sifnilarily  for  A(j),). 

Corresponding  to  (2.2)  we  neglect  terms  of  order  (y/o))" 
and  also  {Zit{(o)/(oY  with  n  ^  1  where  Z*  (to)  are  the  Fourier 
expansion  coefficients  of  the  stationary  correlation  function 
of  the  harmonic  noise,  terms  of  order  t"  («  >  1)  vanish  in 
the  limit  t  0  and  so  we  obtain  as  in  the  white  noise  case 
that  all  moments  with  m  +  k  >  2  vanish  in  (2.7).  Because 
of  the  periodicity  of  P{I,  <p,  t)  in  ^  we  get  after  (/i-integration 
and  by  transition  to  the  energy  variable  (d/  =  d£/co)  the 
Fokker-Planck  equation  for  the  dynamics  of  the  energy 
p.d.d.  ?(£,  £) 

(2.9) 

I 

with 

eiiE)=2yl  n^xUE)  (2.10) 

n  xl 

and 

Si{E)=  1  n^xliE)Syy{m{E)).  (2.11) 

n»<l 


where  Syy  is  the  defined  spectrum  in  (1.2).  The  stationary 
p.d.d.  becomes 


=  yv-i  (0-‘(£)exp(-l  (2.12) 

Generally  the  et(E)  and  E2(£)  have  to  be  computed  numer¬ 
ically  for  nonlinear  problems.  To  understand  the  mechanism 
we  reduce  the  description  onto  harmonic  potentials  K{x)  = 
coJa:V2.  In  this  case  all  terms  in  the  sums  (2.10)  and  (2.11) 
with  n  >  1  vanish  and  we  obtain  the  stationary  p.d.d. 

P»(£)  =  A,-a,.-'exp(-^).  (2.13) 


We  see  the  effect  of  the  noise  results  in  an  effective  temper¬ 
ature  which  is  determined  by  the  spectrum.  For  the  mean 
value  of  the  energy  <£>  =  Syy(coo)/2y  follows  a  resonance 
at  (Oo  =  (Op  due  to  the  peak  in  the  spectrum  of  the  harmonic 
noise  at  Wp.  For  nonlinear  potentials  we  get  resonance  phe¬ 
nomena  as  well  which  result  from  S2(E)  in  (,2.12j.  But  the 
resonance  frequency  will  differs  from  <Wp  (cf.  [8]).  For  har¬ 
monic  potentials  an  averaging  over  rapid  oscillations  in  the 


Langevin  Eq.  (2.4)  leads  in  the  low  friction  limit  [12]  to  the 
same  stationary  p.d.d.  (£)  as  the  approach  described 
above.  This  implies  that  this  approach  can  be  interpreted 
as  an  averaging  over  the  generalized  phase  </>  in  the  basic 
Eq.  (2.6)  for  a  nonlinear  potential  F(x). 

3.  Inversion  by  Harmonic  Noise 

For  a  white  noise  driven  bistable  oscillator  the  probability 
to  be  in  one  of  the  two  stable  states  is  determined  by  its 
energy  value  only.  In  this  chapter  we  will  show  the  possi¬ 
bility  of  generating  an  inversion  of  bistable  oscillators  due 
to  the  action  of  the  harmonic  noise.  In  detail  this  means 
that  due  to  the  resonant  activation  we  force  the  oscillator 
to  be  in  the  state  with  higher  energy  with  more  probability 
than  in  the  low  energy  state.  For  this  purpose  the  high 
energy  state  is  detuned  whereas  the  low  energy  state  will  be 
in  resonance  with  the  harmonic  noise.  What  follows  is  that 
the  oscillator  will  leave  quickly  the  low  energy  state  due  to 
resonance  and  otherwise  will  stay  long  times  in  the  detuned 
state. 

To  demonstrate  this  effect  we  consider  the  simple  model 


dK 

x=v;  v=  + 


(3.1) 


V{x)  =  ^ 


£lo  +  —{xi-xfi 
£r0  +  ~  ^)^‘ 


a:  <  0 
x>0 


of  a  bistable  oscillator  driven  by  harmonic  noise  (cf.  Fig. 
(3)).  The  essence  of  this  model  is  the  different  energy  levels 
of  the  minima  of  the  potential  (which  results  in  different 
activation  energies  as  well)  and  the  difference  of  the  fre¬ 
quencies  in  the  bottom  of  the  wells. 


V 


Fig.  3 

Bistable  oscillator  under  harmonic  noise  Here  is  shown  a  nons>m- 
mctric  bistable  oscillator,  where  the  frequenc)  of  the  harmonic  noise 
is  just  about  the  frequency  of  the  right  well  (wo  «  Wp).  Hence  the 
transition  rates  are  asymmetrically  due  to  resonace  like  it  is  depicted 
with  the  arrows 
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if  the  barrier  energies  Dl  and  ZJr  are  sufficiently  large 

D,.>  Syy  (0)0/2  y;  i  =  L,  R  (3.3) 

than  we  reduce  the  p.did.  in  both  wells  to  the  canonic-like 
distribution  (2.13),  i.e.  we  put  in  every  well  as  an  first  esti¬ 
mate 


Pi{E)  =  iVr'  exp  0  ^  ^  A .  (3.4) 

L  and  R  correspond  to  the  left  and  right  well  and  the  en¬ 
ergies  £i  are  measured  from  the  bottom  of  each  well.  The 
probabilities  of  the  local  states  in  the  wells  are 


s  = 


Syy{(Ol)DR 

Syyi(o^)Di.  P 


(3.11) 


A  resonance  in  the  deeper  right  well  (o)r  a  o)p)  and  a  de¬ 
tuning  in  the  left  well  can  lead  to  a  inversion  with  s  >  1, 
the  resonance  pumps  the  population  in  the  state  with  the 
higher  energy.  The  problem  is  more  complicated  in  the  case 
of  more  realistic  bistable  potentials  with  a  continuous  first 
derivative  dF/dx  at  the  barrier.  The  frequencies  vanish 
<»,— >0  as  E\—*D,  (i  =  L,  R)  and  the  low  friction  limit  is  not 
valid.  Therefore  the  properties  in  the  wells  and  at  the  barrier 
must  be  considered  separately  with  some  continuity  con¬ 
ditions  [14,15].  By  generalization  of  the  result  for  our  sim¬ 
ple  model  it  follows  the  possiblity  of  inversion  in  such  bist¬ 
able  systems  due  to  resonance  phenomena  in  the  single  wells. 


Fi  =  ?d£?i(£).  (3.5) 

0 

Then  the  ratio 

s  =  PJPk  (3.6) 

is  the  measure  of  the  inversion.  For  our  case,  where  we  have 
assumed  Dt  <  Dr,  the  bistable  oscillator  will  be  inverted  if 
s  >  1.  The  p.d.d.  (3.5)  to  be  in  the  right  or  in  the  left  state 
we  obtain  from  the  reduced  dynamics 

Pl  —  —rm  Pi  +  fRL  Pr  (3.7) 


where  the  j-lr  and  r^i  are  the  rates  to  leave  the  left  state  or 
the  right  state  correspondingly.  These  rates  can  be  calcu¬ 
lated  using  the  concept  of  the  mean  first  passage  time  av¬ 
eraged  over  the  initial  condition  [13] 


^LR 


GL  1>L 

d£PL“>Jdx 

0 


1 


0  <0^(x)e2(x)Pi.()c) 


jd^PtO’)) 


(3.8) 


where  P^’  (£)  is  the  steady  state  distribution  in  the  left  well 


PP(£)  =  (l-exp(-|^))''cxp( 


2yE  \ 

SyyiCOi)/ 


(3.9) 


Because  of  the  validity  of  (3.3)  we  obtain  for  Tlr  the  ap¬ 
proximation 


(3.10) 


(respectively  for  Trl  by  a  change  of  L  and  R).  Insertion  of 
(3.10)  in  Eq.  (3.7)  yields  in  the  stationary  case  for  the  ratio 
s 
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Thermal  production  of  sol'.ton-antisoliton  pairs  in  an  overdamped  driven  sine-Gordon  chain  occurs 
through  the  activation  of  a  critical  nucleus.  The  relevant  pair  nucleation  rate  is  calculated  explicitly  by 
extending  Kramers’  theory  to  the  case  of  an  infinite  dimensional,  multistable  system  with  one  neutral 

equilibrium  mode. 


1.  Introduction 

The  perturbed  sine-Gordon  (SG)  equation  [1] 

-  Co^xx  +  0)1  sin^  =  -y(f>,  -  F+  C(x,()  (1) 

provides  an  ideal  model  to  study  the  nucleation  processes 
of  a  variety  of  physical  systems  at  thermal  equilibrium 
[2-4].  For  instance,  in  plasma  physics  cOo  and  Co  model  the 
plasma  frequency  and  the  sound  speed,  respectively.  In 
Eq.  (1)  the  ordinary  SG  equation  has  been  coupled  with  a 
heat  bath  at  temperature  T  through  a  damping  term,  —y^„ 
with  V  a  constant,  and  a  gaussian  noise  ^{x,  t)  with  zero  mean 
and.correlation  function 

<C{x.0C(x',t')>  =  2^m-t'}5(x-x')  (2) 

(p  =  i/kT),  The  constant  force  F  is  meant  to  represent  an 
external  physical  bias  which  breaks  the  (^  — >  —  ^  symmetry, 
thus  making  the  pair  nucleation  process  possible  [5,6], 
but  preserves  the  multistable  nature  of  the  SG  potential 
l^W]  =  cusfl  -cos</»),  i.e.  F^  o)l. 

The  unperturbed  SG  equation  (i.e.  Eq.  (1)  with  the  r.h.s. 
set  to  zero)  has  been  derived  from  the  relativistically  covar¬ 
iant  Hamiltonian  density 

=  +  (3) 

and  bears  both  extended  (phonons)  and  localized  solutions. 
Localized  solutions  can  be  well  approximated  as  an  appro¬ 
priate  linear  superposition  of  solitons,  0k.  and  antisolitons, 
0K,  in  the  limit  when  the  separation  among  their  centres  is 
very  large  compared  with  their  size  (dilute  gas  approxima¬ 
tion).  For  later  convenience,  we  write  explicitly  the  single 
soliton  (antisoliton)  solution  (mod  2n) 

0k(K»(x.  h)  =  4  tg-  ’  exp  r  ±  -^^^1 .  (4) 

Here,  A'(f)  =  Xo  -1-  ut  denotes  the  centre  of  mass  of  the  so¬ 
lution  (4),  which  moves  with  constant  speed  u.  0k(K)  repre¬ 
sents  a  dislocation  of  the  SG  chain  between  the  potential 
minimum  at  0(-  x)  =  0  and  the  adjacent  minimum  at 


0(co)  =  ±2ji,  respectively,  occuring  at  X(t)  within  a  length 
comparable  with  the  0k(K)  size  Cg/cOg.  The  energy  required 
for  the  SG  chain  to  bridge  two  adjacent  potential  minima 
is  Eg  =  JdxH[0K(K)(^.O)]  =  SflJoCo  (soliton  rest  mass).  A 
statistical  approach  to  the  SG  theory  leads  to  the  following 
prediction  for  the  equilibrium  soliton  (antisoliton)  density 
(F=0) 

=  (5) 

The  dilute  gas  approximation  is  thus  legimate  in  the  low 
temperature  limit  <  1,  where  nr'  >  Cg/tOg.  The  soliton 
and  antisoliton  solutions  (4)  carry  opposite  topological 
charge  and,  therefore,  they  may  only  be  created  by  the  pair. 
Furthermore,  0k(K)  are  stable  under  the  perturbation  con¬ 
sidered  in  Eq.  (1),  apart  from  a  rigid  translation,  against 
which  they  are  in  neutral  equilibrium  (Goldstone  mode). 

At  this  stage,  the  question  arises  as  how  a  soliton-anti- 
soliton  pair  may  be  nucleated  starting  from  a  vacuum  con¬ 
figuration,  e.g.  0  =  0.  Thermal  fluctuations  are  expected  to 
trigger  the  process  by  activating  a  critical  nucleus,  the  size 
of  which  may  be  shown  to  increase  with  decreasing  F[2— 6]. 
Provided  that  the  critical  nucleus  size  is  small  enough  to 
ignore  the  many-body  effects  due  to  the  thermalized  gas  of 
solitons  and  antisolitons  with  density  (5),  we  can  describe 
the  nucleation  process  as  a  local  two-body  mechanism.  This 
picture  is  tenable  only  for  low  temperatures  and  relatively 
strong  external  biases.  A  tw'o-body  nucleation  mechanism 
can  be  treated  as  an  extension  of  Kramers’  theory  [7]  to 
multidimensional  systems  with  neutral  equilibrium  (or  zero) 
modes  [2].  In  the  present  paper  we  investigate  this  mech¬ 
anism  in  the  classical  limit.  Some  results  reported  below 
have  been  anticipated  in  Ref.  [6].  The  quantum  mechanical 
contributions  to  the  two-body  nucleation  mechanism  at 
temperatures  higher  than  the  thermal  activation  tempera¬ 
ture  have  been  addressed  in  Ref.  [8].  The  extension  of  our 
approach  to  other  soliton  bearing  theories  is  also  possible 

[9]. 

2.  Procedure 

It  has  been  shown  that  in  the  presence  of  fluctuation- 
dissipation  terms  a  MityL  soliton  (antisoliton)  undergoes 
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brownian  motion,  whereas  the  bias  term  pulls  and  (^r  in 
.opposite  directions,  according  to  the  driven  Langevin  equa¬ 
tion  [10] 

p  =  -yp±2nF+Eot}{t)  (6) 

where  f/(t)  is  a  zero-mean  valued,  gaussian  noise  with  cor¬ 
relation  function  <>/(t)f/(0)>  =  2D5(t),  D  =  y/pEp,  and  p 
is  the  boosted  momentum  of  (^rjr),  p  =  EpU/]/i  -u^.  From 
now  on,  we  simplify  our  notation  by  adopting  dimensionk^’s 
units,  i.e. 

(On 

- — x->;c.  o)pt-^t  (7) 

Co 

and,  consequently,  y/a)o-»7.  F/wo— and  (OoCofkT-*p. 
This  amounts  to  setting  <Oo  =  Cp  =  i  and,  in  particular, 

Ep  =  8. 

The  two-body  nucleation  mechanism  is  well  defined  under 
the  supplementary  condition  that  the  SG  chain  is  over¬ 
damped,  i.e.  7  >  1.  Such  a  limitation  affords  three  major 
simplifications:  (i)  oscillatory  solutions  of  Eq.  (1),  like  breath¬ 
ers  and  phonon  radiation,  are  damped  out  and,  therefore, 
do  not  play  any  significant  role  in  the  statistics  of  the  prob¬ 
lem;  (ii)  the  non-relativistic  limit,  p  =  EoU,.is  a  good  ap¬ 
proximation.  Accordingly,  the  Langevin  equation  (6)  reads 

.  2jtF  , .  ... 

(8) 

Ep 

whence  the  mean,  %  =  ±2nFlyEo,  and  the  variance  of  the 
^K(R)  speed,  ((ti-iiff)  =  {PEp)~'',  (iii)  soiiton-antisoliton 
collisions  are  always  destructive.  In  fact,  the  condition  for 
a  soliton  and  an  antisoliton  to  go  through  each  other  in  the 
presence  of  damping  [11],  2y’^,  cannot  be  achieved  in 

the  overdamped  regime  (remember  that  F<  1).  In  the  fol¬ 
lowing,  we  carry  out  our  analysis  under  the  condition  y  >  1, 
even  though  such  an  assumption  is  not  always  tenable  when 
modelling  real  physical  systems.  This  point  will  be  discussed 
further  in  the  last  Section. 

On  deriving  the  Langevin  Eq.  (6)  we  have  assumed  that 
the  <^K(R)  shape  is  stable  under  perturbation.  This  is  not  true 
when  the  soliton  (antisoliton)  is  driven  by  an  external  con¬ 
stant  bias,  which  tilts  the  SG  potential  F[^],  thus  changing 
the  effective  *'*.sma  frequency  [4]:  1— *1/1  -F^  (in  dimen¬ 
sionless  units,.  Jn  order  to  ignore  such  corrections  we  re¬ 
stricted  our  calculations  to  the  case  of  small  biases  F-^  1. 
Actually,  in  deriving  our  results  for  the  pair  nucleation  rate 
(Section  3),  we  shall  neglect  corrections  at  the  first  order  in 
F. 

Let  us  go  back,  now,  to  the  pair  nucleation  mechanism. 
Thermal  fluctuations  may  activate,  with  finite  probability, 
a  nucleus  <j)n(x,X)  of  length  2A'  about  the  vacuum  config¬ 
uration,  ^  =  0.  For  A'  >  1,  ^,v{x,X)  is  well  described  by  the 
linear  superposition  of  a  soliton  and  an  antisoliton  centered 
in  +X,  respectively, 

Mx.X)  =  Mx+X,0)  +  (f>dx-X,0)  =  4tg-‘f-^). 

(9) 


The  centre  of  the  nucleus  has  been  set  at  the  origin  without 
loss  of  generality.  The  components  of  a  large  nucleus  ex¬ 
perience  two  contrasting  forces:  an  attractive  force  due  to 
the  vicinity  of  the  nucleating  partner,  the  potential  of  inter¬ 
action  being  a  function  of  the  distance  2X  between  their 
centres  of  mass 

Vi,{X)  =  -2Epe-^^,  X>1,  (10) 

and  a  repulsive  force  due  to  the  constant  bias  F,  which  pulls 
and  (f>K  apart,  with  effective  potential  +27tFA',  respec¬ 
tively.  The  critical  nucleus  configuration,  (f)ff{x,R)  is  attained 
at  the  distance  between  and'(/>R,  2F(F),  where  the  two 
competing  forces  compensate  each  other.  (puix.R)  is  thus 
the  saddle  point  configuration  to  overcome  for  the  pair  nu¬ 
cleation  to  take  place.  The  critical  nucleus  admits  of  only 
one  unstable  mode  with  negative  eigenvalue,  Aqi  which  in 
the  overdamped  limit  can  be  safely  associated  with  the  rel¬ 
ative  coordinate  X(t)  [3]. 

The  nucleation  rale  F  (i.e.  the  number  of  pairs  generated 
per  unit  of  time  and  length)  can  be  related  to  the  imaginary 
part  of  the  free  energy  of  the  critical  nucleus,  Im3.  by  means 
of  Langer’s  formula  [2] 

I  jVl 

r  =  -!^/JIm3.  (11) 

It 

In  the  foregoing  Section  we  compute  F  explicitly  applying 
the  Langevin  equation  approach  developed  to  derive  Eq. 
(6). 

3.  Results 

The  rate  in  Eq.  (11)  may  be  rc-written  in  a  more  suggestive  form 
[2]: 

(12) 

It  Zo 

where  Z©  and  Z/i  denote  the  partition  function  for  the  vacuum  field 
configuration  and  the  critical  nucleus,  respectively.  A£^(F)  is  the 
energy  of  the  saddle  point  configuration  <^^(.v,R),  which  acts  as  the 
potential  barrier  between  the  relevant  stable  configurations,  the 
vacuum,  with  zero  energy,  and  the  nucleated  pair  driven  infinitely 
apart,  with  energy  2£„/|/i  —  »?•  ai  lEp. 

The  quantities  AEti(F)  and  ^''(F)  can  be  calculated  within  the 
Langevin  equation  approach.  The  interacting  pair  (^k(-v  +  A)  and 
<j>^x  ~  X)  at  large  distance  obeys  the  equation  of  motion 

2nF 

A=  -7A  +  -— -4e-’'f  +  »/(l)  (13) 

ttQ 

obtained  from  Eq.  (8)  by  inserting  explicitly  the  aliractive  drift  term 
corresponding  to  the  potential  in  Eq.  (10).  The  barrier  of  the  total 
interaction  potential  Fk,k)(A)  =  —2nFX  —  2EoCxp(—2X)  is  lo¬ 
cated  at 


with  »,utv<uure  11mk)(R)i’  4a/.  Moreover,  the  Smoluohovvski 

limit  to  Eq.  (13)  yields  our  estimate  for  the  negative  eigenvalue 
associated  with  the  unstable  coordinate  A(0: 


(15) 
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We  remark,  here,  that  the  linearization  around  the^top-of  the-po- 
tential  barrier  implicit  in  Eq.  (11)  [2]  holds  good  only  under  the 
fuhher  restriction  that  Z)/y  [FKR(lJ)]V^if^(jR)>  i-®- 

2npF  >  1  (16) 

being  Fkr(^)  a.soft  potential  [12], 

Our-best  estimate  for  AE/f{F)  has  been  obtained  by  calculating 
jdx//[(^jv(x.l?)]  with  <j)/,{x,R)  given  in  Eq.  (9)  and  R(F)  in  Eq.  (14), 


whence,  being  A‘’(fc)  =  A^(/c)  =  A(k), 
det(j?ro/2n) 

det'(/?r;v/27i)|  “V27iy|Xo''|J  ^4) 

•„p[i|dUWInrAM  =  4(3^)'“. 

Substituting  Eq.  (24)  into  Eq.  (18)  and  Eq.  (18)  into  Eq.  (12)  leads 
to  our  final  result  [6] 


r(F)=. 


Ao''(F) 


27ty 


1/2 


iPAEsm 


1/2 


(25) 


This  is  an  improvement  with  respect  to  the  estimate  reported  in 
Ref.  [6].  Our<predictions  (15)  and  (17)  agree  very  closely  with  the 
results  of  numerical  integration  [4]. 

To  accomplish  our  calculation  of  F  we  determine,  finally,  the 
ratio  Zft/Zo  in  Eq.  (12).  For  this  purpose,  we  have  recourse  to  the 
linear  stability  analysis  [1],  whence 


Zo 


2 


dei{pro/2n) 

dei‘(pr^/2K) 


1/2 


[A£/.(F)]''^. 


The  linear  stability  operators 


(18) 


Yo  =  -e?,  -  ye,  +  0i,  -  F^*[0] 


(19a) 


and 


Ty  =  -0,^  -  y0,  +  Qh  -  (19b) 

have  been  obtained  from  the  unperturbed  SG  equation  by  expand¬ 
ing  the  field  ^{x,t)  at  the  first  order  around  the  vacuum  configu¬ 
ration  <l>(x,t)  ~  0  and  the  critical  nucleus  M^-.R),  respectively. 
The  Goldstone  mode  of  the  operator  Tf/  has  been  subtracted  from 
det(/ilTjv/2n),  as  denoted  by  the  prime  sign,  and  its  contribution 
calcuiated  explicitiy  [2,4].  For  a  fuli  treatment  of  Eq.  (1 8)  the  reader 
is  referred  to  more  detailed  reports  [6,8], 

In  the  overdamped  regime  we  approximate  the  operators  in  Eq. 
(19)  as  follows 

Yo  =  -y0,  +  0;x  -  F^«[0] 

r^=  -y0,  +  0ix-  F^^[W^^K)]• 

The  eigenvalue  spectrum  of  Yo  is  [1] 

=  k-  +  \ ,  k-^0. 


(20) 

(21) 


where  A^'{F)  and  AE/t(F)  are  known  from  Eqs.  (15)  and  (17),  re¬ 
spectively. 

4.  Discussion 

We  comment,  now,  on  the  applicability  of  our  estimate 
(25)  for  the  nucleation  rate. 

i)  Eq;  (25)  applies  only  for  small,  finite  values  of  the  ex¬ 
ternal  bias,  i.e.j?“’  4F4  l.Thc  upper  bound,  1,  allows 
us  to  neglect  effects  0(F^)  due  to  the  relativistic  boost  and 
the  rescaling  of  the  plasma  frequency.  The  lower  bound, 
PF>  i,  instead,  has  been  introduced  in  Eq.  (16)  to  justify 
the  linear  approximation  implicit  in  Langer’s  formula  (11). 
This  restriction  amounts  to  requiring  that  the  mechanical 
energy  needed  to  pull  an  isolated  soliton  (antisoliton) 
through  a  distance  of  the  order  of  its  size  is  larger  than  the 
thermal  energy,  P~\ stored  in.the  critical  nucleus  [6].  Under 
such  a  condition  pair  nucleation  is  not  described  by  the 
linear  response  theo^,  as  confirmed  by  the  fact  that  r{F) 
is  proportional  to  |/f  for  F-*0,  A  realistic  analysis  of  the 
nucleation  process  at  thermal  equilibrium  for  vanishingly 
small  values  of  the  bias  cannot  ignore  the  prc.scncc  of  many- 
body  effects  as  pointed  out  in  Refs.  [5,6]. 

(ii)  Corrections  to  r{F)  are  expected  at  the  first  order 
in  F.  For  instance,  in  Eq.  (18)  the  discrete  eigenvalue  of 
has  been  set  to  one.  In  fact,  we  can  give  an  up¬ 
per  bound  to  yAiiF),  on  substituting  the  potential 
in  Eq.  (20)  with  the  square  well  potential 


The  eigenvalue  spectrum  of  Y/^,  instead,  consists  of  a  negative  ei¬ 
genvalue  yAo'(F).  with  A^{F)  given  in  Eq.  (15),  a  zero  eigenvalue 
corresponding  to  the  Goldstone  mode,  yAf^(F)  =  0,  a  discrete  ei¬ 
genvalue  yAi  (F)  and  a  continuum 

yA^(k)  =  k^  +  \,  k^O.  (22) 

The  discrete  eigenvalue  yA2(F)  represents  an  internal  oscillating 
mode  of  the  critical  nucleus  and  follows  the  removal  of  the  degen¬ 
eracy  at  the  continuum  threshold,  yA^(0),  due  to  the  finiteness  of 
the  nucleus  size.  Of  course,  0  <  y/J  (F)  ^  1.  For  small  values  of  F 
we  retain  the  F-dcpendence  of  Ao (70.  only,  whereas  yA.ziF)  is  set 
to  one  and,  thus,  incorporated  in  the  continuum.  This  amounts  to 
approximating  the  continuous  branch  of  the  eigenvalue  spectrum 
of  with  twice  the  eigenvalue  spectrum  for  the  simple  soliton 
(antisuhtun)  stability  operator,  whieh  is  analytieally  solvable  [1]. 
In  particular,  the  difference  of  the  continuum  state  density  for 
and  F,y  at  F=0  is 

A(k)  s  eo(k)  -  e«(k)  =  -  (23) 

IX  k  -r  I 


V{X)  =  1  for  \x\  >  R(F)  (26) 

=  VHiM0,R)']  for|x|<R(F) 

where  [i^^v  (0,R)]  =  2  [2/chR  - 1]^  - 1.  For  large  values 
of  R(F),  i.e.  small  values  of  F,  V(X)  admits  of  one  discrete 
eigenvalue,  which  can  be  approximated  by  1— 27tF.  Since 
y(X)  >  y,j,^i(t>N{.x.Ri]  for  any  value  of  x,  it  follows  that 

y^.^{F)^i-2nF.  (27) 

A  preliminary  estimate  of  the  F-corrections  to  Eq.  (24)  can 
be  obtained  by  noting  that  expression  (9)  for  0a(x,R)  co¬ 
incides,  formally,  with  the  constrained  (maximum  amplitu¬ 
de)  breather  solution  [1]  of  the  unperturbed  SG  equation. 


(28) 
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where  (1  +  n^) In (2/o)  =  R{F)  or,  equivalently. 


The  eigenvalue  spectrum.associated  with  the  time-depend¬ 
ent  stability  equation  for  the  breather  solution  is  known 
analytically  [1].  After  rotating  ^b{x,v)  back  to  the  soliton- 
antisoliton  superposition  (f)[/{x,R)  of  Eq.  (9)  by  setting  v  = 
— i«,  the  relevant  changes  in  our  calculations  boil  down  to 
substituting  the  quantity  J(A:)  defined,  in  Eq.  (23)  with 


(30) 


As  a  result  the  r.h.s.  of  the  Eq.  (24)  must  be  multiplied  times 
the  correction  factor  [1  -t-(l  -  «^)“‘^]74i  which,  in  view  of 
Eq.  (28),  implies  a.correction  l6  f{F)  at  the  first  order  in  F. 
The  procedure  sketched  here  will  be  developed  rigorously 
in  a  future  publication. 

(iii)  Eq.  (25)  can  be  improved  to  account  for  intermediate 
to  large  values  of  the  damping  constant  y.  A  detailed  cal¬ 
culation  of  the  determinantal  ratio  in  Eq.  (18)  is  straight¬ 
forward  [8]  and  leads  to  the  same  result  for  r(F)  as  in 
Eq.  (25),  with  the  only  condition  of  rescaling 


(l+4|;.o^|/y)'^+l  • 


(31) 


Of  course,  such  a  rescaling  does  not  provide  the  correct 
answer  in  the  limit  of  vanishingly  small  damping  constant 
(transition  state  theory  approximation  [7]).  The  extension 


of  Kramers’  theory  to  the  underdamped  limit  of  the  problem 
of  pair  nucleation  in  thermalized  SG  chains  is  still  an  open 
problem. 
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This  paper  deals  with  the  problem  of  energetic  activation  of  one  or  few  degrees  of  freedom  of  a  spatially 
extended  system.  The  fusion  of  soliton-like  excitations  is  an  efficient  nonlinear  mechanism  to  generate 
high-energy  events  at  soft  springs  which  arc  embedded  in  a  one-dimensional  chain  of  hard  springs.  In 
equilibrium  there  exists  an  optimum  temperature  where  thermal  energy  is  mainly  partitioned  to  the  soft 
springs  due  to  the  superposition  of  thermally  generated  solitons.  Some  of  the  features  obtained  for  the 
one-dimensional  system  also  apply  to  a  solution  of  soft  spheres  in  a  hard-sphere  solvent. 


1.  Introduction 

Energetic  activation  proves  to  be  an  essential  precondi¬ 
tion  for  a  multitude  of  processes  to  take  place.  Obvious 
examples  are  chemical  reactions  or  the  cracking  of  materials. 
In  the  following  we  will  define  activation  processes  as  high 
energy  events  appearing  at  one  or  a  few  degress  of  freedom 
of  a  spatially  distributed  system.  The  energy  gained  by  the 
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schaft  Eberswalde,  Alfred-Moller-StraBe,  0-1300  Ebcrswaldc, 
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activation  coordinates  has  to  be  provided  by  the  surround¬ 
ing  system.  The  first  complete  theoretical  treatment  of  an 
activation  process  is  contained  in  the  famous  paper  of  Kra¬ 
mers  [1]. 

Let  us  start  with  an  elementary  consideration  of  classical 
activation  processes  in  one  degree  of  freedom  The  energy 
corresponding  to  the  motion  along  the  activation  coordinate 
To  is  assumed  to  be 

Eo  =  +  U(ro) ,  po  =  mfo . 
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As  special  models  for  the  shajpe  of, the  potential-energy  func¬ 
tion  we  will  use  the  linear  oscillator  potential  and  the  non¬ 
linear  Tpda  potential  [2],  the  latter  one  modelling  a  wide 
class  of  empirical  molecular, potentials  consisting  of  a  steep 
jrepulsive  and  a  long-range  attractive  part: 

f/*"(ro)  =  ymrosro,  (1.1) 

•^^{exp(-ho»-o) - 1  +  hro) .  (1.2) 

The  parabolic  approximation  (1.1)  can  be  obtained  from 
(1.2)  for  a  vanishing  stiffness  parameter  bo.  Now  we  are  going 
to  consider  an- activation  coordinate  embedded  in  a  canon¬ 
ical  heat  bath.  Within  the  classical  approach  we  find  from 
(1.1)  and‘(1.2)  for  the  mean  energies 


H  =  E  {-^  -t-  ^  [exp(-h„(y„^.,  -y„)) - 1] 


+  aCv, 


n  +  l  yn)^" 


(2.1) 


Here  the  notation  is  related  to  that  one  used  in  (1.2)  by 
ab„  =  1)1(0^.  For  an  infinite  uniform  chain  {b„  = 
b'im{—<x>,+co))  Toda  found  the  soliton  solution  [2] 


exp(-b(y„+i  -y,.))- 1  =  sinh^x 


(2.2) 


sinhxt  I, 
m  J 


•  sech’  ^xn  ■ 
with  energy 
la 

£*  =  -r-  (sinh  X  cosh  x-x). 
b 


(2.3) 


<PS/2m>  =  jkT, 


-  \kT, 


The  soliton  corresponds  to  a  local  compression  of  the  lattice 
with  spatial  “width”  x~'.  The  quantity 


where 

nv)*=”~lnr(.x) 


defines  a  characteristic  excitation  time  of  a  .spring  during 
soliton  passage.  The  energy  of  a  much  energy  containing 
and,  therefore  extremely  localized  soliton  satisfying  the  con¬ 
dition 


denotes  the  so-called  Digamma  function.  From  the  above 
expressions  we  find 

<i/"'(ro)>  >  <f/'''(ro)> . 

Hence  there  is  no  way  to  get  an  average  energy  exceeding 
k  Tat  a  single  degree  of  freedom  for  Toda-like  potentials. 

In  this  paper  we  present  a  contribution  towards  a  theory 
of  nonlinear  energy  localization  mechanisms  thereby  re¬ 
stricting  ourselves  to  the  investigation  of  simple  classical 
models.  The  following  part  of  the  paper  is  dedicated  to  a 
brief  description  of  a  dynamical  effect  -  the  soliton  fusion 
-  allowing  energy  localization  at  a  defined  site  of  a  non¬ 
linear  molecular  chain.  This  effect  could  be  involved  in  the 
catalytic  processes  occuring  in  complex  reaction  systems  un¬ 
der  nonequilibrium  conditions.  In  the  subsequent  section  we 
will  show  that  the  superposition  of  thermal  solitons  may 
lead  to  an  actuation  enhancement  even  in  equilibrium.  Go¬ 
ing  beyond  the  special  one-dimensional  system  presented  so 
far,  we  will  argue  finally  that  the  phenomenon  of  thermal 
energy  localization  could  be  of  a  more  general  relevance  to 
the  theory  of  activation  processes. 


2.  Soliton  Fusion  as  a  Mechanism  of  Energy  Accumulation 

Now  w'e  are  going  to  consider  the  dynamics  of  a  non- 
uniform  chain  of  masses  at  position  which  are  connected 
to  their  nearest  neighbors  by  Toda  springs  with  the  nonlin¬ 
ear  spring  constant  b„.  The  Hamiltonian  reads 


.sinh^x 

X 


>  1 


(2.5) 


reads  according  to  (2.3)  and  (2.5): 

£*»-~sinh^x.  (2.6) 

Now  we  consider  a  system  consisting  of  two  semiinfinite 
Toda  chains  of  different  spring  parameters,  b„  =  h  V  h  <  0 
and  =  bo  V  «  >  0  with  bo  <  b.  Although  this  nonuniform 
chain  does  not  admit  exact  soliton  solutions,  the  solution 
[2.2]  can  be  conceived  as  a  right  running  solution  on  the 
hard  part  with  b  far  to  the  left  of  the  interface  where  it 
behaves  as  in  a  uniform  chain.  In  the  vicinity  of  the  interface 
however  it  will  be  scattered  and  evolve  into  reflected  and 
transmitted  waves  including  both  solitons  and  radiation 
[3,4].  In  particular  we  observe  sufficiently  far  to  the  right 
on  the  soft  part  the  formation  of  a  transmitted  soliton  that 
was  evaluated  in  a  previous  paper  [3]. 

exp(-boO’n+t-3'»))-l  =  sinh^xo 
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The  ilast  expression  relates  the  transmitted  soliton  to  the 
incident  one.  d  denotes  a  constant  phase  shift  that  occurs 
due  .  to  the  scattering  process.  In  case  of  strong  localization 
of  both  incident  and  transmitted  soliton  we  find  from  (2.7) 
and  (2.6)  for  the  energy  Eq  of  the  latter 

£5  w-^sinh^xa 

Hence  the  energy  of  the  incident  soliton  is  almost  completely 
transferred  to  the  transmitted  one,  i.e.,  scattering  losses  are 
less  important  for  energetic  solitons.  From  (2.2)  and  (2.7)  we 
find  according  to  (2.4)  for  the  characteristic  times  t  and  To 
of  the  incident  and  the  transmitted  soliton,  respectively,  the 
.simple  relationship 


The  existence  of  different  time  scales  of  soliton  motion  can 
be  used  to  generate  high  energy  events  by  soliton  fusion 
which  was  demonstrated  numerically  [3].  The  energy  of  two 
strongly  localized  solitons  of  equal  magnitudes  impinging 
on  the  interface  will  be  contained  afterwards  mainly  in  one 
soliton  transmitted  to  the  soft  chain  provided  the  incident 
solitons  were  separated  from  each  other  by  a  time  less  than 
To  on  the  hard  chain. 


Superposition  of  two  solitons  in  a  single  soft  spring  (ii  =  0)  embed¬ 
ded  in  a  hard  Toda  lattice  (ii=  1,  ....  29)  with  parameters  m  =  2, 
a=  10~^  b  =  10^  i)/ho=  to.  The  solitons  (each  of  energy  £=  1) 
are  separated  from  each  other  by  a  time  8.4  t  on  the  hard  lattice 
initially  (t  is  the  characteristic  time  (2.4)).  the  potential  energy  of 
springs  is  plotted  vs.  time  t  and  spring  number  n 


concentrations  of  potential  energy  at  the  soft  spring  [3]. 
Interpreting  a  compression  of  this  spring  up  to  a  certain 
critical  value  as  activation  process  we  have  got  a  novel 
mechanism  to  accumulate  the  energy- of  nonequilibrium  ex¬ 
citations  at  a  selected  degree  of  freedom  to  be  activated.  In 
a  previous  work  [5]  a  simple  model  of  global  enzyme  struc¬ 
ture  was  investigated  in  order  to  demonstrate  the  mainte¬ 
nance  of  the  main  features  of  the  effect  for  a  chain  of  in¬ 
homogeneous  molecular  units  interacting  via  Morse  poten¬ 
tials  even  in  the  presence  of  frictional  forces  and  realistic 
potential  parameters.  A  soft  Morse  spring  was  used  to  model 
the  linkage  between  catalytically  relevant  molecular  groups 
of  the  enzyme. 


3.  Statistical  Thermodynamics  of  the  Nonuniform  Toda 

Chain 

In  the  last  section  the  fusion  of  solitons  was  introduced 
as  a  special  nonequilibrium  effect  which  is  suited  to  support 
local  activation  processes.  Now  we  will  give  a  brief  summary 
of  some  recent  findings  [6]  proving  that  an  activation  en¬ 
hancement  occurs  even  in  thermal  equilibrium  due  to  the 
fusion  of  thermally  generated  solitons. 

We  consider  a  nonuniform  Toda  chain  (2.1)  of  iV  particles 
which  is  fixed  at  the  left  hand  side  O’o  =  0)  ^nd  introduce  a 
pressure  P  acting  on  the  right  end  particle  (y,v)-  Among  the 
N  springs  may  be  A'o  soft  springs  with  spring  constant  ho. 
After  changing  to  spring  coordinates,  r„  =  y„  the 
exact  classical  partition  function  can  be  calculated  as  for  the 
uniform  Toda  chain  [2].  Using  the  notations  /?  =  XjkT, 
y  =  P/kT,  we  obtain 


.V  +00  —CO 

Z(/?,y)=  n  J  J  dp,dr„ 

**•1  -»co  —00 


The  partition  function  splits  into  separate  factors  corre¬ 
sponding  to  hard  and  soft  springs.  The  internal  energy  of 
the  chain  reads 


£  =  -  ^lnZ(/J,y)  =  —  +  (N~No)  <«>  +  iVo<Ho> , 


Now  we  consider  a  single  soft  spring  embedded  in  a  sur¬ 
rounding,  otherwise  uniform  hard  chain  ((2.1)  with  b„  = 
hVn  +  0  and  bo<b)  instead  of  the  interface  between  two 
extended  chains  of  different  stiffness.  It  ♦urns  out  that  this 
only  soft  spring  is  able  to  trap  and  superpose  narrow  soli¬ 
tons  impinging  from  both  directions  within  characteristic 
excitation  time  Tq  which  is  demonstrated  in  Fig.  1.  We  only 
note  that  this  kind  of  soliton  fusion  leads  to  considerable 


with 


and 


(3.2) 
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expressing  the  average  potential  energies  of  a  hard  and  a 
soft  spring,  respectively. 

Now  we  are  going  to  elucidate  soliton-induced  effects  in 
the  thermal  behaviour  of  nonuniform  Toda  chain.  Because 
solitons  are  destroyed  at  open  ends,  we  are  led  to  fix  the 
total  length  of  the  chain,  which  can  be  calculated  from  the 
partition  functions  (3.1).  Assuming  further  a  vanishing  num¬ 
ber  of  soft  springs  embedded  in  a  chain  of  hard  springs,  i.e. 
a  strongly  “diluted  solution”  tj  =  NofN^O,  whereas  N—>-ao 
and  No  — >  oo,  one  obtains  for  the  pressure  [6] 


(3.3) 


By  the  help  of  (3.2)  and  (3.3)  we  can  now  calculate  the  av¬ 
erage  potential  energies  of  the  springs.  Especially  in  the  high- 
temperature  limit  the  ratio  of  the  average  potential  energies 
of  a  soft  and  a  hard  spring  yields 


<1!®^  «  ± 

■<»>  pZo  bo  ■ 


(3.4) 


The  ratio  of  spring  energies  as  well  as  their  absolute  values 
in  units  of  thermal  energy  are  presented  in  Fig.  2  in  de¬ 
pendence  on  temperature.  In  the  high-temperature  limit 
thermal  energy  is  partitioned  mainly  to  the  kinetic  degrees 
of  freedom.  Whereas  the  ratio  of  potential  energies  of  soft 
and  hard  springs  tends  up  to  the  maximum  value  defined 
by  (3.4),  the  ratio  of  potential  and  kinetic  energy  tends  to 
zero.  Hence  only  a  vanishing  part  of  thermal  energy  is  lo¬ 
cated  at  soft  springs.  At  low  temperatures  equipartition  thc- 


Average  spring  energies  of  soft  and  liard  springs  in  a  nonuniform 
Toda  lattice  \uth  fixed  average  length  (cf.  Tig.  1)  in  dependenec  on 
P=l/kT. 

a)  The  mutual  ration  of  spring  energies  for  two  different  concen¬ 
trations  >/  =  No/N  of  soft  springs.  Maximum  deviation  from  cqui- 
partition  of  potential  energies  is  obtained  in  the  high-tempera¬ 
ture  limit  for  a  vanishing  number  of  soft  springs. 

b)  Spring  energies  in  units  of  thermal  energy  for  a  vanishing  num¬ 
ber  of  soft  springs  (i;  =  0).  In  an  intermediate  temperature  range 
beyond  both  the  harmonic  and  the  hard-core  limit  a  localization 
of  thermal  energy  takes  place  at  the  soft  springs 


orem  is  valid  and  thermal  energy  is  shared  equally  among 
all  microscopic  degrees  of  freedom.  Between  these  limits 
there  is  an  optimum  temperature  where  the  potential  energy 
of  soft  springs  amounts  to  a  multiple  of  hTj!  and  locali¬ 
zation  of  thermal  energy  takes  place. 

The  peculiarities  in  thermal  behaviour  of  a  nonuniform 
Toda  chain  can  be  attributed  to  the  properties  of  solitons 
which  are  the  nonlinear  modes  of  motion.  Bolterauer  and 
Opper  [7]  reconstructed  the  free  energy  for  a  uniform  Toda 
chain  from  a  gas  of  noninteracting  solitons.  This  approach 
yields  reasonable  results,  in  case  of  a  fixed  total  length  as 
temperature  T  tends  to  infinity.  On  these  conditions  N 
strongly  localized  solitons  -  each  of  average  energy  kTjl 
—  are  excited  on  a  lattice  of  N  springs.  Hence  each  soiiton 
possesses  an  average  potential  energy  <Hs>  equal  to  the 
spring  energy  <«>.  The  average  distance  in  time  between 
adjacent  solitons  can  be  obtained  from  (2.2), 


X 

sinhx  ‘ 


(3.5) 


Using  (2.5)  we  can  approximate  the  average  potential  energy 
of  a  hard  spring  by 


<H>  »  <»,> 


1  a 

-—  J  df-r-sinh^xsech^ 
1  _r/2  b 


sinhxt 


2a  sinh^x 

b  ~ir' 


On  the  other  hand  the  average  energy  of  one  soiiton  equals 
1/2/7  if/?-*0.  With  (2.6)  we  find 


-^sinh^x 

b 


hence 


P  <H>  «  (2  arcsinh  0 . 


Due  to  the  perfect  repulsion  between  particles  the  extremely 
narrow  and  fast  solitons  dominating  the  dynamics  at  high 
temperatures  do  not  contribute  to  the  average  potential  en¬ 
ergy  of  springs  but  to  the  kinetic  energy  of  particles. 

Now  we  are  going  to  consider  the  average  potential  en¬ 
ergy  <»o>  of  the  soft  spring.  Solitons  are  transmitted  to  it 
with  an  average  period  l/T  given  by  (3.5).  In  the  high-tem¬ 
perature  limit  every  excitation  of  the  soft  spring  can  be  de¬ 
scribed  by  a  strongly  localized  transmitted  soiiton  (2.7)  and 
we  get 


1  a 

<i<o>  ■:7r  1  dt-7-sinh^Xosech^ 

7  -r/2  bo 


^  flsinh^x 

2— n — 

bo  X 


360. 


W.  Ebeling  and-M.  Jenssen:'Sol|ton  —  Assisted  Activation  Processes 


This  ;is  the  result  (3.4)  derived- above.  So  the  twofold  devi¬ 
ation  from  equipartition  of  energy  can  be  explained  by  non- 
ihteracting  solitons  in  the  limit  of  infinite  temperatures. 

In  the  intermediate-temperature  range  that  is  character¬ 
ized  by  a  localization  of  thermal  energy  at  the  soft  spring 
hon-soiiton  modes  participatein- the  dynamics  too.  But  ob¬ 
viously  solitons  are. responsible  for  the  transfer  of'thermal 
energy  to  the  soft  springs.  This  can  be  understood  intui¬ 
tively.  In  the  high-temperature  limit  discussed  above  the 
mean,  time  T  between  incident  solitons  was  muchvgreater 
than  the  time  to  describing  the  duration  of  incidence,  i.e. 
r>  To  >  T.  With  decreasing  temperature  thermal  solitons 
become  less  localized  and  both  times  will  be>comparably. 
Thus  a  substantial  superposition  of  incident  solitons  as  pre- 
sentedcin  Fig.  1  takes  place  in  the  soft  spring  giving  rise  to 
the  elevation  of  average  potential  energy  for  intermediate 
temperatures.  At  low  temperatures  however  strong  inter¬ 
action  is  no  more  confined  to  the  soft  spring  and  individual 
solitons  are  destroyed. 

At  the  end  of  this  section  we  shall  discuss  the  possible 
relevance  of  thermal  energy  localization  to  reaction  theory 
within  the  frame  of  simple  transition  state  theory.  We  con¬ 
sider  an  ensemble  of  particles  moving  in  an  initial  well  with 
an  adjacent  barrier  of  height  At/  forming  the  boundary  of 
the  well.  TST  assumes  all  states  in  the  well  and  around  the 
barrier  being  populated  according  to  equilibrium  distribu¬ 
tion.  If  {/(rp)  models  the  shape  of  the  potential  inside  the 
well  and  /?A{/  >  1  we  obtain  for.the  rate  of  transitions  over 
the  barrier  [1] 

J  dpo-^exp(-/?H(po.ro“)) 

^TST  =  - +00-  - >  (3-^) 

J  dro  f  dpoexp(-i?/f(po.ro) 

—  00  —CO 

r®  denotes  the  top  of  the  barrier  and  t/fr®)  =  At/.  Approx¬ 
imating  t/(ro)  by  a  harmonic  potential  (1.1)  we  get  the  well 
known  formula  [1] 

kTST  =  -^^M-Pm-  (3-7) 

Now  we  consider  a  reaction  oscillator  coupled  to  a  nonlin¬ 
ear  molecular  chain.  The  shape  of  the  well  may  be  described 
by  a  Toda  potential  (1.2).  According  to  the  assumption  of 
TST  the  reaction  oscillator  is  in  thermal  equilibrium  with 
its  surroundings,  which  is  here  represented  as  canonical  en¬ 
semble  by  the  effective  Hamiltonian 

mpo.ro)  =  ^+Uiro)  +  Pro. 

Physically  this  result  can  be  interpreted  in  the  following  way. 
The  soft  reaction  oscillator  behaves  as  subsystem  in  an  iso- 
banc-isothermal  ensemble  [10].  In  other  words  the  action 
of  the  hard  springs  ma>  be  reduced  to  the  pressure  they 
produce  in  the  system. 


The  transition  rate  for  the  coupled  nonlinear  reaction  os¬ 
cillator  follows  from  (3.6): 


•exp  -p(aU  +  PrJ  -t-  • 


Here  the  condition  P(AU -t-  Pr®)  >  1  has  to  be  fulfilled  in 
order  to  applicate  (3.6).  The  reaction  oscillator  may  be  en¬ 
closed  by  a  sufficiently  large  Toda  ring  with  parameters  a, 
b  and  m.  Then  formula  (3.3)  defines  the  force  P  in  (3.8).  At 
low  temperatures  the  rate  (3.8)  reduces  to  the  result  (3.7). 
The  top  of  the  barrier  may  be  located  at  a  negative  reaction 
coordinate,  r®  =  -  lr®|,corresponding-to  a  critical  mutual 
distance  between  reactive  molecular  groups.  Then  with  in¬ 
creasing  temperature  a  considerable  rate  enhancement  is 
attained  (Fig.  3).  The  arbitrarily  chosen  reaction  coordinates 
in  Fig.  3,  e.g.,  could  be  related  to  catalytically  relevant  slow- 
frequency  motions  observed  in  enzyme  macromolecules  [5]. 
Recently  Muto  et  al.  [8]  calculated  a  significant  number  of 
solitons  generated  at  physiological  temperature  in  a  Toda 
lattice  model  of  DNA  with  similar  spring  parameters  as  used 
in  Fig.  3.  If  thermal  solitons  are  present  in  biomolecular 
strings  they  are  likely  to  support  energetic  activation  of  func¬ 
tional  processes. 


Fig.  3 

Enhancement  of  a  hypothetical  slow -frequency  transition  process 
(mu4  =  aM  by  coupling  to  a  hydrogen-bonded  molecular  chain 
with  bond  parameters  fitted  to  a  Toda  potential,  a  =  5.6- 10“'** A, 
b  =  9-  =  ab)  according  to  transition  state  theory.  The 

relative  barrier  height  /?At/=  20  was  chosen  to  be  constant  all  over 
the  temperature  range.  The  dot  on  the  abscissa  marks  physiological 
temperature  (310  K)  and  the  arrows  indicate  the  maxima  of  relative 
potential  energy  /J<Ho> 

4.  Activation  Processes  in  Solutions  of  Soft  Spheres  in  a 
Hard-Sphere  Solvent 

Let  us  first  consider  a  linear  chain  of  hard  balls  in  contact. 
As  everybody  knows  from  popular  expetiments  at  school  or 
the  basic  course  in  physics,  a  kicking  of  the  first  ball  leads 
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toi  an  excitation  running  through.-the  chain  thereby  leaving 
the  intermediate  balls  essentially  at  rest.  When  the  excitation 
arrives  at  the  opposite  end  of  the  chain  the  outer  ball  is 
elongated.  This  experiment  is  a  simple  demonstration  of  a 
soliton-like  excitation.  If  we  put  a  soft  ball  into  the  chain 
the  excitation  will  be  kept  there  for  some  time  performing 
an  elastic  deformation.  It  should  be  possible  to  demonstrate 
also  fusion  effects  of  the  type  described  briefly  in  the  second 
paragraph  and  in  more  detail  in  a  previous  paper  [3]  with 
such  a  simple  device  (there  are  however  no  experiments 
known  to  the  authors).  The  soft  ball  serves  as  a  kind  of 
buffer  accumulating  collisional  energy.  The  result  of  the  ac¬ 
tivation  could  be,  e.g.,  a  destruction  of  the  soft  ball  after  a 
critical  compression.  The  theory  developed  in  the  previous 
section  applies  qualitatively  for  the  prediction  of  the  destruc¬ 
tion  rate. 

Conclusively  we  want  to  illustra'i  i  that  the  feature  of  a 
soft  volum.e  part  to  get  activated  by  accumulation  of  colli¬ 
sional  energy  is  not  restricted  to  quasi-one-dimensional  sys¬ 
tems,  even  if  the  interpretation  of  such  an  effect  by  solitons 
or  solitary-like  excitations  will  not  be  applicable  to  three- 
dimensional  systems  generally.  Let  us  consider  a  solution  of 
soft  spheres  in  a  hard-sphere  solvent  as  simple  model  for  a 
binary  mixture  of  “soft”  and  “rigid”  molecules.  We  do  not 
start  with  a  microscopic  description  as  for  the  Toda  chain 
but  simply  assume  the  validity  of  the  compression  law  (1.2), 
where  now  the  quantity  to  denotes  the  deviation  of  the  vol¬ 
ume  Vo  of  the  spheres  with  radius  Ro  from  its  value  at 
zero  pressure  and  zero  temperature: 

Afr 

ro  =  Vo-  yS” ,  yo  =  —  /?o .  (4.1) 

The  parameter  bo  describes  the  stiffness  of  the  soft-sphere 
volume  now.  The  soft  spheres  may  be  embedded  in  a  solvent 
of  (absolutely)  hard  spheres.  Then  in  the  limit  of  infinite 
dilution  the  pressure  P  in  the  solution  equals  the  hard- 
sphere  pressure  which  reads  in  the  Carnahan-Starling  ap¬ 
proximation  [9]: 


p  _  1  + 

P  H-fY 

Here 


C(Q)p-'- 


(4.2) 


denotes  the  packing  factor  of  the  hard  spheres  with  radius 
R  and  q  is  the  density.  Considering  an  ensemble  with  con¬ 
stant  densi.  y  the  pressure  P  proves  to  be  a  linear  increasing 
function  of  temperature  p~K  Following  now  the  analogy 
explained  in  the  previous  section  the  soft  spheres  may  be 
considered  as  subsystems  embedded  into  an  isobaric-iso- 
thermal  ensemble.  Then  the  average  potential  energy  of  an 
embedded  soft  sphere  can  be  calculated  according  to 
+  00 

J  drot/(ro)exp[-/?(f/(ro)-l-Fyo)] 

<Uo>  =  ^ - . 

J  droexp[-/?(i/(ro)  +  Fyo)] 


Inserting  (1.2),  (4.1)  and  (4.2)  we  obtain 


Now  we  are  going  to  consider  the  part  of  thermal  energy 
partitioned  to  the  soft  spheres,  P{uo},  in  dependence  on 
temperature.  Especially  for  high  temperatures  we  find  from 
(4.3) 


Piuo}  X 

A-O 


C(g) 

bo 


Depending  on  this  value  we  find  qualitatively  different  be¬ 
haviour,  as  can  be  seen  from  Fig.  4.  For  C(g)/ho  >  0.5  the 
relative  potential  energy  is  increasing  monotonously  with 
temperature,  in  the  idealized  case  of  a  Hooke’s  compression 
law  even  unbounded  (see  curve  1  in  Fig.  4,  a  vanishing 
stiffness  bo  =  0  corresponds  to  the  potential-energy  function 
(1.1)).  For  C{Q)lbo  <  0.5  however  the  curves  display  a  max¬ 
imum  corresponding  to  a  localization  of  thermal  energy  at 
a  finite  temperature.  A  comparison  of  the  curves  3  and  4 
shows,  that  these  maxima  are  raised  and  shifted  towards 
zero  temperature  for  increafing  stiffness  of  the  soft  spheres. 
This  behaviour  is  due  to  the  t:omewhat  artificial  assumption 
of  an  infinite  stiff  hard-sphere  potential  even  for  vanishing 
temperatures.  A  more  comprehensive  discussion  on  solu¬ 
tions  of  soft  spheres  in  stiff  solvents  will  be  given  elsewhere. 
However  already  this  present  short  analysis  indicates  that 
some  of  the  main  results  abtained  for  the  Toda  chain  persist 
in  three-dimensional  systems. 


hr 

Fig.  4 

Average  potential  energy  (in  units  of  thermal  energy)  of  a  soft  Toda 
sphere  which  is  surrounded  by  a  constant-density  ensemble  of  hard 
spheres  (C(e)  =  1)  according  to  formula  (4.3)  vs.  temperature  p~'. 
The  eigcnfrcquency  of  the  soft  sphere  is  given  by  mcoo  =  1  and 
the  stiffness  parameter  bo  varies  for  the  different  curves.  1  —  bo  =  0, 
2  -  ho=1.3  -  bo=10,4  -  ho=1000 
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5.  Conclusions 

The  dynamical  effect  of  soliton  fusion  provides  an  efficient 
mechanism  for  localization  of  as  well  thermal  as  nonthermal 
energy  at  activation  sites  that  are  part  of  a  nonlinear  mo¬ 
lecular  chain.  We  proved  the  existence  of  an  optimum  tem¬ 
perature,  where  thermal  energy  is  preferably  partitioned  to 
few  soft  springs  embedded  into  a  nonuniform  Toda  chain 
consisting  mainly  of  hard  springs.  Here  we  restricted  our¬ 
selves  to  the  investigation  of  the  energetic  activation  of  the 
soft  springs.  For  application  to  transition  processes,  e.g. 
chemical  reaction,  the  simple  TST  developed  in  the  third 
paragraph  has  to  be  replaced, by  a  theory  starting  from  a 
nonequilibrium  population  of  particles  localized  near  the 
bottom  of  the  well.  This  implies  corrections  of  the  TST  re¬ 
action  rate  in  dependence  on  the  shape  of  the  barrier. 

In  the  last  section  we  intended  to  demonstrate  that  the 
effect  of  thermal  energy  localization  persists  for  solutions  of 
soft  spheres  in  hard-sphere  solvents.  The  presented  theory 
is  based  on  pure  thermodynamical  grounds  since  a  statistical 
description  of  the  underlying  dynamics  of  the  three-dimen¬ 
sional  \many-body  system  by  nonlinear  elementary  excita¬ 
tions  seems  to  be  impossible.  Obviously  the  soft  spheres 
serve  as'a  kind’  of  buffer  accumulating  collisional  energy 
from  the  surroundings.  A  further  investigation  of  thermal 


energy  localization  for  three-dimensional  systems  could  be 
of  a  principal  interest  to  reaction  theory. 
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Properties 

For  spin  1/2  quantum  particles  hopping  on  energetically  disordered  lattices  paramagnetic  lineshapes  and 
free  induction  decay  (FID)  signals  are  calculated  as  a  function  of  the  hopping  rate  y  between  nearest 
neighbours.  The  energy  disorder  is  modeled  by  local  magnetic  fields  chosen  from  a  Gaussian  or  dichotomic 
distribution.  For  motion  on  a  linear  chain  it  is  derived  —  using  a  continued  fraction  method  —  that  the 
FID  signal  shows  a  cross  over  from  an  exp(— r’^)  law  to  an  asymptotic  exp(— /)  behaviour.  Preliminary 
investigations  for  2-  and  3-dimcnsional  lattices  have  been  performed  using  algebraic  multigrid  methods. 


1.  Introduction 

In  recent  years  organic  metals  [1]  have  been  the  subject 
of  many  experimental  and  theoretical  investigations.  One  of 
the  aims  of  these  investigations  was  to  understand  the  trans¬ 
port  properties  of  charge  carriers.  In  these  materials,  e.g.  the 
fluoranthene  radical  cation  salt  (FA)2PF6,  the  organic  ions 
(donors)  are  frequently  arranged  in  stacks  with  the  inorganic 
counterions  (acceptors)  sitting  between  the  stacks  [2].  The 
charge  transport  is  assumed  to  occur  in  a  quasi-one-dimen- 
sional  manner  along  the  organic  stack. 

One  way  of  getting  more  detailed  information  on  the 
transport  of  charge  earners  is  from  the  in\estigation  of  spin 
resonance.  On  account  of  the  interaction  between  the  spins 
of  the  charge  carrier  and  the  protons  localized  in  the  fluor¬ 


anthene  units,  electron  spin  resonance  (ESR)  properties,  e.g. 
the  electron  spin  echo  (ESE)  decay,  are  influenced  by  the 
motion  of  the  charge  carrier.  ESE  decay  measurements  for 
(FA),-^  [(SbFJ,_,  (PFo),]-,  X  ^  0.5  [3]  show  that  the  ESE 
signal  decays  according  to  exp(-i’'’)  for  small  times  and 
purely  exponentially  for  large  times.  In  [3]  this  was  inter¬ 
preted  as  a  transition  from  1-  to  3-dimensional  motion  of 
the  particle.  On  the  other  hand  the  ESE  in  (FA)2PF6  [4] 
decays  in  a  purely  exponential  manner.  Thus,  from  experi¬ 
mental  results  the  question  arises  whether  and  why  the  ESE 
decay  occurs  according  to  exp(  (/t)”)  or  as  exp(  ,  t). 

A  similar  question  comes  up  also  from  theoretical  inves¬ 
tigations  of  the  free  induction  decay  (FID)  which  for  ho¬ 
mogeneous  systems  contains  the  same  information  as  the 
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ESE  decay  for  inhomogeneous  ones.  Analytical  investiga¬ 
tions  in  .  [5]  arrived  at  the  conclusion  that  the  FID  decay 
occurs  as  exp(— (yt)^^),  Monte-Carlo  simulations  carried 
out  in  [6]  led  to  the  conclusion  that  at  least  asymptotically 
the  decay  follows  an  exponential  law.  One  of  the  purposes 
of  this  paper  is  to  show  that  there  is  a  crossover  between 
the  two  decay  laws.  ^ 

2.  Theory  of  ESR  Line  Shape  and  Free  Induction  Decay 
2.1.  ESR  Line  Shape  and  Free  Induction  Decay 

From  linear  response  theory  the  ESR  line  shape  is  given 
by  the  imaginary  part  of  the  magnetic  susceptibility 

_ _  (1) 

Fit). 

N  is  the  number  of  unit  cells,  e  and  m  charge  and  mass  of 
the  charge  carrier,  p  =  ikT)~\  and  Fit)  =  (S~  S*it)}  is 
the  two  time  correlation  function  which  describes  the  FID: 

Fit)  =  <S-S*it)>=  I  dt  e’<"'  F(w) .  (2) 

The  comparison  with  (1)  shows  that  -  apart  from  constant 
factors  -  the  ESR  line  shape  is  given  by 

Fia)  =  /(co)  =  I  dte"'*"'  Fit)  =  Re-J dfe-’'“'F{t). 

2TC  -CO  tl  0 

(3) 


2.2.  Model  Hamiltonian 

The  Hamiltonian  of  our  model  is  given  by 

H  =  I  h„,„.it)a*  a„. 

n.n* 

' - - - ' 

incoherent  electron 
transport 

The  first  part  describes  the  hopping  motion  of  the  charge 
carrier.  The  h„,„  (f)  are  the  fluctuations  of  the  transfer  matrix 
element  (in  the  sense  of  the  Haken-Strobl  model  [7  -  9])  and 
mathematically  described  by  a  ^-correlated  Gaussian  proc¬ 
ess  with  correlation  functions 


+  WoS‘  +  H'  (4) 


Zeeman  interaction 


which  means  that  in  our  model  calculation  we  have  taken 
into  account  only  the  contact  interaction  (A  is  the  hyperfine 
coupling  constant).  To  complete  the  model  description,  we 
mention  that  lateron  in  the  numerical  evaluation  we  shall 
replace  the  quantum  mechanical  hyperfine  structure  inter¬ 
action  Hamiltonian  by  a  simpler  Hamiltonian  with  frozen 
proton  spins, .whose  orientation  along  the  z-direction  is  ran¬ 
dom.  For  this  simplified  model  the  Hamiltonian  becomes 

(7) 

n 


23.  Analytical  Evaluation 

In  the  framework  of  the  Mori-formalism  [10]  the  equa¬ 
tion  of  motion  for  the  FID  decay  function  is  given  by 

Fit)  =  iQFit)  -  } dt'Mit  -  t')Fit')  (8) 

0 

fi  =  (S+ Z,S+)-(S+ S+)-'  (9) 

I 

Mit)  =  (iDZ;S+,  fe‘l‘‘'^''‘'’ieL'S+)-(S+,S'-)-'.  (10) 


In  this  equation  Q  is  the  frequency,  A/(t)  the  memory  func¬ 
tion,  and  L  the  Liouville  operator,  tm  is  the  decay  constant 
for  the  memory  function,  and  Tc  the  one  for  the  free  induction 
signal. 

If  the  memory  function  is  evaluated  in  Born-approxima¬ 
tion,  we  arrive  at 

Mit)  =  e‘«'  4-  W  no  f  exp  fi }  dt'Z.M(t'))  Oo*  ao>) 

4  Vo  /  (11) 

=  e‘«'-^?(0. 


The  inspection  of  this  result  shows  that  iP(0  is  the  condi¬ 
tional  probability  of  finding  the  particle  at  the  origin  at  time 
t,  if  it  was  there  at  the  initial  time:  Pit)  =  P(r  =  0,  t;  r  = 
0,  t  =  0).  The  analytical  results  [5,11,12]  are  summarized 
in  the  following. 

If  the  decay  time  of  the  memory  function  is  much  larger 
than  the  decay  time  of  the  correlation  function,  i.e. 

Tm  >  Tc  ,  or  y/A  1  ,  (12) 


^kn,n±lit)  kn,a±lit  )^  —  ^^*n.n±l(0  ^*n±l,n(t  )^  (J) 

=  2ySit-t'). 

The  next  term  is  the  Zeemann  energy  of  the  charge  carrier 
spin  in  an  external  magnetic  field.  The  last  term  finally  de¬ 
scribes  the  hyperfine  structure  interaction  between  the  elec¬ 
tron  and  proton  spins.  Explicitely,  this  term  is  given  by 

H'  =  AZSI„a*a„ 

n 

=  aZ  iS^I-  -hS-^/r  +  S-C)  ait  an , 


which  describes  the  case  of  slow  particle  motion,  the  ESR 
line  is  inhomogeneously  broadened  with  the  inhomogeneous 
width  determined  by  the  hyperfine  structure  interaction.  The 
homogeneous  width  of  one  component  is  determined  by  the 
life  time  of  the  charge  carrier  at  a  particular  site,  i.e.  by  the 
hopping  rate  y. 

In  the  opposite  limit  when  the  decay  time  of  the  memory 
function  is  much  smaller  than  the  decay  time  of  the  corre¬ 
lation  function,  i.e. 


Tm  «  Tc ,  i.e  y/A  >  1  , 


(13) 
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describing  the  case  of  .  fast  particle  motion,  the  FID  decay  3.  Numerical  Evaluation  of  Spin  Resonance  Properties 
function- can  be  taken  out  of  the  integral  in  [8].  In  the  writing  out  explicitly  [2]  we  get 
interaction  representation,  we  finally  arrive  at 


^(0=  -idt'M(t')F(t) 

-*  F{t)  =  exp  J  dt'(t  - 1')  , 

where  the  expression  on  the  righthand  side  is  the,  solution 
of  the  differential  equation  on  the  left.  For  sufficiently  long 
times  and  taking  into  account  that  in  the  case  considered 
the.  memory  function  decays  fast,  the  second  term  in  the 
exponent  can  be  neglected  and  asymptotically  we  arrive  at 
an  exponential  decay  of  the  correlation  function: 

P(t)  =  exp ^-t  J  dt'j&((')^ .  (15) 

After  this  rather  general  consideration,  let  us  investigate  the 
influence  of  the  dimensionality  of  the  motion  on  the  FID 
decay.  In  the  case  of  the  purely  incoherent  motion  the  prob¬ 
ability  of  finding  the  particle  at  lattice  site  n  is  given  by  the 
modified  Bessel  function  of  order  n  [13],  if  the  particle  was 
at  the  origin  at  the  initial  time.  Therefore  P(t)  from  above 
is  given  by  the  modified  Bessel  function  of  order  0.  We 
therefore  have 

(8nyt)~'P  (algebraic decay) 
(16) 

where  the  expression  in  the  righthand  side  describes  the 
behaviour  in  the  continuum  limit.  If  this  is  inserted  into  [14], 
we  get  for  the  FID  decay 

F(t)  =  exp(— (AcUdO^^)  dimension  <1:  1 .  (17) 

In  the  case  of  independent  random  motion  in  the  various 
space  directions,  the  probability  is  given  by  the  product  of 
Bessel  functions  with  a  corresponding  behaviour  in  the  con¬ 
tinuum  limit.  The  calculation  of  the  FID  then  gives 

F(0  =  exp(-(A(Wj£)  dimension!/:  2 and 3.  (18) 

Eq.  (17)  is  just  the  result  obtained  in  [5].  The  evaluation  of 
the  ESR  linewidth  in  dependence  of  the  dimension  results 
in 

A(Wd  =  —  =  ««J^>Vv)'^  dimension  d:  1  (19) 

To 

A«d  =  —  =  dimension  d:  2  and  3 .  (20) 


F(t)  =  S  ^  E  ^  <«s|  S  exp  |i  I  dTL(T)|  S'*'  I  ns) . 

(21) 

The  states  |ns>  describe  a  quantum  particle  at  site  n  with 
spin  s,  go  is  the  density  operator  at  the  initial  time  and  the 
index  RW  means  averaging  over  the  random  walk.  Assum¬ 
ing  as  initial  condition  equal  occupation  probabilities  at 
each  lattice  site,  (21)  may  be  written  as  follows: 

F(t)  =  -^I  an|(fexp{-iidTL(r)|s-),^lnT>  (22) 

=  -^Ec„(£).  (23) 

The  functions  c„  (t)  are  defined  by  the  last  equality,  and  are 
to  be  determined  from  the  following  set  of  differential  equa¬ 
tions: 

c„(£)  =  (i(o„  - 4y)  c„  +  2y(c„+i  +  c„_i) .  (24) 

In  matrix  form  this  equation  reads 

i'  =  Ac.  (25) 

In  this  equation  A  is  a  matrix  with  random  diagonal  ele¬ 
ments  co„.  After  a  Laplace  transformation  this  set  of  differ¬ 
ential  equations  is  transformed  into  a  set  of  algebraic  ones. 
For  motion  of  the  particle  in  one  dimension,  this  equation 
is  tridiagonal  and  can  easily  be  solved  with  the  help  of  con¬ 
tinued  fractions.  For  2-  and  3-dimensionat  motion  we  have 
used  multigrid  methods  [14]. 

Fig.  1  shows  line  shapes  calculated  for  motion  of  the  particle 
on  a  linear  chain  with  10’  sites  for  dichotomic  disorder  of 
the  local  magnetic  fields  and  various  hopping  rates,  nor¬ 
malized  to  the  strength  of  the  local  magnetic  fields  (strengths 
+ 1,  i.e.  cr  =  1).  For  very  small  hopping  rates  as  compared 
to  the  strength  of  the  local  magnetic  field,  i.e.  y  =  0.1,  we 
have  two  ESR  lines  with  positions  determined  by  the  two 
values  of  the  local  magnetic  fields.  The  width  of  the  lines  is 
given  by  the  life  time  at  the  site  and  thus  determined  by  the 
hopping  rate  y.  When  y  becomes  comparable  to  the  distance 
in  the  line  positions  (y  —  0.5),  the  two  lines  merge  into  a 
single  line.  With  increasing  hopping  rate  (y  =  10, 100)  the 
line  narrows;  the  narrowing,  however,  is  not  x  y  *  but  given 
by  (19j.  Furthermore,  the  comparison  with  the  dashed  Lor- 
entzian  line  in  the  figure  for  y  =  100  shows  that  in  this 
range  of  the  hopping  rates  the  line  shape  is  not  Lorentzian. 
Increasing  y  further,  the  ESR  line  becomes  structured.  The 
origin  of  these  structures  are  clusters  in  the  dichotomic  dis¬ 
tribution  of  the  spins  [12].  Increasing  the  hopping  rate  fur¬ 
ther  to  y  =  10'®,  these  structures  are  finally  averaged  out 
and  we  arrive  at  a  Lorentzian  line,  whose  width  is  xy~‘. 
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Fig.  1 

Line  shape  as  a  function  of  the  hopping  rate  y  for  a  1-dimcnsional  motion  and  dichotomic  disorder  (a  =  \,N  =  10’) 

Fig.  2  shows  the  FID  signal  for  a  chain  with  N  =  10’  tion  of  t.  In  the  lower  row  we  have  represented  F(t)  in  a 

sites  (to  avoid  finite  size  effects),  a  b-^pping  rate  ,  =  1000,  logarithmic  scale  as  a  function  of  t’’  in  the  left  figure,  and 

and  a  Gaussian  random  distribution  of  the  local  magnetic  as  a  function  of  t  on  the  right  hand  side.  The  comparison 

fields.  The  curves  are  obtained  by  Fourier  transforming  line  with  the  dashed  straight  line  shows  that  for  short  times  the 

shapes  obtained  as  described  in  connection  with  Fig.  1.  In  FID  signal  decays  according  to  an  exp(  -  t,t)’'’)  law  and  for 

the  left  figure  in  the  upper  row,  F(f)  as  a  function  of  t  is  large  times  as  exp(  ]t).  Therefore  our  calculations  show 

represented  and  shows  the  decay  of  the  FID  signal.  The  that  we  have  a  crossover  between  the  two  decay  laws,  and 

figure  on  the  right  hand  side  shows  (  lnf(t))/t’’  as  a  func  that  the  analytical  result  of  [5]  holds  for  short  times  whereas 
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Free  induction  decay  F(t)  for  Gaussian  distributed  local  fields  and  l-dimcnsional  motion  of  the  particle  on  a  chain  with  10’  sites.  Hopping 
rate  y  =  1000  in  units  of  the  standard  deviation  of  the  local  magnetic  fields 


Tc/y'^"  T,/Y 


Free  induction  decay  time  as  a  function  of  the  hopping  rate  y  in  1  dimension 


the  simulation  result  of  [6]  is  valid  asymptotically.  Fur-  From  the  analysis  of  the  numerical  line  shapes  vve  have 
thermore  our  results  also  shows  that  the  transition  between  derived  the  free  induction  decay  time  (maximum  of  the  nor- 
the  two  decay  laws  can  also  occur  for  purely  1 -dimensional  mali^ed  line  shape  curve)  as  a  function  of  the  hopping  rate 
hopping  and  does  not  necessarLy  allow  the  conclusion  that  for  a  chain  with  N  =  10'  sites.  The  plot  of  as  a 
there  is  a  transition  from  1-  to  3-dimensional  motion.  function  of  ,  in  Fig.  3  on  the  lefthand  side  shows  that  for 
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Fig.  4 

Tc/y  as  a  function  of  the  hopping  rate  y  for  a  300  x  300  lattice  (left  figure).  The  two  curves  correspond  to  two  realizations  of  a  Gaussian 
process.  The  figure  on  the  righthand  side  shows  the  same  quantity  for  a  28  x  28  x  28  lattice.  The  full  eurve  represents  a  Gaussian 
distribution,  short  dashes  a  dichotomic  process,  long  dashes  an  analytical  calculation  in  the  framework  of  the  Mori-formalism 


small  values  of  y  the  correlation  time  'is  proportional  to 
,y'^^  and  thus  the  linewidth  is  proportional  to  y~''\  On  the 
other  hand  from  the  figure  on  the  righthand  side  we  see  that 
for  large  values  of  y  the  correlation  time  is  proportional  to 
y  and  the  linewidth  therefore  proportional  to  y“'. 

Fig.  4  shows  preliminary  numerical  results  for  the  nor¬ 
malized  correlation  time  Tc/y  for  2-  and  3-dimensional  lat¬ 
tices  obtained  [1 1]  with  the  help  of  multigrid  methods  [14]. 
From  the  figure  for  the  2-dimensional  300  x  300  lattice  we 
see  that  for  y  >  100  (the  hopping  rates  are  normalized  to 
the  standard  deviation  of  the  local  field)  Tjocy,  i.e.  the  line 
is  motionally  narrowed  and  Lorentzian.  The  two  curves  in 
the  figure  on  the  lefthand  side  correspond  to  two  realizations 
of  a  Gaussian  stochastic  process.  The  figure  on  the  right 
shows  also  Tc/y,  however  now  for  a  28  x  28  x  28  lattice.  In 
this  case  Tcocy  as  soon  as  y  >  10.  The  full  and  long-dashed 
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single  lines  (inhomogeneous  broadening) 
coalesccnt  broad  lines 

exp  (-t^/^)  behaviour  ] 


narrowing  Aw  oc  7"*/® 


exp(-t)  behaviour  for  t  -*  00 
N 

cluster  effects 


curves  correspond  to  a  Gaussian  and  a  dichotomic  process, 
respectively.  The  short  dashed  curves  are  analytical  results 
obtained  from  the  Mori-formalism. 

4.  Discussion 

Fig.  5  gives  a  summary  of  the  paper.  For  small  values  of 
y/A  we  have  inhomogeneously  broadened  ESR  lines,  whose 
width  is  determined  by  the  distribution  of  local  magnetic 
fields  modeling  the  hyperfine  structure  interaction.  The 
width  of  a  single  component  in  the  inhomogeneous  distri¬ 
bution  is  determined  by  the  time  interval  the  particle  spends 
at  a  specific  lattice  site,  i.e.  by  the  hopping  rate.  For  y/A  w 
1  we  have  a  coalescent  broad  line.  In  the  following  range  of 
the  hopping  rate  the  FID  is  described  by  an  exp(— r’^)  law, 
and  asymptotically  by  an  exponential  function.  The  width 
of  the  ESR  line  is  proportional  to  y~''^.  In  the  range  y/A  » 
N,  where  N  is  the  number  of  sites  in  the  chain,  we  observe 
cluster  effects.  For  still  larger  values  of  the  normalized  hop¬ 
ping  rate,  for  which  the  particle  probes  the  whole  chain,  the 
FID  is  described  by  an  exponential  function.  The  line  shape 
is  now  Lorentzian  because  of  finite  size  effects.  Finally,  it 
should  be  mentioned  that  the  transition  from  1-  to  2-  and 
3-dimensional  motion  also  results  in  an  exponentially  de¬ 
caying  FID. 

This  work  has  been  supported  by  the  Volkswagenwerk  Foun¬ 
dation.  The  authors  arc  grateful  to  H.  Daublcr  and  G.  Glutting  for 
discussions. 
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Summary  of  spin  dynamics  for  a  particle  hopping  on  a  linear  chain 
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The  effective  medium  theory  of  diffusion  in  topologically  disordered  systems  is  reviewed  with  emphasis 
on  the  description  of  disorder  induced  anomalous  diffusion.  The  effective  medium  approximation  (EMA), 
for  which  a  new  derivation  is  given,  is  shown  to  provide  a  reliable  and  simple  scheme  to  discuss  the 
diffusive  motion  of  particles  in  disordered  systems  such  as  electrons  in  the  localized  energy  region  of 
disordered  semiconductors  or  ions  in  amorphous  solids.  Explicit  calculations  for  some  pertinent  models 
are  presented  and  the  consequences  of  anomalous  diffusion  to  a.c.  conductivity,  transient  photoconduc¬ 
tivity,  neutron  scattering  and  NMR  data  arc  discussed. 


1.  Introduction 

In  many  disordered  systems  as  metallic  and  nonmetallic 
glasses  or  disordered  polymer  materials  the  diffusive  motion 
of  ions  or  electrons  cannot  be  described  by  Pick’s  law  which 
states  that  a  current  instantaneously  arises  if  a  concentration 
gradient  is  present.  This  is  because  the  disorder  leads  to 
retardation  effects  which  can  extend  into  the  millisecond 
time  scale.  The  most  striking  and  simple  evidence  for  such 
an  anomalous  diffusive  motion  comes  from  conductivity 
measurements.  In  many  disordered  materials  the  a.c.  con¬ 
ductivity  is  strongly  frequency  dependent  and  typically 
obeys  an  tr  (w)  oc.  co'  *  law  over  many  decades  of  frequency 
with  0  <  a  <  1  [1,2].  This  corresponds  to  a  time  depend¬ 
ence  of  the  mean  square  distance  walked  by  a  particle  </^(f  )> 
oc  r®,  i.e.  it  increases  sublinearly  with  time  instead  of  linearly. 

Further  evidence  for  anomalous  diffusion  of  ions  in  dis¬ 
ordered  solids  comes  from  dielectric  loss  [1-3],  NMR 
[2,4,5],  neutron  scattering  [5],  and  time  dependent  elec¬ 
tronic  density  of  states  data  [6].  Further  evidence  for  anom¬ 
alous  diffusion  of  electrons  is  obtained  from  transient  pho¬ 
toconductivity  data  (“dispersive  transport”)  [7].  This  anom¬ 
alous  behaviour  arises  from  strong  fluctuations  of  the 
microscopic  kinetic  coefficient  which  govern  the  transport 
process. 

Anomalous  diffusion  can  also  arise  as  a  concequence  of 
fractal  topology  [8,9],  can  be  caused  by  critical  fluctuations 
near  a  glass  transition  [10],  or  can  be  a  consequence  of 


Coulomb  interactions  [11].  These  possibilities  will  not  be 
addressed  in  the  present  paper. 

For  describing  ionic  or  electronic  hopping  transport  or 
jump  diffusion  in  disordered  solids  [12]  one  can  start  from 
a  set  of  master  Eqs.  [13,14],  one  can  use  a  random  walk 
description  [6,15]  or  an  random  network  model  [16,17]. 
All  three  approaches  are  equivalent:  the  microscopic  master 
and  random  walk  equations  arc  equivalent  to  Kirchoffs 
equations  for  the  network.  The  existing  approaches  for  per¬ 
forming  the  configuration  average  and  solving  for  the  dy¬ 
namic  diffusivity  and  conductivity  can  be  divided  into  three 
groups;  (a)  averaging  over  the  kinetic  coefficients,  which  cor¬ 
responds  to  an  equivalent  circuit  of  parallel  impedances 
[18, 19,20-22];  (b)  averaging  over  the  unrenormalized  sin¬ 
gle  site  propagator  (single  site  approximation,  SSA)  corre¬ 
sponding  to  a  serial  equivalent  circuit  [15,16]  and  (c)  effec¬ 
tive  medium  approaches  (EMA)  [14,23—30],  It  is  well 
known  that  both  (a)  and  (b)  can  lead  to  grossly  wrong  re¬ 
sults,  especially  in  the  dc  limit.  In  two  and  three  (or  higher) 
dimensional  systems  with  strongly  fluctuating  kinetic  coef¬ 
ficients  one  encounters  an  intrinsic  percolation  problem 
[17,33,34].  This  behaviour  is  accounted  for  by  the  EMA 
description  although  only  in  a  mean  field  way  but  not  by 
approximations  (a)  and  (b). 

In  the  present  contribution  an  effective  medium  theory  of 
hopping  transport  in  disordered  systems  is  reviewed  with 
emphasis  on  the  EM.\  description  of  anomalous  diffusion. 
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The  present  EM  A  version  is  suitable  for  noncrystalline  ma¬ 
terials  :i.e.  systems  without  translational  symmetry.  In  the 
next  section  the  hopping  model  is  formulated  and  a  new 
deriyation  of  the  EMA  is  presented.  The  . third  section  com¬ 
prises  results  of  model  calculations  for  several  systems  of 
interest, and  the  fourth  section  gives  a  description  of  exper¬ 
imental  manifestations  of  anonialous  diffusion. 

2.  Effective  Medium  Approximation 

2.1  Rate  Equation 

Let  us  consider  the  motion  of  noninteracting  particles 
which  can  perform  instantaneous  jumps  between  sites  dis¬ 
tributed  randomly  in  space.  Such  a  process  can  be  described 
by  theTollowing  set  of  Markovian  master  equations 

n,  =  -S  Wf;  Hi  +  E  lVj,nj  (1) 

ni(t)  is  the  occupation  probability  of  site  i  and  are  the 
transition  rates  between  site  i  and  J  (kinetic  coefficients).  In 
the  present  contribution  only  the  case  of  symmetric  rates 
Wj)  =  Mji  is  considered'*.  Specifically  the  quantities  are 
assumed  to  depend  on  the  intersite  separation  rij  only:  ff^j  = 
lV(rij,  Ell),  rij  and  Eij  are  random  variables  with  distribution 
g(rij)  (radial  pair  distribution  of  sites)  and  e(Eij). 

The  nontrivial  problem  consists  in  obtaining  a  reliable 
scheme  for  evaluating  the  configurational  average  in  order 
to  obtain  quantities  like  the  single  particle  propagator  or 
the  frequency  dependent  dilTusivity.  The  EMA  is  such  a 
scheme.  Since  the  derivation  of  the  EMA  versions  which 
include  disorder  in  the  hopping  distances  [23,24,26]  is 
somewhat  involved  a  new  derivation  is  presented  in  the  re¬ 
maining  part  of  this  section  which  follows  the  spirit  of  the 
standard  CjPA/EMA  technique  [28—31,35]. 

2.2  Averaged  Propagator  and  Frequency  Dependent 
Diffusivity 

The  linear  set  of  Eq.  (1)  can  be  solved  formally  by  Laplace 

OO 

transformation  (conventlon/(p)  =  J  dt/(t)exp{— pf},p  = 

0 

ift)  +  8,  e  5^  0).  The  averaged  propagator  which  is  the  central 
quantity  in  the  subsequent  analysis  is  given  by 

G ik,p)  =  <E  exp  {iA:ry}  [pi-  A],7' > .  (2) 

Here  <>  denotes  a  configurational  average,  and  A  is  a  matrix 
with  diagonal  elements  Ka  =  E  Ily  and  off  diagonal  ele¬ 
ments  Kij  =  Wf;.  1  is  the  unit  matrix.  The  averaged  propa¬ 
gator  G{k,p)  is  the  Fourier  and  Laplace  transform  of  the 


"  In  systems  with  energetical  disorder  the  detailed  balance  leads  to 
Ilf,  5*  W/i  and  one  must  use  a  more  general  treatment  [26],  How¬ 
ever,  as  shown  in  Ref.  26  in  eases  where  one  is  only  interested  in 
diffusion  and  not  m  thermoelectric  effects  or  energy  relaxation  it 
IS  sufficient  to  use  symmetric  rates  with  effective  energy  barners 
leading  from  i  to  j. 


self  density-density  correlation  function  [36]  which  de¬ 
scribes  the  single  particle  motion.  The  corresponding  spec¬ 
trum  is  the  incoherent  neutron  scattering  law 

S{k,a))  =  -^Re{G{k.p)}.  (3) 

G{r,t)  is  the  conditional  probability  to  find  the  particle  at 
r  and  t  if  it  started  initially  at  the  origin.  Particle  number 
conservation  leads  to  the  Green  Kubo  identity  [36] 

lim  G(A:,p)  =  [p-b/)(p)fc']-'.  (4) 

A--.0 

Dip)  is  the  dynamic  diffusivity  which  is  the  Laplace  trans¬ 
form  of  the  velocity  autocorrelation  function  (pit).  Dip  =  0) 
=  D  is  the  usual  diffusivity.  As  stated  in  the  beginning  in 
disordered  systems  Dip)  is  strongly  frequency  dependent  up 
to  the  experimental  time  range  so  that  one  has  to  generalize 
the  diffusion  equation  in  the  following  way: 

-;^e(r,t)  =  JdT(^(l-T)  7=e(r,T).  (5) 

ut  0 

Here  Qir,t)  is  the  particle  concentration. 

In  cases  where  Re  {Dip)}  =  Dio))  behaves  as  we 

have  (pit)  oc  The  dynamic  conductivity  is  related  to 
the  dynamic  diffusivity  by  the  generalized  Nernst-Einstein 
relation 

trip)  ^  Dip)  (6) 

Re{(T(p)}  =  (t(w)  is  the  ac  conductivity. 

2.3  Mean  Square  Displacement  and  Anomalous  Diffusion 

The  mean  square  distance  walked  by  the  particle  (mean 
square  displacement) 

<r^(t)>  =  <|r(t)-r(0)|2>  (7) 

is  connected  via  its  Laplace  transform  <r^(p)>  to  Dip)  by 
[36] 


In  the  case  of  normal  diffusion  one  has 
<r^(t)>  =  6Dt . 

Anomalous  diffusion  is  present  if  <r^(0>  increases  subli- 
neurl)  with  time.  If,  for  example,  D(wJ  x  w’  ’we  have 
from  (8)  and  the  Tauberian  theorems  <8^0)  «.  f’.  If  the 
diffusion  process  is  strictly  anomalous  the  sublinear  increase 
of  (r^(0/  extends  for  ever.  In  many  systems  of  experimental 
relevance,  however,  there  can  be  a  crossover  from  anoma- 
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lolls  to- normal  diffusion  at  a  certain  time  to-  This  corre¬ 
sponds  to  a  change  in,  Z)(a))  from  being  frequency  inde- 
jfendent  for  a)-<  coo  =  to  being  frequency  dependent 
for  to  >  cofl. 

2.4  Generalized  Master  Equation 
As  a  consequence  of  (4)  G  (k,p)  can  be  represented  in  terms 
of  a  density  relaxation  kernel  (memory  function)  in  the  fol¬ 
lowing  way  [37.]: 

G{k,p)  =  [p-m(k,p)  +  /fj(o,p)]-‘  (9) 

where  m{k,p)  has  the  following  Taylor  expansion 
m  {k,  p)  =  m  (p,  p)-D(p)k^ ,  (10) 


so  that 


(11) 


If  one  introduces  the  inverse  Fourier  and  Laplace  transform 
of  m(lc,p),  the  memory  function  m(r,  t)  one  has  from  (7)  the 
generalized  master  equation  for  G(r,t) 


d  I  r  +» 

ir-G(r,()  =  JdT  -  J  d’r,»i(r-ri,t-T)G(r,T) 
at  0  L  -» 

+  CQ 

+  f  d^r,m(r-r„t-z)G(r,,z) 


(12) 


w(r,p)  =  I  dte-'’'nj(r,t)  =  g(r)y(r,p). 
0 


here  m(p)  =  m(k  =  0,.p).  ^m(p)  is.the  relaxation  kernel 
which  controls  the  density  relaxation  between  the  two  regions. 

We  now  . create  a  “perturbation"  by  considering  a  real  pair 
of  sites  i  and  j  which  are  supposed  to  be  situated  on  opposite 
sides  of  the  plane.  Around  this  pair  the  real  rate  equation 
is  supposed  to  be  valid  inside  a  volume  =  ^n^  = 
QjlNi  on  each  side  of  the  plane.  Ns  is  the  total  number  of 
sites  and  n^  is  the  site  density.  The  perturbing  “Hamiltonian 
matrix”  is  given  by 


K  = 


^/w(p)  jf,  m{p) 

m(p)  mip) 


LW,j- 


2N 


IN, 


(15) 


The  CPA/EM  A  prescription  for  calculating  m(p)  now  con¬ 
sists  in  postulating  that  on  the  average  the  T-matrix  that 
corresponds  to  V  should  vanish  [28—31].  This  leads  to  the 
following  self  consistent  equation 


[m(p)/2iVJ  -  W, 


2(G,-G2){[m(p)/2M]-W^;} 


(16) 


(12)  is  so  to  speak  a  continuum  version  of  (1):  the  discrete 
sites  are  replaced  by  the  continous  space  variable  and  the 
fluctuating  hopping  rates  by  the  memory  function. 

The  task  is  now  to  calculate  mlji, p)  from  the  microscopic 
quantities  Wj-  It  is  helpful  for  formulating  the  EM  A  to  make 
the  following  ansatz  for  the  memory  function 


Eq.  (16)  is  very  similar  to  the  conventional  EM  A/CPA 
Eq.  [28-31],  The  difference  lies  in  the  effective  medium. 
The  latter  is  in  the  conventional  theories  a  regular  lattice  of 
sites  with  effective  frequency  dependent  hopping  rates.  Here 
we  did  not  make  any  assumption  about  the  structure  of  the 
effective  medium  (except  for  homogeneity  and  isotropy). 

By  using  (14)  one  can  cast  (16)  into/the  form 


/«(p)  =  iV.( 


2W, 


1  + 


)■ 


(17) 


(13) 


For  performing  the  configurational  average  we  assume  that 
the  energy  barriers  E,j  and  the  distances  nj  are  distributed 
independently  so  that  we  have  for  the  distribution  of  the 


Here  g(r)  is  the  radial  distribution  function  and  y(r,p)  has 
the  meaning  of  a  frequency  dependent  hopping  rate  that 
corresponds  to  a  hopping  distance  r. 


P(Wj)dWj  =  -^9(rij)e(Eij)d^rijdEij, 


(18) 


2.5  Effective  Medium 

We  consider  now  a  fictive  plane  which  divides  the  dis¬ 
ordered  system  of  total  volume  13  into  two  adjacent  regions 
B|  and  Bj  of  the  volume  ^12.  If  the  starting  point  of  the 
motion  lies  directly  on  the  plane  one  obtains  from  (12)  the 
following  set  of  equations  of  motions  for  the  propagators 
Gi  and  Ga  which  are  integrated  over  the  regions  Bi  and  Ba, 
respectively: 


pG,(p)  -  G,(r  =  0)  =  I  m(p)  [Ga(p)  -  Gi(p)] 
pGa(p)  -  Ga(t  =  ^)  =  \  '”(P)  [Gi(p)  -  Ga(p)] 


If  we  now  insert  the  explicit  solution  of  (14)  for  the  case  that 
the  particle  was  initially  in  Bj 


G, 


(p+'»(p)). 


(19) 


we  obtain  in  the  limit  Ni,Q—*co  (keeping  n,  =  NJQ  finite) 


(14) 


m{p)  =  ih  I  d^-(,p(ry)  J  dE,jQ(E,i)- 

—CO  0 


1 


1 


+ 


1 


P  +  /m(p)  2Wij 


(20) 
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Since  we  want  (20)  to  hold  for  any  distribution  g(rij)  (20) 
together  with  (13)  implies 


7(r,p)  =  »,!  dEijeiEjj)- 

0 


p+m(p)  2fV(r,j,E,j) 


so  that 


m(k,p)=^n,  J  d^rijg(ri;)J  dE,jg(E,j) — . 
—  00  0  1.1 


p  +  m(p)  2Wij 


+  00  00 


m{p)  =  Up  I  dV  I  dE N{E)r 


rn(p)  +  p 


If  N(E)  does  not  change  appreciably,  in  the  range  k^T 
around  the  Fermi  level  Ep  one  can  take  N(E)  «  N(Ef)  = 
Np  outside  the  integral  and  obtains  by  a  partial  integration 
[25] 


nio(p)  = 


m{p)  +  p 


From  (11)  and  (22)  the  dijTusivity  is  obtained  as 


na^Npkpa^  ‘ 

The  dynamic  diffusivity  is  then  given  by 


+  CQ  CQ  4 

0(p)  =  f  _N>,r>9(r)  Jd£e(£)-^— - ^  r  | 


p  +  /n(p)  2lV(r,E) 


In  the  original  derivation  of  the  self  consistent  EMA 
Eq,  [26]  it  had  been  noticed  that  one  encounters  a  double 
counting  problem  which  is  typical  for  self  consistent  mean 
Held  theories  It  was  shown  that  one  can  compensate  this 
error  by  multiplying  the  density  that  appears  in  the  self 
consistent  equation  by  a  factor  =  lim  (A^,!/A',^‘)'^^‘  = 
exp{-l}. 

In  the  dc  limit  this  produces  nearly  the  same  results  as 
that  provided  by  a  percolation  analysis  [17.33,34],  Butcher 
and  Summerfield  [38]  have  suggested  tu  use  instead  the 
inverse  percolation  number  [17],  Incorporating  this  correc¬ 
tion  the  EMA  equation  now  takes  the  form 


lOflp  To  0 


w(p)  +  p  Vo 


In  Fig.  1  the  real  parts  of  m{p)  and  D{p)  as  calculated  from 
Eqs.  (27)  to  (29)  arc  plotted  against  w  for  different  values  of 
1i/T.  It  can  be  seen  that  a  large  frequency  range  of  anom¬ 
alous  diffusion  appears  which  becomes  the  more  extended 
the  larger  T(JT  is. 


+  CO  00 

i«{p)  =  Ofij,  J  d’rjj(r)  J  d£  g(E)- 

—  OQ  0 


p  +  /n(p)  2fy(r.E) 


this  version  of  the  EMA  coppares  well  to  numerical  sim¬ 
ulations  of  hopping  models  [25,39]. 


3.  Examples 

Variable-Range  Hopping 

For  phonon-assisted  tunneling  of  electrons  in  the  localized 
energy  region  of  disordered  semiconductors  (variable-range 
hopping  [12])  we  use  the  symmetrized  expression  [26] 

2JF(r,£)  =  voe-^'^'e-^^  (25) 

where  a  is  the  radius  of  the  localized  wave  function  and  = 
l/kaT.  Introducing  the  effective  density  of  states  A'(E)  = 
ihg(E)  and  setting  g(r)  =  1  we  obtain  the  following  EMA 
equation 


S'  10-^ 


2  10-’® 


^0-16  -lO’®  10® 

log  u> 

Fig.  1 

»i((a)/vo  ( - )  and  /)(wJhi(oo)/vo/)(oo)  ( - )  for  the  variable- 

range  hopping  model  as  calculated  from  Eqs.  (27)  and  (29),  resp. 
for  T/To  =  10-‘,  10-^  and  10"^ 


In  the  d.c.  limit  w— >0  we  have  from  (29) 


1  dx.v® 


l+e‘-‘5 


with  ^  =  — ln(»i(0)/vo).  For  ^  >  1  the  Fermi  function  in 
the  integrand  of  (30)  can  be  replaced  by  a  step  function  with 
the  result 

1=^?^  (31) 

Jo 
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From'this  follows  Mott’s,[12]  law: 


ffi(0)s=  M)  exp  {-(ro/r)'/^},. 


(32) 


3.2  Classical  Hopping 

For  classical  over-the-barrier  hopping  of  ions  in  disor¬ 
dered  materials  we  use  the  following  form  of  W(r,E): 

21F(r.£)  =  fl(r„„-r)voe-/»^  (33) 

The  dynamic  diffusivity  is  given  by; 

P(p)  =  i|?=w(p)  '  ■*  •■(34) 

with 

=  f  drr'p(r)/J  drr-p(r)  (35) 

0  0 

and  the  EMA  equation  for  m(p) 

W(p)  =  Z  a J  d£(?(E) - (36) 

0  t  ^  u 

»i(p)  +  p  Vo 


where 


Z  = 


«s 


J  dr4i:rff{r) 
0 


is  the  coordination  number  of  sites. 

As  can  be  seen  from  Fig.  2  where  the  self  consistent  so¬ 
lution  of  (36)  is  plotted  for  a  model  with  q(E)  =  const. 


Fig.  2 

»i(«)/yo  for  the  classical  barrier  hopping  model  Eq.  (30)  for  a  con¬ 
stant  barrier  distribution  e(£)  =  PIZapkeT  with  P  ~  X).15,  0.1, 
0.08,  and  0.05 


against  frequency  the  behaviour  is  quite  similar  to  that  of 
the  variable-range  model. 

An  important  qualitative  difference  lies  in  the  dc  behav¬ 
iour  of  mip).  Setting  co  =  0  and  defining  again  ^  = 
— ln(ffj(0)/vo),  the  EMA  equation  becomer 

1  =  ZaJd£e(£)-j-j^.  (37) 

Setting  ^  =  jS/t  the  problem  becomes  equivalent  to  that  for 
finding  the  chemical  potential  in  a  disordered  semiconductor 
for  a  given  number  of  carriers.  For  temperature  T  p  the 
Fermi  function  can,  again,  be  replaced  by  a  step  function 
and  we  obtain 

4  =  Zfl/i,d£e(£)  ■  .  (38) 

•'  0 

This  yields  an  Arrhenius  law  for  the  d.c.  diffusivity  inde¬ 
pendent  of  the  details  of  the  barrier  distribution  q(E)  [40]. 

Eqs.  (31)  and  (38)  for  the  d.c.  jump  rate  deserve  a  further 
comment.  Let  us  consider  the  classical  hopping  model  (33). 
For  finding  the  conductivity  in  this  model  one  can  use  the 
following  percolation  construction  [17,33,34]:  Let  us  con- 
nec:!  all  sites  which  have  a  distance  less  than  r^a  and  a 
barrier  between  each  other  less  than  E*.  If  the  level  £♦  is 
chosen  to  be  very  low  there  will  be  only  small  clusters  of 
connected  sites.  The  size  of  these  clusters  will  increase  if  E* 
is  increased  until  at  E*  =  p  there  exists  a  percolation  path 
through  the  system  Eq.  (38)  is  just  the  equation  which  math¬ 
ematically  describes  this  construction  [17,33,34].  The  same 
applies  to  Eq.  (30)  in  the  case  of  variable  range  hopping. 
Here,  the  level  which  is  shifted  is  defined  by  - 
2«r*  +  [iE*  until  percolation  is  achieved  at  In  the 

limit  of  low  tem^rature  and/or  density  where  the  Fermi 
functions  in  Eqs.  (30)  and  (37)  become  step  functions,  there¬ 
fore,  the  d.c.  version  of  the  EMA  becomes  equivalent  to  the 
percolation  constructions  of  Refs.  [17,33,34]. 

3.3  Percolation 

In  contrast  to  the  “fictitious”  percolation  model  discussed 
at  the  end  of  the  last  paragraph  let  us  study  now  the  fol¬ 
lowing  “real”  percolation  model:  We  consider  a  disordered 
system  of  sites  in  which  there  is  a  bond  between  neigh¬ 
bouring  sites  with  probability  x  (concentration  of  bonds). 
Two  sites  are  defined  to  be  neighbours  if  their  distance  is 
less  than  r^ai-  Such  a  model  can  be  described  within  the 
present  formalism  by  the  rates  ’  ^ 

2  mr  E)  =  I  connected 

'  (0  disconnected  ^  ^ 

The  EMA  Eq.  (24)  for  this  case  becomes  particularly  simple 

/h(p)  =  ZflpX - - — .  (40) 

ni(p)  +  p  ^ 
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This  is  a.quadratic  equation^’  for  m{p)  with  the  solution 

1  n 

f»(p)  =  y  ±|4  (sH'5-p)^  +  (e  +  1)  (41) 


where  e  =  Za^x-l 


X-Xo  . 
-  IS 

xo 


the  difference  from  the 


percolation  threshold  Xo  =  l/ZOp.  One  has  to  choose  that 
solution  which  renders  Re  {m(p)}  >  0.  For  co  =  0  we  obtain 


3.4  Crossover,  from.  Norihal  to  Anomalous  Diff^usion 

An  important  advantage  of  the  EM  A  description  of 
anomalous  diffusion  in  disordered  systems  as  compared,  for 
example,  with  the  phenomenological  CRTW  model  [7]  or 
the  single-site  approximation  [15,16,20-22]  is  that  a  pos¬ 
sible  crossover  from  anomalous  to  normal  diffusion  is  ac¬ 
counted  for  correctly,  i.e.  that  in  calculating  the  d.c.  diffu- 
sivity  the  percolative  aspects  are  treated  properly.  It  is  not 
difRcult  to  be  convinced  from  the  EMA  Eq.  (24)  and  Figs.  1 
to  3  that  the  frequency  coo  in  the  neighbourhood  of  which 
the  transition  from  normal  to  anomalous  diffusion  occurs, 
is  just  given  by  the  d.c.  value  of  the  generalized  Jump  fre¬ 
quency: 


For  demonstrating  the  similarities  but  also  the  dissimilari¬ 
ties  between  the  models  of  the  preceding  paragraphs  and 
the  percolation  model  m{p)  as  given  by  Eq.  (41)  is  plotted 
in  Fig.  3.  The  common  feature  is  that  if  the  control  param¬ 
eter  X  takes  vajucs  which -approach  Xo  from  above  there 
exists  an  increasing  frequency  range  of  anomalous  diffusion. 
However,  while  in  the  other  models  m{0)  is  always  finite 
(albeit  exponentially  small  for  low  temperatures  and/or  den¬ 
sities)  in  the  percolation  model  mj(0)  becomes  0  for  a  finite 
value  of  .x.  (For  .v  <  ,\‘o  the  particles  become  localized  inside 
the  percolation  clusters  rendering  the  system  non-ergodic 
[41,42]). 


log  u) 


Fig  3 

m{(o)/lVo  for  the  percolation  model  Ec].  (41)  with  e  =  10“',  I0■^ 
10-’,  and  10-^ 


Also  the  frequency  dependence  of  iu{p)  is  quite  different 
from  that  of  the  previous  models.  While  the  frequency  ex¬ 
ponent  is  1/2  (mean  field  exponent)  in  the  percolation  model 
the  frequency  dependence  of  in{p)  in  the  other  models  only 
resembles  an  behaviour  in  a  certain  frequency  window, 
but,  as  can  be  seen  clearly  from  Figs.  1  and  2,  the  law 
is  not  obeyed  exactly. 


”  This  equation  is  very  similar  to  the  mode  coupling  equation  for 
the  Lorentz  model  [41],  The  critical  exponents  neat  the  perco¬ 
lation  threshold  arc  the  same. 


0)0  =  ni(p  =  0)  (43) 

The  value  of  this  parameter  decides  whether  or  not  one  has 
anomalous  diffusion  in  a  time  region  of  interest:  anomalous 
diffusion  occurs  for  t  <  to  =  (of*. 

4.  Description  of  Different  Experimental  Manifestations  of 
Anomalous  Diffusion 

4.1  a.c.  Conductivity  and  Related  Data 

As  emphasized  in  the  beginning  the  most  direct  evidence 
for  anomalous  diffusion  in  disordered  systems  comes  from 
a.c.  conductivity  data.  As  an  example  we  reproduce  the  com¬ 
bined  a{o))  data  extracted  from  several  different  types  of 
measurement  [3]  in  Fig.  4  and  compare  it  with  the  EMA 
result  (36)  for  classical  hopping  with  constant  q(E).  The 
anomalous  frequency  dependence  predicted  by  the  EMA 
(only  the  activation  energy  of  cr(0)  was  adjusted  to  the  meas¬ 
ured  value  /I  =  70  kJ/mol)  follows  the  experimental  one 
remarkably  well. 


logtftHzll 

Fig.  4 

a.c.  conductivity  data  of  Na20-3SiO2  glass  as  compiled  by  Wong 

and  Angell  [3]  ( - A,  ■,  □,  O)  compared  with  the  EMA 

ualeulation  for  vlassiual  hopping  Eq.  (30>  with  oonslanl  (/(£/,  ad¬ 
justed  to  the  activation  energy  of  the  d.c.  conductivity,  /i  —  70  kJ, 
mol  ( - )  from  Ref.  [40] 
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4.2  Anomalous  Transient  Photocurrents  in  Disordered 
Semiconductors 

In  transient  , photoconduction  (“time-of-flight”)  measure¬ 
ments  carriers  are  created  by  a  light  flash  on  one  side  of  a 
semiconducting  sample  which  subsequently  are  drawn  to¬ 
wards  an  electrode  by  a  bias  field.  In  ordered  systems  one 
expects  a  constant  current  which  suddenly  drops  if  the  car¬ 
riers  hit  the  electrode.  If  L  is  the  sample  thickness  the  mo¬ 
bility  n  =  {elk^T)D  can  be  calculated  from  the  drift  velocity 

liF=  L/tr  (44) 


j(f)  has  to  be  calculated  from  (47)  (or  in  the  case  f  >  Jr  from 
(49))  for  a  given  form  of  D(p)  or  p{p)  by  numerical  Laplace 
inversion. 

The  advantage  of  using  the  £»(p)  formalism  is  that  one 
can  easily  incorporate  dispersive-non-dispersive  crossover 
effects  [49]  by  using  a  model  in  which  to  falls  into  the  ex¬ 
perimental  time  window.  For  observing  a  “plateau”  in  the 
transient  current  pulse  one  has  the  condition  [27,52,53] 
h  <  k  <  k- 


where  F  is  the  field  and  tt  is  the  transit  time.  In  disordered 
materials,  however,  one  .observes  a  continously  descreasing 
current  [6, 7]  which  can  be  described  by 


f(-(i-«)  j  < 

[(-<'+*>  (  >  (t 


(45) 


with  0  <  a  <  1.  Scher  and  Montroll  [7]  described  such  a 
behaviour  (“disr<*rsive  transport")  phenomenologically  in 
terms  of  a  cont.nous-time  random  walk  (CTRW)  on  a  lattice 
with  a  waiting  time  distribution  ¥'(t)  oc  t“<' ■*•*>,  In  such  a 
model  one  has  <H(()>  oc  t“.  Obviously  the  anomalous  tran¬ 
sients  are  due  to  anomalous  diffusion.  For  a  microscopic 
description  one  can  use  random  trapping  [27,43-49]  or 
hopping  models  [7, 15,27].  As  shown  in  Ref.  [27]  both  can 
be  incorporated  into  a  hydrodynamic  description 
[27,50,51]  with  frequency  dependent  mobility  and  diffusiv- 
ity  fi(p)  =  (clkaTiDip),  where  the  latter  behaves  as  Z)(a))  oc 
0)'““.  The  corresponding  propagator  is  given  by 

G  (k.p)  =  (p-  iky  p(p)F+  Dip)  k-)-'  (46) 


4.3  Neutron  Scattering 

The  incoherent  neutron  scattering  law  corresponding  to 
the  particle’s  motion  in  the  disordered  environment  is  given 
by  Eq.  (3).  In  particular  for  the  classical  hopping  model  (33) 
it  is  given  by 

S(k.a))  =  ^Re  {(p  +fik),n{p))-']  (50) 

with  the  generalized  Chudley-Elliott-function 

/(fc)  =  (4 71  n,/Z)  I  drr g(r)[i-smikr)/kr],  (51) 

0 

for  k-*0  we  have,  of  course  (cf.  Eq.  (4)) 

/{k)  =  ^k^R^  (52) 

Neutron  quasielastic  scattering  is  an  ideal  tool  to  probe 
anomalous  diffusion  in  a  case  where  this  cannot  be  done  via 


Inserting  this  into  a  planar  geometry  with  reflecting  bound¬ 
ary  at  the  front  and  absorbing  ones  at  the  back  electrode 
one  obtains  [52]  for  the  Laplace  transform  J(p)  of  J(t) 

^^j^exp  [  -  (y  - /;)L]  (^1 +^cxp  [- (y -E  7;)L]  j 

^  l+(?-'/)/(V+»;)exp[-27L] 


(47) 

where  ;;  =  eFjlk^T  and 

y  =  [,,Hp/Z)(p)r  .  (48) 

It  has  been  shown  in  Ref.  [27]  that  for  times  larger  than 
fR  =  Pr'  (where  Pr  is  the  solution  of  pr  =  Dipeiif)  the 
diffusion  term  in  Eq.  (46)  can  be  neglected  and  Eq  (4'^)  re¬ 
duces  to  the  expression  given  by  Leal  Ferrera  [50]. 


Fig.  5 

Quasiclastic  incoherent  neutron  scattering  data  from  H  in  amor¬ 
phous  Ni24Zr76,  compared  with  the  EM  A  prediction  (Eqs.  (36)  and 
(50))  fot  the  classical  hopping  model  vsith  a  Gaussian  y(£)  [56] 
from  Ref.  (5  b) 


W.  Schinhacher:  Anomalous  Diffusion  in  Disordered  Systems;  An  Effective  Medium  Description 


375 


an  ac,  conductivity  measurement,  namely  in  the  case  of  hy¬ 
drogen  diffusion  in  amorphous  metals.  If  ni{p)  has  a  disor¬ 
der-induced  frequency  dependence  the  spectrum  should  be 
hon-Lorentzian.  This  is,  in  fact,  observed  [5,54,55].  In  par¬ 
ticular  if  m(p)  cc  m'"*  one  expects  S{k,<o)  oc  0)**““’.  In  Fig. 
5  quasielastic  incoherent  neutron  scattering  data  [5]  from 
H  in  amorphous  Ni24Zr76  are  shown.  It  can  be  seen  that  the 
data  exhibit  such  a  behaviour. 

They  can  ^  well  fitted  by  a  classical  hopping  model  with 
a  Gaussian  (?(£)  as  calculated  by  Richards  [56]  with  the 
maximum  adjusted  to  be  compatible  with  the  experimentally 
measured  [57]  activation  energy  of  the  diffusion  coefficient 
D(0)  [58]. 

4.4  Nuclear  Spin-Lattice  Relaxation 

A  useful  method  for  obtaining  information  on  diffusive 
motion  in  disordered  solids  is  the  observation  of  nuclear 
spin-lattice  relaxation  as  deduced  from  NMR  [59,60]  or 
nuclear  radiation  anisotropy  which  followr.a  nuclear  p  de¬ 
cay  (p-NMR)  [61]. 

In  crystalline  solids  the  temperature  dependence  of  the 
nuclear  spin-lattice  relaxation  rate  can  be  well  described  by 
the  BPP  formula  [62,63] 

7’r'a:Re{(pL+  (53) 

where  fV(T)  oc  eixp{—n/kBT}  is  the  jump  rate  that  corre¬ 
sponds- to  the  (frequency  independent)  diffusivity  D;  pi.  - 
ia»u  +  e  where  coi  is  Larmor  frequency.  In  an  Arrhenius 
plot  In  Tf'  against  l/J  one  expects  from  (53)  a  symmetric 
maximum  with  equal  slopes  of  the  wings  being  equal  to  the 
activation  energy  p  of  the  diffusivity.  On  the  left  side  of  the 
maximum  Tf'  is  independent  of  Wl  (motional  narrowing), 
on  the  right  it  is  proportional  to  coC^.  In  amorphous  ma¬ 
terials  there  are  strong  deviations  from  BPP  behaviour 
[2, 59—61, 64-66].  This  is  not  surprising  since  (53)  is  based 
on  regular  diffusion  with  a  single  activation  energy.  If  one 
averages  now  expression  (53)  —  as  frequently  done  in  the 
literature  [1,3,  59—61]  —  over  a  distribution  of  activation 
energies  one  makes  the  same  mistake  as  in  the  approxi¬ 
mation  schemes  labelled  a  and  b  in  the  introduction.  A  gen¬ 
eralization  of  (53)  which  is  consistent  with  the  EMA  analysis 
is  [4,11] 

Tf'  oc  Re  ([pi.  +  f(ko)  mipuT)]-') .  (54) 

Here,  ko  is  a  wavenumber  characterizing  the  spatial  fluctu¬ 
ations  of  electric  field  gradients  or  the  distance  dependence 
of  the  magnetic  coupling  [4].  In  Fig.  6  P-NMR  relaxation 
data  [67]  are  compared  with  the  temperature  dependence 
predicted  by  (54)  where /Hfp.T)  has  been  calculated  from  (36) 
(classical  diffusion)  with  constant  q{E).  The  value  of  the 
latter  was  adjusted  to  give  the  measured  activation  energy 
of  the  d.c.  conductivity.  The  frequency  and  temperature  de¬ 
pendence  of  the  data  is  not  followed  in  detail  by  the  model 
but  the  strong  asymmetry  and  the  deviation  from  Tf'  x 
tOjT^  is  explained. 


compared  with  the  approximate  formula  (54)  where  m{pi,T)  has 
been  calculated  [rom  Eq.  (30)  with  a  constant  e(E)  adjusted  to  the 
measured  activation  energy  of  the  d.c.  conductivity  (from.  Ref.  [4]) 

Conclusion 

The  effective  medium  approximation  comprises  a  simple 
and  reliable  tool  to  describe  jump  diffusion  in  disordered 
systems.  Anomalous  diffusion  which  is  ubiquitous  in  dis¬ 
ordered  materials  is  explained  as  the  result  of  strong  fluc¬ 
tuations  of  the  microscopic  transition  rates  which  govern 
the  random  walk  of  the  particles.  For  models  which  can  be 
characterized  by  randomly  fluctuating  distances  ry  and  en¬ 
ergy  barriers  £y  simple  formulae  are  given  for  calculating 
the  d.c.  and  frequency  dependent  diffusivity  Z)(w)  and  con¬ 
ductivity  ff(w).  The  only  input  information  is  the  functional 
form  of  the  transition  rates  tV(r,E)  and  the  distribution 
functions  g(r)  and  q{E).  The  results  of  such  calculations 
compare  well  to  numerical  simulations  of  the  same  model. 
The  frequency  dependence  of  Z)(w)  and  a{(jo)  is  given  by  a 
generalized  frequency  dependent  jump  frequency  m{p)  for 
which  the  EMA  equation  is  solved.  In  cases  where  /m(0) 

0  a  transition  from  normal  to  anomalous  diffusion  occurs 
at  a  frequency  Wo  =  to"'  =  »i(0)'  models  with  a  broad 
distribution  of  energy  barriers  this  frequency  can  be  expo¬ 
nentially  small  at  low  temperatures  giving  rise  to  a  region 
of  anomalous  diffusion  which  extends  over  many  orders  of 
magnitude.  In  this  range  D{o))  resembles  a  co'"“  behaviour 
with  0  <  o£  <  1  but  this  law  is  not  obeyed  exactly.  A  large 
class  of  experimental  observations  caused  by  anomalous 
particle  diffusion  can  be  described  by  the  present  formalism 
ranging  from  ac  conductivity  and  dispersive  transient  pho¬ 
tocurrents  to  anomalous  quasielastic  neutron  scattering  and 
NMR  data. 

1  am  grateful  to  M.  Wagenei  for  many  helpful  discussions  and 
for  producing  Figs.  1—3. 
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Dielectrics  /  Hydration  /  Tunneling  /  Protein  /  Proton  Transfer 
We  measure  the  protonic  conducts ity  in  water  clusters  adsorbed  on  lysozyme  powders,  below  room 
temperature.  In  the  Ipw  temperature  region  the  conductivity  increases  with  temperature  as  expT*,  in 
agreement  with  prediction  by  the  theory  of  dissipative  quantum  tunneling.  We  detect  the  onset  of  this 
effect  neat  180  K,  where  a  glass  transition  in  the  protein  matrix  is  known  to  take  place.  Quantum  tunneling 
matches  smoothly  with  thermal  hopping  near  271  K. 
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Previous  work  from  this  laboratory  has  shown  that  hy¬ 
drated  lysozyme  powders  exhibit  dielectric  behavior  due  to 
proton  conductivity  [1],  and  that  this  behavior  can  be  de¬ 
scribed  in  the  frame  of  percolation  theory  [2, 3].  Long  range 
proton  displacement  appears  only  above  the  critical  hydra¬ 
tion  for  percolation  he  (g  water/g  dry  weight),  when  the  2- 
dimensional  motion  takes  place  on  fluctuating  clusters  of 
hydrogen-bonded  water  molecules  adsorbed  on  the  protein 
surface.  .  A  similar  2-dimensional  protonic  percolation  has 
been  detected  in  powdered  smaples  of  purple  membrane  of 
Halobacteriums  Halobium  [4].  In  both  cases  the  emergence 
of  biological  function,  respectively  enzyme  catalysis  and 
photoresponse,  has  been  found  to  coincide  with  the  critial 
hydration  for  percolation  he.  More  recently  the  above  room 
temperature  studies  have  been  extended  towards  other  vi¬ 
able  systems  [5],  Here  we  report  results  on  the  low  tem¬ 
perature  protonic  conductivity  of  hydrated  lysozyme  pow¬ 
ders,  to  investigate  the  possible  occurence  of  proton  quan¬ 
tum  tunneling  in  hydrogen  bonded  water  molecules 
adsorbed  .on  protein. 

The  dielectric  tecnique  has  been  already  described  [1]  as 
well  as  the  procedure  to  evaluate  the  d.c.  conductivity  c  of 
the  sample  [4,5],  In  this  work  the  insulated  electrode-ca¬ 
pacitor  is  reduced  to  a  two  layer  composite  capacitor,  one 
layer  being  the  1,8  mm  teflon  sheets  and  the  other  one  the 
4.5  mm  lysozyme  powder  at  constant  water  content  h.  This 
capacitor  was  cooled  to  170  K  by  cryogenic  apparatus  at  a 
rate  of '3  K  min~'.  Dielectric  data  from  10  KHz  to  1  MHz 
have  been  recorded  while  raising  the  temperature  at  a  rate 
of  about  1  K  min”'.  A  typical  run  lasted  about  6  hours  and 
included  about  300  conductivity  vs  temperature  data.  Na¬ 
tive  lysozyme,  prepared  by  Professor  John  A.  Rupley  (Uni¬ 
versity  of  Arizona,  Tucson)  was  at  pH  7  [3].  The  same 
preparation,  of  about  0.3  g,  was  used  in  all  runs,  and  it  was 
hydrated  by  the  isopiestic  method  with  either  H2O  or  D2O. 
Several  H2O  and  D20-hydrated  samples  have  been  studied, 
and  the  pertinent  parameters  of  each  sample  are  shown  in 
Table  1.  At  the  lowest  temperatures  here  investigated  the 
conductivity  is  found  temperature  independend,  and  it  is  of 
uncertain  origin  [6].  This  limiting  low  value  of  o-q  varies 
around  Uo  =  (6.3  ±0.6)  x  10~*mho  m"'  because  of  lack 
of  reproducibility  of  capacitor  geometry  in  different  runs. 
Above  Tgl  the  conductivity  increases  with  increasing  tem¬ 
peratures,  and  at  Tg2  it  displays  a  slight  break.  Both  Tgl 


absolute  temperature  i/T  in  the  high  temperature  legion.  In  the 
upper  inset  the  activation  energy  H,  defined  as  the  limiting  slope 
reached  by  the  data,  is  plotted  vs  hydration  level  for  H20-hydratcd 
samples 

and  Tg2  can  be  associated  with  protein  glass  transitions,  as 
-it  will  be  discussed  elsewhere. 

As  shown  in  Fig.  1,  in  the  high  temperature  region  the  Ar¬ 
rhenius  law  is  accurately  followed,  with  an  activation  energy 
H  slightly  increasing  with  hydration  level.  Our  values  of  H 
are  close  to  29.4  KJ/mol,  the  activation  energy  detected  by 
NMR  for  water  reorientation  correlation  time  [7],  suggest¬ 
ing  that  the  mobility  of  the  adsorbed  water  molecules  must 
be  the  major  controlling  factor  for  proton  transport,  if  the 
proton  number  density  is  assumed  to  be  temperature  in¬ 
dependent.  This  last  assumption  is  frequently  made  to  de¬ 
scribe  the  electric  conductivity  of  biopolymers  [8]  and  of 
ice  [9],  where  extrinsic  charge  carriers  are  believed  to  be 
produced  with  an  energy  lower  than  the  dissociation  energy 
of  a  water  molecule.  Thus  at  temperatures  above  about 
260  K  the  rate  process  is  controlled  by  a  thermally  activated 
hopping  of  charged  defects  over  an  energy  barrier  which  is 


Table  1 

Parameters  of  investigated  samples,  defined  and  discussed  in  text 


Sample 

hydr. 

h 

(g/g) 

(10"’  mho 

8<7o 

m"*) 

H 

(Kcal/mol) 

T 

0 

^  Ig^ 

K-‘) 

1 

HjO 

5.5  ±  0.2 

— 

2 

H2O 

0.13 

6.0  ±  0.2 

-pO.55 

3.89  ±  0.06 

16.34  +  0.25 

1.73  ±  0.02 

3 

H2O 

0.17 

6.0  ±  0.2 

-0.03 

4.95  ±  0.08 

20.79  ±  0.34 

2.76  +  0.01 

4 

H2O 

0.21 

7.3  ±  0.3 

-0.40 

6.‘16  ±  0.06 

25.87  ±  0.25 

3.90  ±  0.10 

5 

H2O 

0.22 

6.3  ±  0.3 

-0.28 

5.61  ±  0.01 

25.56  ±  0.04 

4.32  ±  0.01 

6 

HjO 

0.31 

6.1  ±  0.2 

-H.48 

6.67  +  0.06 

28.01  ±  0.25 

7.00  ±  0.02 

7 

D2O 

6.9  ±  0.3 

— 

5.89  ±  0.06 

24.74  +  0.25 

3.75  +  0.04 

8 

D2O 

■■ 

6.0  +  0.2 

— 

— 

— 

— 
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in  the  upper  inset  the  slope  tga  and  tg/?  of  the  straight  lines  (see 
Fig.  3)  focussing  respectively  on  (Tgi.ffi)  and  (Tgj.ffj)  arc  reported 
vs  hydration  level  h.  Solid  line  is  best  fit  through  data  included 
between  vertical  bars 

temperature  independent,  in  agreement  with  current  models 
[10]  for  proton  transfer  in  HjO  networks. 

In  the  following  we  shall  consider  the  temperature  region 
where  tunneling  may  prevail.  A  general  theory  of  quantum 
tunnel  out  of  a  metastable  state  interacting  with  an  envi¬ 
ronment  at  temperature  T  has  been  produced  by  Grabert, 
Weiss  and  HHnggi  (GWH)  [11],  with  the  finding  that  for 
damping  of  arbitrary  strenght,  the  tunneling  decay  rate  al¬ 
ways  matches  smoothly  with  the  Arrhenius  factor  at  a  cross¬ 
over  temperature  and  that  heat  enhances  the  tunneling 
probability  at  ?=  0  K  by  a  factor  exp  [/Ifr)].  For  un¬ 
damped  system  A{T)  is  exponentially  small,  whereas  for  a 
dissipative  system  A(T)  grows  algebrically  with  tempera¬ 
ture.  Of  particular  interest  here  is  the  case  of  tunneling  cen¬ 
ters  in  solids,  where  A{X)  increases  proportional  to  T"  at 
low  temperature,  with  /i  =  4  or  6.  In  order  to  test  the  GWH 
theory,  in  Fig.  2  we  have  plotted  the  log  (conductivity)  data 
versus  and  we  find  that  a  remarkably  simple  description 
can  be  offered  as  follows.  In  this  J®  plot,  the  conductivity 
data  lnff(/i,r)  can  be  fitted  by  straight  lines  originated  near 
Tgl  and  ffj  ~  (Tq,  and  after  a  break  can  be  fitted  by  straight 
lines  originating  at  Tg2  and  >  a\.  Fig.  3a  shows  the  pro¬ 
cedure  followed  to  detect  the  focuss  by  linear  extrapolation 
of  the  data,  imposing  a  small  but  arbitrary  displacements 
A  (To  to  all  conductivtity  data  of  each  sample,  to  take  into 
account  the  above  mentioned  difficulty  to  reproduce  the 
capacitor  geometry.  The  focussing  on  Tg2  is  insensitive  to 
this  correction  because  here  a  P  gq-  As  shown  in  Fig.  4,  even 
the  linear  T*  plot  is  accurately  followed  up  to  a  crossover 
temperature  range  of  about  10  K,  where  it  merges  with  the 
lower  temperature  side  of  the  Arrhenius  law  shown  in  Fig. 
1,  as  required  by  GWH  theory  [11].  Finally,  we  have  fitted 


The  same  as  Fig.  2  including  HjO-hydrated  samples  at  hydration 
level  h  =  0.31  (pentagons),  0.22  (circles),  0.17  (squares),  0.13  (trian¬ 
gles).  Solid  lines  are  best  lit  through  data,  Conductivity  data  shown 
in  (a)  have  been  corrected  by  an  arbitrary  Aao  reported  in  Table  1 
and  discussed  in  text.  Sample  at  /i  =  31  has  not  been  included  in 
(a)  because  affected  by  large  hysteresis  at  Tgl.  From  these  plots  we 
have  evaluated  Tgl  =  182  ±  2  K  and  a,  =  6.6  ±  1  k  lO"’  mho 
m"',  and  Tg2  =  203  ±  5  K  and  ff:  =  8.8  ±  4  x  10”’  mho  m”' 


1/T/[K-M 

.003  .004 


Natural  logaritm  of  all  conductivity  data  near  the  crossover  region, 
plotted  vs  reciprocal  absolute  temperature  (upper  stale)  and  vs  the 
fourth  power  of  the  absolute  temperature  (lower  stale)  Solid  lines 
are  best  fit  through  data  included  between  orizontal  bars 

.our  data  with  different  values  of  n,  but  Fig.  5  shows  that 
only  n  =  4  gave  results  comparable  with  «  =  6,  as  predicted 
by  GWH  theory  [11]. 
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2  4  6  8  10  12  14  16 


n 

Fig.  5 

Statistical  best  fit  of  all  conductivity  data  plotted  versus  n,  the 
exponent  used  in  GWH  theory,  defined  in  Text 

Although  the  linear  dependence  of  Intr  on  or  re¬ 
quested  by  GWH  is  certainly,  fullfilled,  this  theory  requires 
that  proton  tunneling  start  at  7  =  0  K  and  that  it  depends 
on  the  mass  of  the  carrier.  We  believe  that  this  apparent 
contraddiction  between  GWH  theory  and  our  data  can  be 
easily  overcome  by  suggesting  that  charged  defects  are  free 
to  tunnel  across  an  energy  barrier  only  above  the  protein 
glass  transition' temperature  Tgl,  when  the  adsorbed  water 
cluster  behaves  as  a  supercooled  fluid. 

In  conclusion,  our  data  show  that  theory  can  be  used  as 
a  guide  to  describe  dissipative  quantum  tunneling  in  a  mo¬ 


lecular  process.  Proton  tunneling  displayed  by  hydrated.  bi- 
ological  systems  below  room  temperature  has  been  reported 
elsewhere  [12]; 

Several  discussions  with  Prof  Peter  Hanggi  (Augsburg)  are  grate¬ 
fully  aknowledged.  This  work  was  supported  in  part  by  I.N.F.M. 
and  by  EEC  projects  SCI000229. 
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Periodic  Orbit  Approach  to  the  Quantum-Kramers-Rate 
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Chemical  f^etics  /  Multidimensional  WKB  /  Quantum  Mechanics  /  Reaction  Rate  Theory 

The  quantum  analog  of  Kramers  reaction  rate  for  a  dissipative  environment  is  derived  on  the  basis  of  a 
periodic  orbit  approach  for  multidimensional  tunneling.  The  resulting  reaction  rate  expression  holds  at 
all  temperatures,  thus  covering  [in  contrast  to  the  imaginary  free  energy  method  (“bounce-”method)]  the 
classical  and  the  quantum  regime  on  the  same  basis. 


Introduction 

Quantum  reaction  rate  theory  underwent  profound  de¬ 
velopments  within  the  last  decade.  In  particular,  the  recent 
progress  in  the  quantum  theory  in  presence  of  dissipation 
[1,2, 3, 4]  enables  one  to  generalize  the  classical  theory  of 
Kramers  for  the  rate  coefficient  in  a  dissipative  environment 
to  the  quantum  regime  [3,  5  -9].  Our  focus  will  be  on  the 
semiclassical  limit  of  the  quantum-transition-state-theory 
(QTST)  in  presence  of  an  infinite  number  of  bath  degrees  of 
freedom  which  model  the  dissipation,  i.e.  we  shall  elaborate 


on  a  unified  approach  to  the  dissipative  quantum  Kramers 
rate  in  a  metastable  potential  I  (a)  in  which  the  reaction 
coordinate  a  of  a  reactive  particle  of  mass  M  is  coupled  to 
a  continuum  of  bath  degrees  of  freedom. 

Conventional  quantum-TST  represents  a  rather  patchwork 
affair.  In  doing  quantum  calculations  one  replaces  classical 
partition  functions  by  their  quantum  counterparts,  assuming 
separability  of  the  various  vibrations  and,ui  rotations  near 
the  saddle  point,  and  then  corrects  for  multiple  crossings 
near  the  barrier  top  by  the  multiplication  of  a  temperature 

ouij5-vu:i,yi,oJuj-oj7i* : 
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dependent  Wigner-iike.transmission  factor- [10, 11]-  There- 
;fofe,  ,this  approach  .essentially  restricts  the  quantum  treat¬ 
ment  to  the  high  temperature  limit.  It  was  only  until  recently 
that  the  case  of  dissipation  (continuum  of  bath  degrees  of 
freedom)  has  beeti  discussed  within  this  approach  in  a  beau¬ 
tiful  paper  by  Poilak  [12]. 

Within  the  last  decade,  the  quantum-Kramers  rate  has 
originally  been  studied  over  the  whole  temperature  regime 
by  the  Augsburg-Essen-Polytechnic-Stuttgart  school  [5,  7, 
8, 9, 13, 14]  and  the  Moscow  school  [6]  which  all  made  use 
of  the  imaginary-free-energy  methodology  [15].  The  pri¬ 
mary  object  of  this  latter  method  is  the  dissipative  bounce 
(instanton/anti-instanton)  solution.  This  periodic  solu¬ 
tion  -  in  absence  of  the  influence  of  dissipation  -  has  been 
introduced  in  Miller’s  semiclassical  quantum-TST  for  non- 
separable  systems  [16],  see  also  Refs.  [17-20],  Following 
the  original  reasoning  of, Miller  [16],  we  shall  re-evaluate 
the  quantum-Kramers  rate  results  [3,  5—9]  by  use  of  the 
multidimensional  WKB-approach  for  the  quantum-TST 
rate  in  terms  of  periodic  orbit  theory  [21,22].  In  doing  so, 
we  cover  the  whole  temperature  regime  from  T  =  0  up  to 
room  temperature  on  a  unified  basis.  In  a  previous  item 
[23],  see  also  Refs.  [8b,9],  we  have  already  reported  the 
results  of  the  continuum  limit  of  this  multidimensional 
WKB  quantum  rate  approach.  In  this  paper,  we  present  a 
more  extended  discussion  of  the  various  approximations 
used  in  arriving  at  the  quantum-Kramer’s  rate  expressions, 
and  give  additional  new  results. 

Quantum  Reaction  Rate  Theory 

Throughout  the  following  we  shall  assume  that  there  ex¬ 
ists  a  true  time-scale  separation  for  the  dynamics  within  the 
locally  stable  state  at  =  .Vo,  i.e.  K(.Vo)  =  0,  and  the  dy¬ 
namics  characterizing  the  passage  through  the  bottleneck  of 
the  metastable  potential,  V(x)  (e.g,  a  cubic  potential)  sepa¬ 
rating  products  from  reactants.  Then,  an  initial  nonequili¬ 
brium  population  decays  exponentially  for  times  longer  than 
the  typical  time-scale  for  nonactivated  molecular  processes 
within  the  well.  Thus,  the  rate  coefficient  k  becomes  truely 
time-independent;  it  can  formally  be  expressed  as  the  flux 
integral  [24,25] 

k  =  Z„-'  Re[Tr{exp(-/?//) 5(x) (p/M)  ^}].  (1) 

Here,  Tr  denotes  the  trace,  /?  denotes  the  inverse  temperature 
and  Zo  is  the  partition  function  of  the  metastablc  state  at 
Afo  <  0,  X  =  0  indicates  the  transition  state,  and  ^  is  the 
operator  that  projects  onto  positive  momentum  states  p  in 
the  infinite  future  {t  -*  oo).  H  denotes  the  total  (system  plus 
bath)  Hamiltonian  operator.  The  reaction  coordinate  ,v  of 
the  escaping  particle  ranges  from  x  =  — ootox  =  -t-oo. 
With  a  few  manipulations  this  formally  exact  rate  expression 
can  be  cast  as  an  integral  over  a  flux-flux  autocorrelation 
C(t),  i.e.  [26] 


k  =  Z,-']  C{t)dt 


0 


(2) 


where  with.tc  =  t  —  ifij?/2 

C(r)  =  Tr  lFexp(iHtyh)Fsxp{-iHtJh)'] ,  (3) 

1 

wherein  F  =  —  [5(x)  ip/M)  +  {p/M)  5(x)]  is  the  symme¬ 
trized  flux  operator. 


Semiclassical  Quantum-Transition-State-Theory 

Following  Miller  [16]  the  quantum  -  TST  approxima¬ 
tion  to  the  rate  k  consists  in  the  replacement  in  (1): 

5(x)(p/M)^-.|5(x)|.v|,  (4) 

and  then  proceeds  by  use  of  the  semiclassical  approximation 
for  the  Boltzmann  propagator.  Thus,  one  obtains  [16] 

^•-»/^TST  =  Zo''Re{^d(^<^flexp(-/?H)lq>5(x)||.xl}.  (5) 


Here,  q  =  {qa  =  x,  q\, q/i)  are  the  coordinates  of  all  the 
degrees  of  freedom  of  the  system,  (.v)  and  bath,  (qi, qjv). 
In  going  from  (1)  to  (5)  we  made  use  of  a  Weyl  ordering  for 
the  operator  5(x)  |x|,  [16],  i.e.  we  can  replace  the  trace  in 
(1)  by  the  phase-space  average  over  the  Wjgner  function.  By 
use  of  the  semiclassical  expression  for  the  propagator 
exp(— /?H)  the  corresponding  phase  space  [16]  integration 
has  -  in  consistency  with  the  use  of  the  semiclassical  result 
-  been  evaluated  within  the  stationary  phase  approxima¬ 
tion  (SPA).  This  procedure  then  yields  (5).  Continuing  in 
this  vein  and  evaluating  the  trace  in  (5)  also  in  SPA  yields 
a  continuum  of  stationary  phase  points.  This  continuum  of 
SPA-points  just  defines  the  unstable  periodic  orbit,  or  the 
bounce  .solution  [16].  In  view  of  the  Boltzmann  propagator, 
however,  this  periodic  orbit  exists  for  pure  negative  imagi¬ 
nary  times  only,  i.e.  the  Wick  rotated  time  f  r  =  it,  is 
real  and  positive.  We  now  measure  distance  along  this  pe¬ 
riodic  orbit,  (Jo  =  X,  with  all  other  coordinates  being  or¬ 
thogonal  displacements  away  from  it.  Therefore,  all  the  in¬ 
tegrations  over  the  orthogonal  displacements  can  again  be 
evaluated  within  SPA.  In  terms  of  the  Green’s  function 


£-1- 


=  G(£  +  ie) 


we  have  with 

exp(-iHt//i)  =  --^J  d£  exp(-i£t/fi)  G(E), 
2t: 


(6) 


(7a) 


and  /?  =  it/fi  the  formal  identiy 


exp(— /?H)=  lim 

c-O* 


i 

2it 


J 


d£exp(-/I£)G(£-l-i0+). 

(7b) 
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Inserting  (7).into  (5)  yields  the  rate  coefficient  /ttst  as  a  Boltz- 
mam. average 

A:TST  =  Z-'RefeId£exp(-iS£) 

(.-27:  0  (8) 

•Jd58(?o)|l9ol<9|G(£  +  iO-*-)|g>}. 

In  virtue  of  this  expression  involving  the  Green’s  function 
one  never  has  to  construct  a  multidimensional  wave  func¬ 
tion.  This'feature  represents  a  great  advantage  when  treating 
the  effects  of  dissipation. 

The  trace  in  (8)  can  now  be  evaluated  by  use  of  unstable 
(Periodic  orbit  theory  [22].  Integrating  within  SPA  over  the- 
brthogonal  fluctuations,  with  q  -  qo  fixed,  and  then  inte¬ 
grating  over  qo  (which  is  trivially  accomplished  due  to  the 
8-function  in  (8))  yields  Miller’s  central  result  [16] 

■k,st  =  Zo-'  d£  exp  (-/?£)  k(E) ,  (9a) 


Eq.  (11)  represents  a  uniform  WKB-approximation  to  k{E), 
which  becomes  exact  in  multidimensional,  separable  para¬ 
bolic-like  potential  landscapes.  We  stress  that  (11)  accounts 
for  the  anharmonic  nonlinearities  in  the  reaction  coordinate 
x;  but  neglects  the  influence  of  anharmonicities  for  the 
“transverse”  bath  degrees  of  freedom. 

With  k{E)  given  in  (1 1),  the  quantum-TST  rate  is  obtained 
by  insertion  of  (11)  into  (9a)  and  then  performing  the  re¬ 
maining  summations  and  the  integration  over  the  range  of 
total  energy  £  of  system  plus  bath.  It  also  should  be  noticed 
that  this  procedure  yields  a  closed  expression  for  the  mul¬ 
tidimensional  quantum  TST-rate  that  holds  true  for  all  tem¬ 
perature  [23].  Further,  with  the  density  of  states  for  a  har¬ 
monic  oscillator,  i.e.  q(E)  =  (2;:  h/T{E))~'  it  follows  on 
inspection  of  (9a)  that  the  quantity 

£(£)■=  kiE)fTiE)  '  (12) 

denotes  a  semiclassical  expression  for  the  microcanonical  rate 
coefficient  at  total  conserved  energy  £. 


where  the  cumulative  reaction  probability  reads 
(t(£)=  f  (-l)''-'exp[-H</.(£)/fi] 

(9b) 

•  nj|2sinh|^|«7’(£)co,(£)j|  '. 

Here,  </»(£)  is  the  abbreviated  (Euclidean)  action  integral 
along  the  unstable  periodic  orbit  of  period  T(E)  ==  -<(>'(£) 
on  the  inverted  potential  landscape  (Wick  rotation  of  time 
t  =  -ir(£)).  The  set  {(o,{E),  i  =  1, ...,  N]  are  the  stability 
(angular)  frequencies  of  the  unstable  periodic  orbit.  If,  ^(£) 
is  positive  (low  temperatures)  we  note  that  only  the  n  =  1 
term  contributes  significantly  to  (9a). 

Next  we  use  the  selfconsistent  solution  of 

£r  =  £  -  jE  ha)i(Er)  (10) 

as  the  energy  Er  which  is  left  in  the  reaction  coordinate 
while  the  system  is  crossing  the  saddle  point  with  the  bath 
being  excited  {n,}  in  corresponding  modes.  Following  the 
reasoning  of  Miller  [27]  which  he  put  forward  to  obtain  the 
improved  quantum  condition  for  the  eigenvalues  of  an  er- 
godic  system,  we  now  construct  an  improved,  and  rather 
appealing  expression  for  k(E),  i.e.  following  Hanggi  and 
Hontscha  [23]  we  use  the  tunneling  energy  in  (10)  and  set 
[9,23] 


^'(£)=  f  jl  +  exp[<^.(£r)/f0|  ’•  (H) 

In  doing  so,  we  have  “unexpanded”  the  corresponding  ex¬ 
pression  m  (9  b)  which  results  if  the  sinh-fets  are  expanded 
into  geometric  series  (for  more  details,  see  Refs.  9,  28). 


Periodic  Orbits;  A  Useful  Identity 

Before  we  proceed  to  evaluate  more  explicitly  the  dissi¬ 
pative  quantum-Kramers  rate  in  the  continuum  limit  we 
shall  reconcile  the  various  approximations  leading  to  (9). 
First  the  trace  operation  in  (5)  naturally  leads  within  the 
semiclassical  limit  to  the  consideration  of  periodic  orbits 
which  give  the  dominant  contributions  to  (5).  In  view  of  the 
Boltzmann  propagator  exp(-^//),  such  periodic  orbits, 
which  pass  through  the  transition  state  location  (see  (8)),  do 
not  exist  in  real  time  but  only  in  (negative)  imaginary  time 
t  =  -ir,  i.e.  t  =  it.  Therefore,  it  is  advantageous  to  con¬ 
sider  the  Euclidean  version  of  the  propagator.  In  original 
time  (,  such  negative  imaginary  time  periods  imply  for  the 
SPA-evaluation  of  (6)  a  distortion  of  the  integration  path 
into  the  lower  complex  half-plane.  In  other  words,  we 
analytically  continue  the  semiclassical  propagator 
<<)lexp(— if/  t//i)lo>  to  complex  times  t  =  — ir.  The  ana¬ 
lytically  continued  Green’s  function  then  formally  reads  [28] 


<qlG(E)lq)~^(qlG,{E)\q>=  — 


•J 


0 


dz  eKp(Er/hX  5|exp(-Tf///i)lo> . 


(13) 


The  time  integration  inherent  in  (13)  must  be  understood  to 
be  performed  in  SPA  with  the  integration  path  deformed  so 
as  to  go  through  the  stationary  points  in  the  direction  of 
steepest  descent.  This  procedure  is  consistent  with  the  use 
of  the  semiclassical  approximation.  Such  an  approach  gen¬ 
erally  requires  some  care  near  conjugate  points  [focal  sur¬ 
faces],  see  [29].  This  SPA  integration  fixes  the  period  of  the 
periodic  orbit  Tpaiod  =  T{E),  such  that  the  corresponding 
classical  energy  of  the  periodic  orbit  equals  the  value  £  = 
Eptnwjiv  Ptbu-  The  final  trace  over  q  in  (8)  is  then  calculated 
following  the  recipe  of  Gutzw filer  [22],  i  e  all  the  transverse 
displacements  along  the  periodic  orbit  are  again  evaluated 
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in  SPA,  while  the  final  integration  over  qo  would  simply 
yield  the  period  T{E).  By  accounting  for  multiple  transver¬ 
sals  of  the  periodic  orbit,  T{E)  —>  n  T{E),  and  keeping  track 
of  the  phase  changes  of  the  periodic  orbit  at  conjugate  points 
yielding  the  phase  (— !)•(— 1)"“',  one  obtains  for  the  trace 
of  the  analytically  continued  Green’s  function  Ge(£  +  /0‘^) 

=  — r-  J  dr  exp(£T/h)  exp(— -tH/h)  by  use  of  the  Refs. 

n  0 

[16, 22]  .  the  result  [28] 

Jd9<9|G.(£  +  iO+)|^>  =  ^[i7’(£)] 

•  f  (-ir'exp(-#(£)/h)  (14) 

n  m  1 

■;n  lilsinh^inn^jcu^Cfi)]!"'. 

Note  that  in  (13)  the  fundamental  period  7’(£)  is  obtained 
independent  of  the  number  of  periods.  This  is  so  because 
T(E)  stems  from  an  integration  over  qoi  and  not  over  time 
T.  The  multiple  traversals  must  be  accounted  for  because  to 
obtain  the  SPA  result  we  must  sum  over  all  solutions  for 
the  period  T(E)  =  Tc  (£)  yielding  a  fixed  energy  £  [30,31]. 
Thus,  we  deal  with  an  infinite  sequence  of  stationary  points 
along  the  (negative)  ~  imaginary  time  axis,  /„  »  -  inr(£); 
i.e.  T„  =  nT(E).  More  generally,  the  result  in  (13)  would  be 
improved  further  along  the  line  of  reasoning  of  Hanggi, 
Weiss  and  Riseborough  [32]  by  including  not  only  real 
times  T,  but  also  complex-valued  time  periods  ...  = 
itTt(E)  +  ik  Tm(E)  +  ....  yielding  a  fixed  energy  £.  Here,  the 
index  e  stands  for  “Euclidean"  and  m  for  “Minkowskian”, 
in  reference  to  the  corresponding  regions  of  the  non-in- 
verted,  original  potential  landscape  such  as  the  barrier  re¬ 
gion  (e),  or  the  reactant  and/or  product  region  (m).  In  par¬ 
ticular,  apart  from  the  normalization  factor  Zo~‘  the  rate 
expression  in  (9a)  is  observed  to  include  information  about 
the  classically  forbidden  region  (transition-state  region) 
only.  Thus,  just  as  with  the  imaginary  free  energy  bounce 
formalism  -  any  Interference  effects  to  the  decay  rate  stem¬ 
ming  from  the  classically  allowed  quantum  dynamics  in  the 
non-inverted  potential  landscape  is  not  accounted  for.  Such 
effects,  for  example,  include  backscattering  from  reactant 
regions  [32],  and/or  curvature  effects  of  the  classically  al¬ 
lowed  reaction  paths. 

In  Gutzwiller’s  procedure,  the  trace  is  calculated  keeping 
the  fluctuations  zero  at  a  fixed  point  on  the  periodic  orbit, 
and  integrating  over  these  fixed  points  at  the  end  (yielding 
the  period  T(E)).  Likewise,  the  trace  can  be  evaluated  by 
considering  all  closed  orbits  and  allowing  both  for  longi¬ 
tudinal  and  transversal  fluctuations  around  a  fixed  periodic 
orbit  q(z).  For  the  trace  of  the  Wick-rotated  Green’s  func¬ 
tion 

!dq<qlG,(E)lq)  =  -^  J  dTexp(T£/h)Tr[exp(-r////0] 

ft  0 

(15) 


one  alternatively  can  evaluate  the  semiclassical  limit  follow¬ 
ing  the  reasoning  of  Callan  and  Coleman  [20].  Use  of  the 
SPA  (in  function  space)  for  the  trace  in  (15)  yields  stationary 
solutions  obeying  q(0)  =  q(T).  Among  those  are  two  con¬ 
stant  solutions  g(T')  =  xq  characterizing  the  stable  stale  dy¬ 
namics  (i.e.  it  yields  Zo,  see  below),  and  q(T)  =  0,  charac¬ 
terizing  the  barrier  motion.  In  view  of  (8)  we  consider  now 
only  periodic  paths  passing  forth  and  back  the  transition 
state.  We  shall  restrict  the  following  discussion  to  low  tem¬ 
peratures;  i.e.  the  rate  controlling  relevant  energies  E  in  the 
expression  (9a)  all  are  lying  below  the  barrier  energy  £  = 
£b.  With  this  in  mind,  we  consider  for  fl5)  such  t- values  for 
which  the  nontrivial  periodic  solution  ^(0)  =  q(r)  is  real¬ 
valued.  Setting  for  a  general  periodic  path 

^(t')  =  g(T')  +  2  c„x„(t'),  (16) 

n 

with  x„(t')  obeying  periodic  boundary  conditions  x„(0)  = 
.Vn(T),  one  considers  -  for  small  ft  -  terms  in  the  action  up 
to  quadratic  order  only.  In  our  case,  we  consider  the  Eu¬ 
clidean  Lagrangian  for  a  harmonic  bath  coupled  bilineary 
to  the  nonlinear  reaction  coordinate  x. 

=  f ..?  +  I'M + 1 J  {,7  +  (n,,, + ^ . 

(17) 

Following  the  standard  procedure,  one  finds  after  integrat¬ 
ing  first  over  the  harmonic  bath  degrees  of  freedom  in  terms 
of  the  dissipative  bounce  trajectory  q{T')  and  the  well-known 
non-local  (Euclidean)  Lagrangian  Aif  [5-9, 13, 14]  for  the 
trace  the  result  [28] 

Tr [exp ( - zH/fi)]  =  iAr ^0  j^2 sinh j 

.  Idet'S'S.lj '/2exp[-S,(q,T)/h],  (18a) 

where 

t/2  .  I  ,  T  . 

So  =  M  J  d(((g(iO)^S,  =  j4(9,^di(  =  jLcir[?,^di(. 

“  (18b) 

det'  indicates  that  the  Goldstone  mode  contribution  of  the 
eigenvalue  zero  must  be  omitted.  A  is  a  normalization  con¬ 
stant  to  be  determined  below.  The  r-integration  in  (15)  is 
again  calculated  in  SPA.  This  yields  the  condition  £  = 
0  SJdx,  i.e.  this  fixes  the  period  tspa  =  £(£)spa  to  equal 
the  total  energy  E,  i.e.  =  (l)(q)  +  T{E)E.  With  £  in  the 
classically  forbidden  regime  we  need  to  consider  the  prim¬ 
itive  orbit  only  of  period  T(E),  i.e.  G,  s  Gl".  Insertion  of 
(18)  into  (15)  yields 

i6qiq\G[»{E  +  iO^)\q})  =  jS^'^  £(£) 

•[det'5^S,|,-(-0^5,/dT^)r(£j-''-  '  (19) 

•  [n  [2 sinh  (i  7’(£)  exp  [-^(£)/fi] . 
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Hereljy  we  observe  that  the  SPA  yields  a  phase  i  =^exp(i 
7c/2),  which  with  (—1)  iA(i)  =  A  yields  a  real  quantity  for 
the  analytically  continued  object  (14, 15).  The  normalization 
constant,  A,  stemming  from  the  measure  over  {c„},  can  be 
obtained  if  we  evaluate  Zo,  i.e.  we  use  g(0)  =  q(x  =  T{E)) 
Xo.  This  yields  [28] 

Z„  =  Aldet  8^  Se  n  [2  sinh  (20a) 

=  n^[2sinh(|r(£)2f)]"'.  (20b) 


and  ojb  =  |Af~‘  V"  {qg  =  0)|'^.  In  other  words,  /t  denotes 
the  dissipation-modified  normal  mode  barrier  frequency 
(Ob— »/'(}’)•  With  Et  >  jEb.  the  effective  abbreviated  action 
(/»(^  is  negative.  Thus  the  cumulative  reaction  probability 
is  not  exponentially  sensitive,  and  with  k^TIEb  1,  an- 
harmonic  corrections  are  negligible.  Thus  we  can  use  a  har¬ 
monic  approximation,  i.e.  the  period  T{E)  assumes  a  con¬ 
stant  value  T{E)  =  2n/ii  and  the  stability  frequencies  can 
be  approximated  by  the  normal  modes  in  the  saddle  point 
region,  i.e.  cOj(Z)— » The  abbreviated  action  thus  reads 

(PiEr)  =  (E^-Er)2K/n  <0.  (26) 


Here,  the  set  {2°},  i  =  0, 1,  2,  ...,  A',  are  the  normal  mode 
(angular)  frequencies  at  the  metastable  state  q  =  Xo.  Upon 
expressing  A  by  use  of  (20  b),  one  finds  with  n  set  equal  to 
one  upon  the  comparison  of  (19)  with  (14)  the  important 
identity: 

\  ldet'5^Sc|,-(,)  )  “  V  OiVt-nE) 

Nr  u  \-|-l  (21) 

•  n|2sinh(^-r(£)co,(£)jJ  . 


Upon  an  interchange  of  the  integration  in  (9a)  with  the 
summations  we  find 

Y  exp{/?[£b-bE(n,+Dfi2/>-£]}  ' 

•  d£ - ^ - ,  (27) 

1  +  exp {/?„[£b  +  Z  -1-  -j  Mf  -  £]} 


This  relation  is  of  use  for  the  explicit  evaluation  of  deter¬ 
minants.  Note  also,  that  in  contrast  to  (14),  the  SPA  in  the 
time  integration  for  (19)  is  performed  here  at  the  end,  while 
for  (14)  it  defines  the  first  step  in  the  approximation  scheme, 
thereby  fixing  the  period  t  =  T{E). 


The  Quantum  Kramers  Rate 

Following  Hanggi  and  Hontscha  [23],  we  now  present 
explicit  results  for  the  Kramers  rate  of  a  particle  that  inter¬ 
acts  with  a  continuum  (N-*  co)  of  bath  modes,  cf.  (17).  In 
terms  of  the  spectral  function 


the  Laplace  transform  the  memory-friction  kernel  y(t)  can 
be  expressed  as 


J(a))z 

w(z^  +  (o^)  ' 


(23) 


First,  we  shall  consider  high  temperatures  Tabove  the  cross¬ 
over  temperature  Tg  [5],  i.e.  with  kn  the  Boltzmann  constant 


T>Tg  = 


■n 


Inks 

where  n  denotes  the  positive  root  of 
'^00 


(24) 


[y^OO  1 

=  -2 


yin) 


(25) 


where  Pg  =  2n  (ft  /()“'.  Setting 

X  =  exp  {/?[£b  +  'Z(n,  +  Mj’  -  £]} , 


the  integral  in  (27)  becomes  with  Xo  =  x(£  =  0) 


I  1  + 


=  /?-' 


■'f  dx  7  dx  ■ 


=  -f  [sin(7t/{/j?„)]-' 

ro 


^0 _ 

(Po-P) 


fi, 


(28) 


where  -  <  e  <  1.  With  /?£b  >  1,  this  correction  can  be 
neglected  to  give  after  corresponding  summations 


/(  2sinh(fi/?;.g/2)  ((jj, 
2jr  2sm(hpn/2)  V-i 


2sinh(fi^;.i72) 

2sinh(fi/?2i72) 


(29) 


By  use  of  the  Poliak  identities  [12],  the  products  in  (29)  can 
be  related  directly  to  the  dissipation  y,  i.e. 


kjsriT  >  Tg)  =  exp  (-pE^) 

^  (ol  +  irv^  -h  nvy(iw) 
n=i  -(ol  +  tPi/ +  nvy(nv) 

where  v  =  2n/hp,  col  =  F"  (^  =  ^Bdi)’- 


(30) 
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At4eniperatures  T  s  Tb,  the  above  approximation  diverges 
at  T  =  to  proportiohal:to,(jF  —  7s)“‘.  Thus,  near  T  ^  To 
we  miist  account  for  the  nohlinearities  of  the  potential  land¬ 
scape.  Setting  more  accurately-  [23] 

1 

^  (l>{Er)  =  (Eb  -  Er)  —  +  T  (Eb  -  Erf\  r  (Eb)| ,  (31) 

p  z 


and  proceeding  as  above  we  arrive  at 


'^TST  (E  ~  7^)  — 


(Do  $ia{hPnl2) 

W,(2nh\r\y>^ 


^  (Uo  +  nhy  +  rtvy{nv) 
n-i  —(ol  +  n^v^  +  hvy(nv) 


This  latter  form  precisely  equals  the  imaginary  free  energy 
result  [3,  5—9, 14]. 

Conclusions 

By  use  of  the  semiclassical  TST  of  Miller  [24]  and  the 
periodic  orbit  theory  we  managed  to  obtain  from  (9a,  9b, 
11)  all  the  previously  derived  results  for  the  quantum-Kra- 
mers  rale.  This  approach  has  for  all  temperatures  the  same 
common  basis,  i.e.  the  rate  expression  in  (9a).  We  have  thus 
demonstrated  that  the  continuum  limit  of  this  quantum  TST 
precisely  equals  the  dissipative  quantum-Kramers  theory. 
At  high  temperatures  T  >  the  results  approach  up  to 
quantum  corrections  (see  Ref.  [34]),  the  classical  Kramers 
rate  derived  fifty  years  ago  [9,  35],  i.e. 


■exp 


Erfc  W  -  W] 


’  ^Kramers  -  2k  ^  ’  (37) 


+  Olcxpi-poE,)/(PoE,)''^1,  (32) 

X 

where  Erfc(x)  =  27t“'^  j  dy  exp(-y)  =  erfc(— x).  With 

—  <o 

—  cOb  +  vy  (v)  =  a(T—  T^jT'nt  recover  the  known  result 
of  the  imaginary  free  energy  method  [6,  7,  8,  9, 14, 23, 33]. 

At  low  temperatures  T  <.  the  cumulative  reaction 
probability  becomes  with  ^{Et)  >  0  exponentially  small 
and  we  must  treat  the  full  nonlinearity  of  the  potential.  The 
integration  in  (9a)  can  then  be  approximated  by  keeping 
only  the  term  with  n  =  1. 

This  integration  can  be  performed  within  SPA  to  yield  [8b, 
9] 


where  for  zero  memory  friction  ,[35],  y(t)  — >  2y  d(t),  i.e. 
y(ft)  =  y 


The  above  given  results  therefore  generalize  the  classical 
treatment  of  Kramer’s  dissipative  rate  to  the  full  (dissipative) 
quantum  regime  which  extends  from  T  =  0  up  to  room 
temperatures. 

This  work  has  been  supported  by  the  Deutsche  Forschungsge- 
mcinschaft  through  Grant  No.  Ha.  1517/3-1. 


/ctst(T  <  To)  =  Zo-'  (2nfiir(Efl)l)-''^  exp(-Sb/fi)  (33) 
■  1^2  sinh  h  ^co,(E,j)j  j 


where  T'  =  dTjdE.  The  SPA  condition  yields  T{E)  =  hp, 
and  Ep  =  E[7’{£)  =  hp]  denotes  the  corresponding  sta¬ 
tionary  phase  energy.  St,  is  the  dissipative  bounce  action  of 
the  periodic  orbit  with  period  h  P,  i.e. 

hn 

Sb=|4„(T)dT.  (34) 

0 


Upon  noticing  that 


W) 

dE^ 


=  |7’'(E^)|  >  0 


(35) 


we  find  by  use  of  the  identity  in  (21)  the  alternative  expres¬ 
sion,  i.e. 


^tst(7’  <  To)  — 


2Kh)  \ldet'5^Sc|f«,)=f(),/!)/ 


exp(-Sb/fi). 


(36) 
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The  influence  of  a  non-linear  dissipation  mechanism  on  the  dynamics  of  a  particle,  which  performs 
tunneling  through  a  potential  barrier,  is  investigated.  The  particular  dissipation  mechanism  considered 
contains  terms  quadratic  in  the  normal  modes  of  the  heat  bath,  in  addition  to  linear  couplings.  The  non¬ 


linear  terms  are  shown  to  affect 

1.  Introduction 

Quantum  tunneling  is  an  important  physical  phenome¬ 
non  which  occurs  in  an  enormous  variety  of  different  phys¬ 
ical  system  [1-11].  It  is/therefore  not  surprising  that  this 
phenomenon  has  been^studied  extensively  [1-14].  Quite 
early  on  in  the  study  of  tunneling  processes,  it  has  been 
realized  that  the  coupling  to  a  heat  bath  plays  a  crucial  role 
in  the  tunneling  dynamics  [2],  The  coupling’s  action  is  two 
fold:  Firstly,  it  allows  the  tunneling  particle  to  absorb  and 
emit  the  elementary  excitations  of  the  heat  bath,  thereby 
establishing  a  thermal  distribution  in  the  particles  energy. 
Secondly,  the  coupling  also  has  the  effect  of  renormalizing 
the  dynamical  properties  of  the  tunneling  particle. 

With  only  a  few  notable  exceptions  [5,6],  most  of  the 
studies  of  tunneling  dynamics  have  been  restricted  to  con¬ 
sideration  of  a  particle  coupled  to  a  harmonic  heat  bath,  in 
which  the  coupling  is  restricted  to  be  linear  in  the  normal 
modes  of  the  heat  bath  [1—14].  In  such  systems,  the  effect 
of  the  linear  coupling  is  to  coherently  distort  the  thermal 
reservoir  in  the  vicinity  of  the  particle,  thereby  causing  the 
effective  potential  experienced  by  the  particle  to  be  lowered. 
At  low  temperatures,  conservation  of  energy  considerations 
result  in  tunneling  motion  being  forbidden,  unless  the  dis¬ 
tortion  of  the  thermal  reservoir  also  moves  and  accompanies 
the  particle.  The  dressing  of  the  particle  by  the  coherent 
distortion  of  the  thermal  reservoir  results  in  the  tunneling 
rate  being  suppressed,  at  low  temperatures  [2,3,11,12].  As 


the  incoherent  tunneling  rate. 

the  temperature  is  raised,  thermal  excitations  wash  out  the 
coherent  distortion  of  the  thermal  reservoir  thereby  increas¬ 
ing  the  tunneling  rate  [2,12].  Moreover,  the  particle  may 
(infrequently)  absorb  sufficiently  large  numbers  of  thermal 
excitations  of  the  reservoir’s  normal  modes  that  thermally 
assisted  or  activated  hopping  may  occur  [2,12]. 

In  this  manuscript,  we  consider  the  effect  of  including  the 
lowest  order  non-linear  terms  in  the  coupling  of  the  particle 
to  the  heat  bath  on  the  tunneling  dynamics.  In  section  2, 
we  describe  the  model  system  and  in  section  3  we  review 
the  general  formulation  for  the  tunneling  rate.  In  section  4, 
we  calculate  the  tunneling  rate,  and  in  section  5  we  discuss 
the  results. 

2.  The  Model  System 

The  system  is  modeled  by  a  Hamiltonian  containing  three 
terms 

H  =  H^  +  H,  +  (1) 

where  Hp  describes  the  one  dimensional  motion  of  the  par¬ 
ticle  in  a  potential  !'(.]),  and  H,  describes  the  dynamics  of 
the  thermal  reservoir  and  Hp.,  describes  the  coupling  be¬ 
tween  the  particle  and  the  thermal  reservoir  The  Hamil¬ 
tonian  governing  the  particle,  Hp,  is  given 

Hp  =  pyiM  +  V(q),  (2) 
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whbre  p  ahAg  are  the  canonically  conjugate  momentum  and 
coordinate  of  the  particle.  The  Hamiltonian  describing  the 
dhermal  reservoir,  Hf.can  .be  written  as 

Ht  =%  Z’[-ftV2w(d/dXi)^  +  mafllxf']  .  .(3) 

This  describes  a  set  of  Einstein  oscillators  with  frequencies 
(Oi.  the  term  that  couples  the ;particle  with  the  thermal  res¬ 
ervoir  is  written  as  Hp.„  where 

//p.r  =  'L{A,q  X,  +  B,  xf) .  (4) 

This  coupling  contains  the  usual  bi-linear  coupling  between 
the  particles  coordinate  q  and  the  coordinate  of  the  f-th 
Einstein  oscillator,  as  well  as,  the  bi-quadratic  coupling  in 
the  oscillators  coordinates.  The  latter  terms  are  also  quad- 
ratip  in  q,.so  that  in  the  absence  of  asymmetry  in  the  po¬ 
tential  V{q),  the  total  system  of  particle  and  heat  bath  re¬ 
mains  invariant  under  spatial  inversions.  As  we  shall  de¬ 
scribe  later,  the  above  choice  of  non-linearity  in  the  coupling 
to  the  thermal  reservoir  is  the  only  type  which  yields  relevant 
modification^to  the.exponential  part  of  the  tunneling  rale. 
The  interaction  terms, v/hich  couple  the  particle  to  the  ther¬ 
mal  reservoir  also  modify  the  potential  y(q)  experienced  by 
the  particle,  leading  to  an  effective  potential  given  by 

-  yid)  -  I  l/2(A,q)y(mQ>P‘t2B,q^} 

r,  (5) 

+  S  h(o,/2{a+2Biqym0?]''^-l} . 

'  The  first  correction  term  to  Ka(q)  can  be  considered  the 
result  of  displacing  the  i-th  Einstein  oscillator  through  the 
distance  a,  where 

a  =  A,ql(m(oi  Hh  2E,q‘), 

and  the  second  correction  term  is  the  shift  in  zero  point 
energy  of  the  oscillators  due  to  the  change  of  frequency  from 
(Oj  to  a  new  position  dependent  frequency  (u,.j,  where 

<»«,i  =  +  2B,qym . 

Stability  of  the  heat  bath,  in  the  presence  of  a  particle  at  a 
fixed  position  q,  requires  that  B  be  positive  and  in  addition 
the  non-linear  coupling  term  is  an  even  function  of  q,  if  no 
cutoff  on  the  range  of  q  is  to  be  imposed.  It  is  seen  that  the 
effect  of  the  non-linear  coupling  term  is  to  reduce  the  change 
in  potential  produced  by  the  linear  term,  whereas  the  change 
of  potential  due  to  the  zero  point  motion  is  already  of  order 
It  and  is  irrelevant  in  the  calculation  of  the  exponential  terms 
of  the  W.K.B.  tunneling  rate. 

In  the  next  section  we  shall  consider  the  effect  that  the 
coupling  to  the  heat  bath,  has  on  the  tunneling  dynamics  of 


The  effective  potential  V,ii(q)  has  a  metastable  minimum  located  at 
q  =  0  which  defines  the  zero  of  energy,  the  potential  at  the  local 
minimum  has  curvature  of  Mcoq.  The  zero  damping  escape  point 
is  denoted  by  qo 


the  particle.  In  particular,  we  shall  consider  the  case  which 
Veiiiq)  represents  an  asymmetric  potential  with  a  single  met¬ 
astable  local  minimum  located  at  =  0,  of  the  type  shown 
in  Fig.  1.  The  local  curvature  at  the  origin  will  be  denoted 
by  Mcoo.  and  the  point  at  which  the  particle  escapes  from 
the  potential  barrier,  at  zero  damping,  will  be  denoted  by 
90- 

3.  The  Genera!  Formulation 

The  tunneling  rate  can  be  expressed  in  terms  of  the  Feyn¬ 
man  Functional  Integral  Formulation  of  quantum  mechan¬ 
ics  [7].  The  Trace  over  the  normal  mode  coordinates  of  the 
heat  bath  is  performed,  leading  to  an  effective  action  which 
contains  terms  non-local  in  time,  that  represents  the  effect 
of  the  dissipative  coupling  to  the  thermal  reservoir  [7,8]. 
Unlike  the  case  of  linear  coupling,  the  dissipative  term  is 
not  merely  a  quadratic  form  in  q.  After  analytically  contin¬ 
uing  from  real  to  imaginary  times  the  Green’s  function  eval¬ 
uated  in  the  metastable  minimum,  transforms  into  the  par¬ 
tition  function  for  the  metastable  state.  The  partition  func¬ 
tion  is  evaluated  by  expanding  about  the  extremal 
trajectories,  as  in  the  W.  K.B.  or  semi-classical  approxi¬ 
mation  [9, 10].  The  tunneling  rate  is  then  expressed  in  terms 
of  the  imaginary  part  of  the  free  energy  [9].  If  one  further 
assumes  that  only  the  lowest  action  trajectories  make  sig¬ 
nificant  contributions  to  the  partition  function  then,  one 
immediately  obtains  the  lifetime  of  the  metastable  state  in 
terms  of  the  single  bounce  trajectory  [9, 10]. 

We  shall  first  derive  the  effective  action,  including  the 
leading  relevant  terms  appropriate  for  the  non-linear  dissi¬ 
pation,  in  addition  to  the  well-studied  linear  terms  [11  14]. 
Only,  the  leading  exponential  terms  m  the  rate  of  decay  of 
the  metastable  state  will  be  evaluated,  as  they  dominate  the 
properties  of  the  tunneling  rate.  The  exponential  terms  can 
be  expressed  as  the  difference  between  two  smallest  extremal 
values  of  the  action,  and  therefore  can  be  evaluated  varia- 
tionally  [13]. 
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The  coupling  to  thfe^et  of  Knstein.oscillators  which  com¬ 
prises  the  .thermal  reservoir,  yields  terms  in  the  action  of  the 
type 

m  m 
-AfKAmm)  j  ’dt  j 
-r/2  -rn 

•cosh[co|(r/2— |t— t'|)]/sinh(U,T/2 

-  7-/2 

+  Bih/{2mo)i)  I  dtq^(0cothco/772 
-r/2 

r/2  r/2  r/2 

+  B,Af/[4m^(o})  j  dt  I  dt'  |  dt" q^(t)q(t')q(t") 

-r/2  -r/2  -r/2 

•cosh  l0,{T/2  -  It  -  t'|)cosh[co,(r/2  -  |t  -  t'|)3/sinh^a),  r/2 
r/2  r/2 

-  B/(ft/4m^(U?)  j  dt  j  dt' q^{t)q^(t') 

-r/2  -r/2 

■  cosh^  [«»,(7y2  -  It  -  t'|)]/sinh^<u,  r/2 

■b  ... .  (6) 

The  first  term,  can  be  recognized  as  the  effect  of  the  linear 
coupling  at  finite  temperatures  [1 1-14],  when  evaluated  as 
an  integral  over  the  finite  range  of  -  r/2  to  r/2,  where  r  is 
related  to  the  inverse  temperature  via  r  =  It  is  usual 
to  separate  out  the  static  term,  which  renormalizes  the  ef¬ 
fective  potential,  and  the  time  dependent  dissipative  terms. 
The  static'terms  are  then  canceled  by  appropriate  counter 
terms  in  V{q),  so  that  the  r  =  0  value  of  the  effective  po¬ 
tential  Kct((9)  remains  of  a  specific  form  [11].  The  second 
term  in  Eq.  (6),  represents  the  effect  of  the  zero  point  motion 
of  the  Einstein  oscillators  on  the  bi-linear  coupling  term,  it 
merely  produces  a  static  renormalization  of  the  effective  po¬ 
tential  quadratic  in  q.  This  can  be  recognized  as  the  second 
term  in  the  expansion  of  the  second  correction  term  in  Eq. 
(5),  and  in  accordance  with  our  previous  remarks  can  be 
neglected  since  it  is  explicitly  of  order  h.  The  third  term  in 
Eq.  (6)  actually  represents  the  leading  relevant  correction  to 
the  action  due  to  B/,  the  relevant  higher  order  terms  are 
generally  of  the  form  BjiAf.  The  last  term  displayed  repre¬ 
sents  both  the  dissipative  and  static  term  of  order  Bf.  This 
term  is  negligible  as  it  is  proportional  to  /i.  Similarly,  the 
dissipative  and  static  terms  of  order  B"  are  all  negligible, 
^ince  they  are  explicitly  of  order  h. 

Following  Ref.  [11],  we  shall  assume  the  distribution  of 
the  thermal  reservoirs  normal  modes  and  coupling  appro¬ 
priate  for  ohmic  (linear)  dissipation,  we  shall  also  assume 
that  B,  scales  with  cor,  as  suggested  by  the  form  of  Eq.  (5). 
The  dimensionless  ratio  Biqllmco}  will  be  denoted  by  y.  In 
the  following,  we  shall  investigate  the  effect  of  the  dissipative 
part  of  the  action  which  is  of  leading  order  in  y. 

4.  The  Tunneling  Rate 

We  shall  evaluate  the  tunneling  rate  out  of  the  metastable 
minimum  of  the  temperature  independent  effective  potential. 
Fig.  1,  i.e. 

y(a)  =  I'dtfg)  =  Mjl  wl  <j^(l  -  qiqa) .  (7) 

The  calculation  proceeds  by  utilizing  the  ansatz 

q(t)  =  a/(l  —  b  cos  (In  t/T))  (8) 


for  the  bounce  trajectory  [13],  and  the  parameters  a  and  b 
are  to  be  evaluated  variatiohally.  The  physically  acceptable 
values  are  those  where  both  a  and  b  are  real  and  b  lies  in 
the  range  —1  <  h  <  1.  The  variational  procedure  follows 
along  the  lines  of  Ref.  [13].  We  find  that  the  leading  effect 
of  y  is  to  produce  a  term  in  the  exponent  of 

-TiayM(Ooqo{a/qoYl{i  -  h^)MF[(l  -h^)“‘^],  (9a) 

where  F{x)  is  a  positive  definite  function  given  by 

F{x)=  f  [(x-l)/(x-fl)]'/2«'"+''"+'''+'''» 

n,.nj--co  (9b) 

•  {I'h  +  «2l  +  x}  •  (lnil  +  |n2l  -  !n,  Haj/dn,  |  +  jn:!)}  ■ 

For  small  values  of  b,  the  function  F[(l— h^)“'^]  tends 
to  zero  as  11/4  hi  Furthermore  as  b  tends  to,  unity, 
F[(l  -  h^)“'^^]  diverges  to  positive  infinity  as  (1  —b^)~\  An 
analytic  expression  for  F{x)  is  given  in  the  Appendix.  In  the 
above  expression  a  =  ql(2(0(,)  is  the  usual  dimensionless 
coupling  strength  characterizing  the  linear  ohmic  damping 
mechanism  [11-14].  The  non-linear  dissipative  term  given 
in  Eq.  (9),  can  be  compared  to  the  usual  dissipative  contri¬ 
bution 

+  nuMtOoqo  (a/qo)' f>V(l  “  ■  (10) 

Clearly,  for  physically  acceptable  values  of  a  and  b,  the  term 
proportional  to  y  shown  in  Eq.  (9)  has  the  effect  of  reducing 
the  exponential  suppression  of  the  tunneling  rate  due  to  the 
bilinear  coupling,  given  by  Eq.  (10).  Simultaneous  extre- 
malization  of  the  total  action,  with  respect  to  a  and  b,  yields 
a  set  of  coupled  algebraic  equations  which  simplify  when 
written  in  terms  of  the  natural  occurring  variables  [13], 

3-  =  («/go)•(l-h')“’^  (11a) 

and 

jc  =  (l-h^)-'«.  (11b) 

The  equations  take  the  form 
(2nk^Tlhcoof\l2(3x^-l) 

+  ot(2TtkBT/hcoo)2x-ayy^{2TtkBT/hcoo)4F(x)  (12a) 
+ 1  — 3yx  =  0, 
and 

{2nkBTIh0of  x(x^  —  1) 

-f  2a(2TcA'B T/ha)a)(x-  —  1) 

(12b) 

-  4ayy^(2TtkBTIh(Oo)4F(x) 

+  2x-3l2y(3x^-l)  =  0. 

The  simuhaneous  algebraic  equations  posses  a  non-trivial 
solution  for  T  <  Tq,  where  I’o  is  the  cross-over  temperature 
that  does  depend  on  y.  The  corresponding  action  is  analo¬ 
gous  to  Eq.  (5)  with  n  =  1  in  Ref.  [13].  (Nota  bene:  A  factor 
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Table  1 

The  value -of  the  action  S  in  units  of  (itA/coo??),  for  increasing  values  of  a 
and  y 


a 

V 

0 

1 

2 

3 

4 

5 

0.00 

0.1799 

0.5287 

0.9395 

1.3687 

1.8048 

2.2440 

0.05 

0.1799 

0.441 

0.732 

1.035 

1.346 

1.661 

0.10 

0.1799 

0.368 

0.560 

0.754 

0.950 

1.149 

of  Jt  is  missing  from  the  denominator  of  the  left  hand  side.) 
At  zero  temperature  the  simultaneous  equations  can  be  re¬ 
duced  to  the  fifth  order  polynomial  equation, 

5/2M^+2a«-16/9a}’5«{2  — =0 ,  (13) 

where  5  =  4  In  2  -I-  7/24.  The  corresponding  action,  at  zero 
temperature,  is  given  by  substituting  the  solution  for  u  into 
the  expression 


S/inM  coo  qi)  =  1/9  (2  - 

■iu+a-A/9»y5{2-u^)^], 

This  process  yields  the  values  of  the  action  shown  in  Table  1. 
For  zero  strength  oi  the  non-linear  damping  coupling  con¬ 
stant  V,  the  action  can  be  expressed  as 

SlinMcOoqh  =  (4/75)^{l0-t-al/4?+T0-2a^}^ 

_  (15) 

•[3a  +  l/4a^-l-l6]/5. 

As  shown  in  Ref.  [13],  the  variational  approximation  given 
by  Eq.  (15)  differs  by  less  than  6%  from  the  exact  numerical 
value  for  the  action  [14].  This  expression  also  shows  that 
the  action  increases  monotonically  with  increasing  strength 
of  the  linear  dissipation  mechanism.  Table  1  shows  that  the 
presence  of  a  finite  value  for  y  yields  a  reduction  of  the 
exponential  suppression  of  the  tunneling  due  to  the  linear 
dissipation  a.  This  result  is  in  agreement  with  the  physical 
picture  that,  at  low  temperatures,  the  exponential  suppres¬ 
sion  occurs  because  the  particle  tunneling  must  be  associ¬ 
ated  with  a  corresponding  coherent  motion  of  the  distor¬ 
tions  in  the  thermal  reservoir.  The  discussion  following  Eq. 
(5)  makes  it  transparent  that  the  non-linear  coupling  reduces 
the  size  of  the  distortion  and  hence  reduces  the  size  of  the 
exponential  suppression.  At  higher  temperatures  the  action 
is  reduced  until,  at  To,  the  bounce  collapses  onto  the  con¬ 
stant  value  q(t)  =  2/3  qo  corresponding  to  the  maximum  of 
the  potential  Ka(ql  At  this  temperature  the  solution  for  x 
tends  to  unity  and  y  tends  to  2/3.  The  cross-over  tempera¬ 
ture  is  given  by  the  expression 

(2nkBTo/fmo)  =  [Ml -44/97)' -bl -a(l  -44/97).  (16) 

The  cross-over  temperature  is  increased  for  increasing  y,  in 
accordance  with  our  finding  that  the  lowest  order  non-linear 
dissipation  mechanism  under  consideration  leads  to  a  re¬ 
duction  of  the  effective  value  of  the  linear  dissipation 
strength  a. 


5.  Conclusions 

the  bi-quadratic  coupling  between  the  particle  and  the 
thermal  reservoir,  has  been  shown  to  effect  an  increase  in 
the  tunneling  rate,  through  a  reduction  of  the  suppression 
produced  by  the  bi-linear  particle-thermal  reservoir  cou¬ 
pling.  In  the  absence  of  the  bi-linear  coupling  term,  the  bi¬ 
quadratic  term  has  no  effect  on  the  leading  exponential 
terms  of  the  W.K.B.  tunneling  rate.  This  is  in  agreement 
with  earlier  studies  [5,6],  which  show  that  in  such  cases  the 
suppression  of  the  tunneling  rate  still  occurs,  but  only  in  the 
form  ofpre-exponential  factors.  In  fact,  dimensional  analysis 
shows  that  any  perturbative  non-linearity  in  the  heat  bath 
normal  coordinates,  whether  in  the  description  of  anhar- 
monic  normal  modes  by  themselves  or  in  the  coupling  to 
the  particle,  are  irrelevant  as  far  as  the  calculation  of  the 
exponential  term  of  the  W.K.B.  tunneling  rate. 
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Appendix 

The  function  F(x)  expressed  in  Eq.  (9.b)  us  a  summation  can  be 
evaluated  analytically.  The  result  is  given  by  the  expression, 

F{x)  =  l/24(x-4)(7.x’-b343x^+  I81.v-  15) 

±  l/2(4.x2  .-.l)(.v^  - 1)  ln(2.x/(.x  +  1)) 

+  l/2(4x*-3)xl/x^{ln((.x+l)/2) 

+  2ln(l+l/(.x-l)/(x-H))} 

-  l/4(8.v^  +  8.x+l)(.x  +  l)Mn{.v). 

As  X  tends  to  unity,  F(x)  tends  to  zero  as  11/2  (.x- 1),  while  as  x 
tends  to  infinity  F{x)  diverges  as  .x''  (41n2  +  7/24). 
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Semiclassical  and  quantum  mechanical  transition  state  theory  is  reviewed  and  two  new  approaches 
described.  One  is  a  general  implementation  of  a  semiclassical  rate  expression  [Miller,  Faraday  Discuss. 

Chem.  Soc.  62, 40  (1977)]  that  involves  the  “good”  action-angle  variables  associated  with  the  saddle  point 
(i.e.,  transition  state)  of  a  potential  energy  surface.  The  other  is  an  evaluation  of  a  formally  exact  quantum 
expression  for  the  rate  [Miller,  Schwartz,  and  Tromp,  J.  Chem.  Phys.  79, 4889  (1983)]  in  terms  of  Siegert 
eigenvalues  associated  with  the  transition' state.  Siegert  eigenvalues  are  usually  associated  with  scattering 
resonances,  so  their  identification  with  the  saddle  point  of  a  potential  surface,  and  the  expression  for  the 
reaction  rate  in  terms  of  them,  is  quite  an  unexpected  and  novel  development. 


I.  Introduction 

Transition  state  theory  [1]  is  without  a  doubt  the  most 
commonly  used  theory  for  describing  chemical  reaction 
rates  (and  also  rate  processes  in  many  other  fields),  for  both 
unimolecular  and  bimolecular  reactions.  The  purpose  of  this 
paper  is  to  suggest  two  new  transition.state-like  theoretical 
approaches  for  determining  such  rates,  the  first  a  semiclas¬ 
sical  one  and  the  second  fully  quantum  mechanical.  In  order 
to  focus  on  the  basic  theoretical  ideas  which  are  the  subject 
of  the  paper,  all  expressions  below  will  be  written  explicitly 
for  total  angular  momentum  7  =  0;  for  applications  to  real 
molecular  systems  it  is  of  course  necessary  to  carry  out  the 
transition  state  calculation  for  each  value  of  J  separately 
and  then  combine  them  appropriately.  The  remainder  of  the 
Introduction  summarizes  the  basic  notions  of  transition 
state  theory  and  earlier  related  work. 

The  microcanonical  and  canonical  rate  constants  are  both 
conveniently  expressed  in  terms  of  the  cumulative  reaction 
probability  N(E), 

kiE)  =  [2nhQ{E)r'N{E)  (1.1a) 

A'(2’)  =  C2j:fiQ'(7’)]-‘  J  dEc-‘'^N{E),  O-lb) 


to  the  reaction  coordinate  (the  Fth  degree  of  freedom)  which 
separates  reactants  from  products.  If  for  some  states  n,  P„ 
were  to  equal  1,  and  for  all  other  states  equal  to  zero,  then 
N{E)  would  simply  be  the  number  of  states  for  which  the 
transmission  probability  is  unity.  In  general,  therefore,  one 
may  think  qualitatively  of  N(E)  as  the  “number  of  quantum 
states  that  react”,  as  a  function  of  the  total  energy  of  the 
system.  In  the  limit  of  classical  mechanics  N{E)  is  also  pro¬ 
portional  to  the  microcanonical  average  of  the  one-way  flux 
through  the  dividing  surface  [2]. 

The  transmission  probabilities  {?„(£)}  are  thus  the  pri¬ 
mary  objects  which  must  be  calculated,  and  then  Eqs.  (1.2) 
and  (1.1)  give  the  reaction  rates  [3].  The  simplest  approxi¬ 
mation  for  them  is  obtained  by  assuming  that  the  reaction 
coordinate  (mode  F)  is  separable  from  the  (F-l)  modes  of 
the  activated  complex.  In  this  limit 

F„(£)  =  P,a(£-C),  (1.3a) 

where  c*  is  the  energy  eigenvalue  for  state  n  of  the  activated 
complex,  often  approximated  as  harmonic, 

r-i 

£*  («,-!- 1/2),  (1.3b) 


where  E  is  the  total  energy  of  the  molecular  system,  T  the 
temperature  [/}  =  (AT)"’],  q  is  the  density  of  reactant  states 
per  unit  energy,  and  Q,  is  the  reactant  partition  function. 
(k(E)  is  usually  of  more  interest  for  unimolecular  reactions, 
where  it  is  known  as  RRKM  theory,  and  k{T)  typically  of 
more  interest  for  bimoleuilar  reactions.)  The  cumulative  re¬ 
action  probability  is  in  turn  given  by  the  sum  of  tunneling, 
or  transmission  probabilities  over  all  states  n  =  («i,...,«f.i) 
of  the  “activated  complex” 


and  Pi,i(Ef}  is  a  one-dimensional  tunneling  probability, 
often  approximated  by  the  uniform  semiclassieal  expression 

(1.3c) 

where  0(Ei.)  is  the  one-dimensional  WKB  barrier  penetrat¬ 
ing  integral 

0(£f)=  J  dafl/2/H[K(qf)-£f]/fF.  (1.3d) 

l>arrier 


N(E)  =  lP„(E).  (1.2) 

n 

The  activated  complex  is  the  system  of  F-1  degrees  of  free¬ 
dom  (F  is  the  total  number  of  degrees  of  freedom  of  the 
molecular  system)  for  motion  in  the  dividing  surface  normal 


If  the  barrier  potential  V (qp)  is  furthermore  assumed  to  be 
harmonic  (i.e.,  a  parabolic  barrier),  then 


OiEp)  = 


h\(Op\ 


(1.3e) 
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where  Wf  =  is  the  imaginary  barrier  frequency. 

(From  Eqs.  (1.3)  one  can  readily  see  the  general  character¬ 
istic  P„(E)  ^  1  for  Ef  =  E-e*  >  Kq.)  The  totally  har¬ 
monic  limit  of  the  theory  thus  requires  only  a  normal  mode 
analysis  at  the  transition  state  (saddle  point  of  the  potential 
surface)  in  order  to  determine  the  frequencies  (w*), 
k  =  \,...,F,  and  also,  of  course,  the  barrier  height  Vq.  As 
simple  as  this  totally  harmonic  result  is,  it  is  the  general 
basis  for  describing  the  effects  of  dissipation  on  reaction 
rates  (i.e,,  Kramers’  theory)  [4]. 

A  more  rigorous  expression  for  the  transmission  proba¬ 
bilities  is  given  by  the  “instanton”  model  [5],  i.e.,  a  semi¬ 
classical  Theory  that  involves  a  periodic  classical  trajectory 
on  the  upside-down  potential  surface.  In  this  case,  20(E)  is 
the  classical  action  integral  (in  pure  imaginary  time)  for  a 
complete  cycle  about  the  periodic  orbit,  and  {a);i(£)}, 

=  1 , . . . ,  f-1  are  the  stability  frequencies  for  an  infinitesimal 
perturbation  about  the  periodic  orbit.  The  major  advantage 
of  this  theory  is  that  one  need  not  choose  the  reaction  path, 
or  even  the  dividing  surface,  in  some  ad  hoc  manner,  but 
rather  the  full  F-dimensional  (classical)  dynamics  selects  the 
reaction  path  (i.e.,  the  periodic  orbit).  The  transmission 
probabilities  are  given  in  this  theory  by 

P,(£)  =  |l  +  exp  [20(E)  -  20'(£)  hw, (£)  («*  +  l/2)][  ' . 

which  one  sees  is  very  similar  in  structure  to  the  separable 
result  given  by  Eqs.  (1.3a)-(1.3d),  i.e., 

+  exp  [20 (e -  ho)?  (Ht  +  1/2)) j|  '.  (1.5y 

The  primary  differences  arc,  first  of  all,  that  0(£)  in  Eq.  (1.4) 
is  computed  along  the  periodic  orbit  and  not  along  a  sep¬ 
arable  one  dimensional  path  as  in  Eq.  (1.5).  Also,  the  con¬ 
stant  frequencies  {w*}  in  Eq.  (1.5)  are  replaced  in  (1.4)  by 
the  energy-dependent  stability  frequencies  of  the  periodic 
orbit.  And  finally,  the  periodic  orbit  result,  Eq.  (1.4),  inher¬ 
ently  assumes  that  the  energy  in  the  activated  complex  is 
small  compared  to  the  total  energy,  and  the  exponent  in  Eq. 
(1.4)  is  expanded  to  first  order  in  this  energy.  If  the  action 
integral  0(E)  were  a  linear  function  of  £  -  i.e.,  if  the  barrier 
were  assumed  to  be  parabolic,  as  in  Eq.  (1.3e)  —  then  this 
would  not  be  an  approximation,  but  in  general  it  is.  Thus 
the  periodic  orbit  result,  though  clearly  better  in  many  ways 
than  the  separable  approximation,  has  the  defect  that  it  is 
not  correct  in  the  separable  limit  if  the  barrier  is  anharmonic. 

II.  Semiclassical  Transmission  Probabilities  Including 
Anharmonicity 

A  more  rigorous  way  of  including  anharmonicity  into  the 
transition  state  transmission  probabilities  is  based  on  the 
set  of  “good”  action-angle  variables  associated.with  the  sad¬ 
dle  point  on  the  potential  surface  [6].  The  good  action  var¬ 
iables  about  a  saddle  point  are  in  complete  analogy  with 
those  associated  with  a  minimum  on  a  potential  surface.  In 


the  latter  case  one  can  compute  classical  trajectories,  deter¬ 
mine  the  invariant  tori,  calculate  the  topologically  inde¬ 
pendent  action  integrals,  etc.,  in  order  to  determine  them 
[7],  but  this  is  not  possible  for  the  case  of  a  saddle  point 
because  the  trajectories  will  “run  away”.  It  is  necessary  to 
express  the  classical  Hamiltonian  in  terms  of  the  good  action 
variables  by  some  analytic  prescription  [8]. 

The  general  result  of  this  approach  [6] ^begins  with  the 
classical  Hamiltonian  expressed  as  a  function  of  its  “good” 

(i.e.,  conserved)  action  variables,  £(/| . ,/f).  One  of 

these  actions  is  identified  with  the  reaction  coordinate.  If 
say,  and  realized  to  be  imaginary. 

Ip  =  -ihO/n  (2.1a) 

while  the  other  (£-1)  actions  are  quantized  in  the  usual  sem¬ 
iclassical  fashion, 

A  =  (n,  +  l/2)h,  (2.1b) 

The  equation 

£  =  £(«, . np.,.0)  =  E(n.O) ,  (2.2) 

is  then  solved  to  express  0  =  0(n,E)  as  a  function  of  £  and 
the  £-1  quantum  number  n.  The  transmission  probability 
then  has  the  semiclassical  form 

£,(£)  =  [l+c2'’-<^>]-'.  (2.3) 

As  an  elementary  example  of  this  general  prescription,  con¬ 
sider  a  harmonic  saddle  point,  for  which 

r 

E{U . /f)=Ko+EwtA.  (2.4a) 

k  ■ ! 

Making  the  replacements  in  Eq.  (2.1),  with  mp  =  — ilwfl, 
and  solving  Eq.  (2.2)  leads  to 

"  7^  ~ 

i.e.,  Eq.  (1.3e),  the  harmonic  result  discussed  above. 

A  less  trivial  application  of  this  general  prescription  Eqs. 
(2.i)-(2.3)  was  given  recently  [9]  by  using  perturbation  the¬ 
ory  to  include  the  effects  of  cubic  and  quartic  an- 
harmonicities  about  a  saddle  point.  If  {(Ja.},  ^' =  !,...,£ 
denote  the  usual  mass-weighted  normal  mode  coordinates 
at  the  saddle  point  (i.e.,  the  harmonic  potential  is 
Ko  +  S  l/2w|</t),  and 


fk)l  =  [ 

’  d^V  \ 

,dqi  0(/j9<7,  A=o 

(2.5a) 

fkiim  ~ 

/  \ 

[dq  dq,dq,dq„Jq^o 

(2.5b) 
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are  the  cubic  and  quartic  force  constants,  then  the  classical.  V(x)  =  Fo  se'ch^(ax) ,  (2:1  la) 

energy  is  given  in  terms  of  the  good  actions  {/*}  by 

•  which  is  often  used  to  model  anharmonic  barriers.  The  one- 

^  ,  dimensional  WKB  action  integral  for  it  is  given  by 

=  Fo  +  L  ft)r-4  +  I  Xa-44-,  (2.6)  ^  a  -  ^ 


where  the  anharmonic  constants  are  given  in  terms 
of  the  cubic  and  quartic  force  constants, 


0(E)  =  Jt 


(l/Vo-,}/E), 


(2.11b) 


1 

~  16coi 

_  1 
4(0* «( 


\  _  y  /^i(8a)* -3(0j^)' 

(U?(4co*?-co?)  . 


F 

+  E 


2/*ta(wt-+o}?-3co,^) 


-1  [(co*  +  co,)^-(o‘3  [(cok-o),) 


-(Oml.  ’ 


(2.7a) 


(2.7b) 


for  k  /.  With  the  replacements  indicated  by  Eq.  (2.1), 
Eq.  (2.2)  is  a  quadratic  equation  for  0  which  is  readily  solved 
to  give 


Oin.E)  = 
where 


nAE  ( _ 2 _ 

\  1  +  [/I  +4XffA£/(fiQf)2] 


(2.8) 


A£  =  Fo  +  8+  -  £  (2.9a) 

with 

ct  =  E  /i(o*(«*  +  l/2) 

(2.9b) 

f-i 

+  E  fi^x**-(«*  + l/2)(n*-  + 1/2) , 


so  that  the  energy  as  a  function  of  0  is 


£(<?)  = 


Fo- 


Jt  yj  m  \n/  2m 


(2.11c) 


i.e.,  the  energy  is  given  exactly  as  a  quadratic  function  of 
the  action.  One  thus  feels  that  Eq.  (2.6),  and  the  transmission 
probability  that  results  from  it,  can  have  a  useful  range  of 
validity  for  including  the  elTects  of  anharmonicity  of  the 
transition  state. 

Is  it  possible  to  apply  the  general  semiclassical  theory  of 
Eqs.  (2.1)-(2.3)  non-perturbativelyl  The  following  proce¬ 
dure  is  one  scenario.  The  idea  is  to  use  quantum  mechanics 
to  obtain  the  energy  in  terms  of  the  quantum  numbers  (i.e., 
action  variables)  by  diagonalizing  a  Hamiltonian  matrix. 

Thus  suppose  that  the  potential  is  harmonic  plus  cubic 
and  quartic  anharmonic  terms.  One  first  imagines  that  all 
the  frequencies  =  !,...,£  are  real  and  writes  out  the 
simple  (analytic)  matrix  representation  of  the  Hamiltonian, 
in  the  harmonic  oscillator  basis  (where  here  «  and  »' 
denote  F  quantum  numbers).  After  the  matrix  elements  are 
calculated,  one  makes  the  replacement 

(Of  —*  -ilcufl , 


and 

f.i 

hQy  =  hwf  -  E  h^Xjtf(«*-H/2),  (2.10a) 

with 

Wp  =  icuf  =  |((j/.| ,  (2.10b) 

x*f=-ix*f,  (2.10c) 

(x*f  is  real).  Eqs.  (2.8)-(2.10)  incorporate  anharmonicity  in 
the  energy  levels  of  the  activated  complex  (cf.  Eq.  (2.9  b)), 
anharmonicity  in  the  reaction  coordinate  itself  (via  x**  ),  and 
coupling  between  the  reaction  coordinate  and  modes  of  the 
activated  complex  (i.e.,  reaction  path  curvature)  through  the 
anharmonic  constants  x*f  in  Eq.  (2.10a). 

It  is  useful  to  note  that  having  the  energy  to  quadratic 
order  in  the  actions,  Eq.  (2.6),  can  describe  anharmonic  ef¬ 
fects  quite  realistically.  Morse  oscillator  vibrational  eigen¬ 
values,  for  example,  are  given  exactly  through  second  order 
in  (n  -1  1/2).  Also,  consider  the  popular  Eckart  potential  bar 
rler 


whereby  the  matrix  H„,„-  becomes  complex  symmetric.  Di¬ 
agonalizing  it  thus  gives  compiex  eigenvalues,  i.e.,  the  com¬ 
plex  energies  that  would  result  in  the  perturbation  expres¬ 
sion  Eq.  (2.6)  if  all  the  actions  were  replaced  by  4  =  Oh  + 
l/2)/i,/:=l . F.  That  is,  when  diagonalizing  a  Hamilto¬ 

nian  matrix  to  obtain  eigenvalues  —  the  non-perturbative 
quantum  mechanical  procedure  —  all  the  actions  have  “au¬ 
tomatically”  been  set  to  their  quantum  values,  i.e.,  (half- 
integers)x/i.  To  apply  Eqs.  (2.1)-(2.3),  therefore,  it  is  nec¬ 
essary  to  Jit  these  numerically  obtained  eigenvalues  to  an 
analytic  function  of  the  quantum  numbers,  such  as  Eq.  (2.6) 
or  possibly  a  more  general  function,  e.g.,  a  Fade  approxi- 
mant.  Once  the  analytic  function  £(«)  is  determined,  one 
can  then  make  the  replacement  Eq.  (2.1a),  solve  Eq.  (2.2) 
and  obtain  the  transmission  probability  via  Eq.  (2.3). 

III.  A  Fully  Quantum  Rate  Expression 

The  diiCUision  at  the  end  of  the  previous  section  describes 
a  quantum  wict/iumcu/  calculational  procedure  (diagonaliz 
ing  a  particular  complex  symmetric  Hamiltonian  matrix), 
the  result  of  which  is  then  used  in  a  sc/Hic/ussicu/  theory. 
This  seems  wasteful;  i.e.,  after  one  has  done  a  quantum 
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calculation,  one,would  like  to  be  able  to  determine  the  rate 
fully  quantum  mechanically. 

This  is  possible  by  realizing  that  the  complex  eigenvalues 
discussed  at  the  end  of  Section  II  are  the  Siegert  eigenvalues 
[10]  of,  the  system.  This  is  clear  when  one  considers  the 
boundary  conditions  satisfied  by  the  corresponding  eigen¬ 
functions.  For  modes  k  =  1,...,F-Tthe  harmonic  oscillator 
functions  have  real  frequencies  so  that  the  eigenfunctions 
will  decay  in  these  coordinates  in  the  usual  fashion.  For 
mode  F,  though,  with  (Of  =  — i|cof  |,  the  harmonic  oscillator 
functions  have  the  form 

~  exp(i|C0f|g^/2/i)  •  ,  (3.1) 


Miller,  Schwartz,  and  Tromp  [13].  Thus  the  canonical  rate 
constant  is  given  by 

k(T).=  Qr'ldtQ{t),  {3.5a) 

0 

where  the  flux  correlation  function  is 

Cf(J)  =  tr[e'"'"‘  e’'""*F]  ,  (3.5b) 

where  Fis  the  flux-through-the-surface  operator.  Use  of  Eq. 
(3.4)  in  (3.5b)  (and  some  straightforward  manipulation)  give 
the  flux  correlation  function  as 


where  /f  is  a  polynomial  in  qp.  This  function  is  an  outgoing 
wave  in  both  directions  qF-t±co  i.e.,  the  Siegert  boundary 
condition.  ,  . 

As  has  been  used  recently  in  quantum  reactive  scattering 
theory  [11],  though,  an  outgoing  wave  basis  set  is  what  is 
necessary  to  construct  a  finite  basis  set  representation  of  the 
Green’s  function  G*{E)  (provided  one  is  interested  in  matrix 
elements  of  G"*"  between  short-range  states).  Thus  if  {£/}, 
{’/’((?)}*  ^  =  If"  are  the  complex  eigenvalues  (ImEj  <  0)  and 
corresponding  eigenfunctions  that  result  from  the  calcula¬ 
tion  described  at  the  send  of  Section  II,  then  one  has  the 
approximation  [11] 

(3.2) 


which  becomes  exact  in  the  limit  of  a  complete  basis.  (Note 
that  there  is  no  complex  conjugation  of  the  wavefunction  in 
the  bra  symbol.)  The  microcanonical  density  operator  is 
then  given  by  [12] 

5(£-H)  =  --^-ImG+(£) 

7t 


Cf(t)  =  -  S  <v>i*|F| e-/i(E,+£f)/2 QiHEt-E,yh  _ 

Since  Im(£it-E|)>0,  this  correlation  function  decays  ex¬ 
ponentially  as  I— » 00,  the  correct  behavior  (which  has  not 
been  obtained  in  previous  basi..  set  calculations  of  this  cor¬ 
relation  function  [13,14]).  With  Eq.  (3.6),  the  time  integral 
in  Eq.  {3.5  a)  can  be  readily  carried  out,  giving 

k(T)  =  -^  Im  S  {<rpmv>>f  e-'''"‘-""''^V(Eif-  £,) .  (3.7) 
Ur 


One  can  similarly  use  Eq.  (3.3)  to  evaluate  the  flux  expres¬ 
sion  for  the  cumulative  reaction  probability  N(E), 

NiE)  =  y  (27tfi)^  tr[F5{£-H)£5(£-//)]  .  (3.8) 


The  result  of  this  calculation  is 


N(E)  =  h-ReS 
»./■ 


<KIF|ip,>^ 

(£-£?)(£-£,) 


<yi-|F|yi>^ 

(£-£,)(£-£,)  • 

(3.9) 


= -^(Gn£)-G-(£))  (3.3) 

Lfy  iv’')  <’/’'!  _  MIM-I 

2jii  L '  E-E,  £-£f  J' 

Since  the  time  evolution  operator  can  be  expressed  as 

CO 

f  d£e-^'/*5(£-/f),  (3.4a) 

—  CO 

use  of  Eq.  (3.3)  in  (3.4a)  -  and  noting  that  fm£i<0, 
Im£/*>  0  —  and  evaluating  the  integral  over  £  by  closing 
the  contour  in  the  lower  half  plane,  gives  (for  t  >  0) 

Q-unih  ^  2  .  (3.4b) 

Eqs.  (3.3)  and  (3.4)  make  it  possible  to  carry  out  a  direct 
evaluation  of  the  exact  quantum  rate  expressions  given  by 


It  remains  to  apply  Eqs.  (3.7)  and  (3.9)  and  test  their  ease 
of  use,  generality,  and  efficiency  (i.e.,  how  rapidly  conver¬ 
gence  is  achieved  with  increasing  size  of  basis  set).  It  is  nev¬ 
ertheless  interesting  to  see  how  these  formally  exact  quan¬ 
tum  rate  expressions  can  be  written  in  terms  of  the  Siegert 
eigenvalues  (and  eigenfunctions)  which  are  related  to  the 
transition  state.  Siegert  eigenvalues  usually  are  discussed 
only  with  regard  to  scattering  resonances  [10],  for  which 
the  imaginary  parts  of  the  eigenvalues  are  small.  Here,  on 
the  other  hand,  the  imaginary  parts  are  large  —  e.g.,  for  a 
parabolic  saddle  point 

Im£„  =  -/ilWf)(Hf  Hhl/2) 

%  =  0,1,2,...  —  and  have  nothing  to  do  with  resonances. 
This  appears  to  be  a  totally  new  context  for  these  quantities. 

This  work  has  been  supported  by  the  Director,  Office  of  Energy 
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AC03-76SF00098. 


G.  A.  Voth;  A  Feynman  Path  Integral  Approach-for  Calculating  Quantum  Rate  Constants  etc. 


393 


JReferences 

[1]  (a)  P.  Pech'ukas,  in:  Dynamics  of  Molecular  Collisions^  (Vol. 
2,  p.  269  oj  Modern  Theoretical  Chemistry),  ed.  W.  H.  Miller, 
Plenum  1976;  (b)  D.  G.  Truhlar,  W.  L.  Hase,  and  J.  T.  Hynes, 
J.  Phys.  Chem.  87,  2664  (1983). 

[2]  See,  for  example,  W.  H.  Miller,  J.  Chem.  Phys.  65, 2216  (1976). 

[3]  As  an  aside,  it  is  also  interesting  to  note  that' the  tunneling 
transmission  probabilities  are  also  central  for  determining  the 
probability  distribution  of  state-specific  uiiimolecular  rates. 
I.e.,  k{E)  is  the  average  rate  for  energy  E,  'but' various  indi¬ 
vidual  quantum  states  (all  with  essentially  the  same  energy  £) 
can  have  widely  disparate  rates.  This  distribution  is  given  by 

P(*)  =  (2n)-'  J  d(c‘‘'n[l+2itP,(£)/27t0(£)]-'/'. 

—00  " 

See  W.  H.  Miller,  R.  Hernandez,  C.  B.  Moore,  and  W.  F. 
Polik,  J.  Chem.  Phys.  93, 5657  (1990). 

[4]  E.  Poliak,  J.  Chem.  Phys.  85,  865  (1986);  Phys.  Rev.  A  33, 
4244  (1986). 

[5]  (a)  W.  H.  Miller,  J.  Chem.  Rhys.  62,  1899  (1975);  (b)  C.  G. 
Callan  and  S.  Coleman,  Phys.  Rev.  D  16,  1762  (1977);  (c)  P. 
Hanggi,  P.  Talkner,  and  M.  Borkovec,  Rev.  Mod.  Phys.  62, 
251  (1990). 


[6]  W.  H.  Miller,  Faraday  Discuss.  Chem.  Soc.  62,  40  (1977). 

[7]  See,  for  example,  I.  C.  Percival,  Adv.  Chem.  Phys.  36, 1  (1977). 

[8]  S.  Chapman,  B.  C.  Garett,  and  W.  H.  Miller,  J.  Chem.  Phys. 
64,  502  (1976). 

[9]  W.  H.  Miller,  R.  Hernandez,  N.  C.  Handy,  D.  Jayatilaka,  and 
A.  Willetts,  Chem.  Phys.  Lett.  i72,  62  (1990). 

[10]  (a)  A.  J.  F.  Siegert,  Phys.  Rev.  56,  750  (1939);  (b)  See  also,  A. 
D.  Isaacson,  C.  W.  McCurdy,  and  W.  H.  Miller,  Chem.  Phys. 
34,  311  (1978). 

[1 1]  W.  H.  Miller  and  B.  M.  D.  D.  Jansen  op  de  Haar,  J.  Chem. 
Phys.  86,  6213  (1987). 

[12]  See,  for  example,  R.  G.  Newton,  Scattering  Theory  of  Waves 
and  Particles,  p.  176  et  scq.,  Springer-Verlag  1982. 

[13]  W.  H.  Miller,  S.  D.  Schwartz,  and  J.  W.  Tromp,  J.  Chem. 
Phys.  79, 4889  (1983). 

[14]  (a)  R.  E.  Wyatt,  Chem.  Phys.  Lett.  i2i,  301  (1985);  (b)  T.  J. 
Park  and  J.  C.  Light,  J.  Chem.  Phys.  85,  Sm  (1986);  88, 4897 
(1988);  91, 974  (1989). 

Presented  at  the  Discussion  Meeting  of  the  E  7514 

Deutsche  Bunscn-Gescllschaft  fur  Physi- 
kalische  Chemie  "Rate  Processes  in  Dis¬ 
sipative  Systems:  50  Years  after  Kramers” 
in  Tutzing,  September  10—13, 1990 


A  Feynman  Path  Integral  Approach  for  Calculating  Quantum  Rate  Constants 

in  Complex  Systems 

Gregory  A.  Voth 

Department  of  Chemistry,  University  of  Pennsylvania,  Philadelphia,  Pennsylvania,  19104-6323,  USA 


Chemical  Kinetics  /  Methods  and  Systems  /  Quantum  Mechanics  /  Statistical  Mechanics 

A  theoretical  framework  is  discussed  in  which  imaginary  time  Feynman  path  integration  is  adapted  to 
define  a  quantum  mechanical  free  energy  for  activated  rate  processes.  Recently  developed  variational 
theories  for  the  estimation  of  this  factor,  as  well  as  the  quantum  dynamical  corrections  to  the  rate  constant, 

arc  also  discussed. 


I,  Introduction 

Voth,  Chandler,  and  Miller  [1]  (VCM)  have  presented  an 
analysis  of  thermally  activated  rate  processes  that  has  ex¬ 
tended  several  aspects  of  the  classical  description  of  such 
processes  into  the  quantum  regime.  As  an  outgrowth  of  their 
analysis,  VCM  have  argued  [1]  that  the  exact  quantum 
mechanical  rate  constant  k  for  a  general  activated  process 
can  be  sensibly  written  in  a  way  similar  to  the  classical 
theory  as  [1] 

^  =  K;^exp(-)?/'*),  (1) 

where  /?  equals  1/A'b7,2a  is  the  quantum  reactant  partition 
function,  k  is  a  correction  factor  of  order  unity,  and  the 
quantum  free  energy,  of  activation  is  given  by 

F*  =  -Ab  T  In [Q*/(m,2nh^P)'  ‘]  .  (2) 

In  Eq.  (2),  Q*  is  the  equilibrium  “path  centroid  density” 
[1,2],  defined  as  the  constrained  imaginary  time  Feynman 
path  integral  [3] 


Q*  =  J— I  Dx{t)  Dq{T)5{q*  -  r/o)  ,  (3) 

where  q(x)  is  the  reaction  coordinate  which  has  a  transition 
state  value  of  q*,  the  vector  ar(T)  constants  the  nonreactive 
"bath”  degrees  of  freedom,  and  S[q(T),A:(T)]  is  the  imaginary 
time  action  functional  [1—3].  The  quantity  qo  in  Eq.  (3)  is 
the  centroid  of  each  reaction  coordinate  quantum  path  q{x) 
and  is  given  by  [1,2] 

1  hP 

3.  =  ^  I  draw.  (4) 

A  quantum  transition  state  theory  may  be  readily  defined 
from  Eq.  (1)  by  approximating  k  to  have  a  value  of  unity 
[1].  Such  a  theory  has  considerable  potential  for  applica¬ 
tions  to  many  different  physical  problems  because,  in  the 
spirit  of  classical  transition  state  theory  [4],  no  explicit 
quantum  dynamical  information  is  required  to  estimate  the 
rate  constant  [1].  Additionally,  the  central  quantity  Q*  in 
Eqs.  (1)  (3)  (the  centroid  density )  can  be  directly  calculated 
[1]  from  imaginary  time  path  integral  Monte  Carlo  tech¬ 
niques  [5].  In  fact,  Eq.  (1)  has  been  successfully  employed 
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for,  a  number  of  problems,  [1 , 6, 7]  and  methods  to  determine 
the.dynamical  correction  factor  to  Eq.  (1)  (either  exactly  or 
approximately)  have  also  been  proposed  [1,8,9]. 

The  justification  of  the  quantum  rate  equation  in  Eq.  (8) 
may  be  pursued  from  three  complementary  points  of  view 
[1]:  The  first  approach  relates  the  centroid  density  [Eq.  (3)] 
to  the  expressions  for  the  quantum  rate  constant  for  the 
multidimensional  parabolic  barrier  model  [10-12].  In  that 
case,  Eq.  (1)  is  exact  provided  k  is  taken  to  be  the  Grote- 
Hynes  generalization  of  the  Kramers  dynamical  correction 
factor.[l,4,9].  Although  the  usual  quantum  parabolic  bar¬ 
rier  model  [10—12]  exhibits  a  pathological  divergence  for 
temperatures  such  that  k  2jt  (where  is  the  mag¬ 
nitude  of  the  true  multidimensional  parabolic  barrier  fre¬ 
quency  [11,12]),  that  model  can  be  extended  to  calculate 
the  centroid  density  for  realistic  potentials  at  low  temper¬ 
atures  via  a  variational  principle  [1], 

The  second  justification  [1,2]  of  Eq.  (1)  relates  the  cen¬ 
troid  density  to  the  low  temperature  “instanton”  expression 
[4,13]  for  quantum  rate  processes  which  are  dominated  by 
tunneling.  In  that  case,  k  is  again  close  to  unity  and  its 
explicit  derivation  is  discussed  in  Ref.  [1].  The  latter  semi- 
classical  analysis,  although  more  general,  gives  the  same 
result  as  Gillan’s  insightful  low  temperature  path  integral 
centroid  density  analysis  of  a  double  well  potential  coupled 
linearly  to  a  classical  bath  of  harmonic  oscillators  [2]. 

The  third,  and  probably  most  rigorous,  justification  of  the 
quantum  rate  formula  in  Eq.  (1)  is  closely  related  to  the 
method  for  calculating  quantum  rate  constants  put  forth  in 
Ref.  [1].  In  that  paper,  a  procedure  was  outlined  which 
facilitates  the  efficient  sampling  of  activated  quantum  dy¬ 
namics.  In  the  case  of  such  dynamics,  the  reactive  “events” 
which  take  the  system  from  reactants  to  products  are  quite 
rare  because  of  the  potential  energy  barrier  separating  the 
two  stable  states.  In  classical  mechanics,  of  course,  the  prob¬ 
ability  of  barrier  crossing  is  essentially  given  by  the  free 
energy  of  activation.  The  analogous  quantum  mechanical 
quantity  was  argued  in  Ref.  [1]  to  be  the  centroid  density 
in  Eq.  (3)  by  noting  that  it  is,  in  fact,  the  underlying  factor 
in  the  complex  dynamical  weighting  functional  which  dom¬ 
inates  the  overall  value  of  the  rate  constant.  The  sampling 
of  the  quantum  reactive  dynamics  in  thereby  greatly  facili¬ 
tated  by  constraining  the  centroid  of  the  thermal  quantum 
paths  to  be  in  the  region  of  the  classical  transition  state  [1]. 
In  a  sense,  the  centroid  constraint  defines  the  appropriate 
quantum  “activated  complex”  in  the  path  integral  language, 
while  at  the  same  time  allowing  for  the  delocalized  nature 
of  the  quantum  dynamics. 

In  the  present  paper,  two  aspects  of  the  quantum  rate 
constant  formula  in  Eq.  (1)  will  be  explored.  In  Sec.  II,  a 
variational  theory  for  the  quantum  activation  factor 
exp(— )5/=?)  will  be  outlined  which  maps  the  realistic  prob¬ 
lem  of  a  nonlinear  reaction  coordinate  barrier  potential  cou¬ 
pled  to  a  linearly  responding  medium  into  a  simple  separable 
parabolic  barrier  reaction  coordinate.  A  particularly  useful 
limiting  form  of  this  equation  will  also  be  derived.  In  Sec. 
Ill,  the  problem  of  the  quantum  dynamical  correction  factor 
will  be  addressed  by  virtue  of  a  multidimensional  parabolic 


model  and  a  similar  variational  technique  [9].  This  analysis 
of  the  dynamical  correction  is  in  the  same  spirit  as  the  clas¬ 
sical  Kramers/Grote-Hynes  theory,  [4,14]  particularly  as 
re-formulated  by  Poliak  [11,12].  Concluding  remarks  are 
the  given  in  Sec.  IV. 

U.  A  Variational  Effective  Barrier  Model  for  the  Centroid 

Density 

In  order  to  calculate  the  quantum  activation  factor  in  Eq. 
(1),  one  must  evaluate  the  constrained  Feynman  path  inte¬ 
gral  (or  centroid  density)  in  Eq.  (3).  As  a  complementary 
and  insightful  approach  to  the  direct  numerical  calculation 
of  Eq.  (3)  [1]  by  path  integral  Monte  Carlo  [5],  approxi¬ 
mate  analytical  approaches  may  also  be  pursued  (see,  e.g.. 
Ref.  [1]  for  one  possible  variational  extension  of  the  para¬ 
bolic  barrier  model).  Most  activated  rate  problems  [4]  are 
well  described  by  an  imaginary  time  action  in  Eq.  (3)  given 
by 


SLq(r),x{t)-] 


J  dT|-yq(T)^-l-  V,lq{xJ] 

+  f'«x[(l(T),.v(T)]|, 


(5) 


where  K  [^(t)]  is  the  nonlinear  potential  along  the  reaction 
coordinate  q,  and  [q(T),  .v(t)]  is  the  potential  energy  term 
which  contains  both  the  potential  for  the  bath  coordinates 
X,  and  the  couplings  between  the  reaction  coordinate  and 
the  bath. 

For  an  environment  which  is  well  described  by  linear 
response  theory,  it  is  now  well  known  that  the  bath  can  be 
represented  by  an  effective  set  of  harmonic  oscillators  cou¬ 
pled  linearly  to  the  reaction  coordinate  [4, 15].  Specifically, 
this  physical  situation  is  accounted  for  in  Eq.  (5)  via  the 
potential  term 

Kxiq.x)  =  Z  111, wf  (.\-|  +  ■  ---rq)  .  (6) 

In  the  above  equation,  /«,  and  w,  are,  respectively,  the  mass 
and  frequency  of  bath  oscillator  i,  while  t,  is  its  coupling 
constant  to  the  reaction  coordinate  q.  This  model  is  also 
based  on  the  assumption  that  the  reaction  coordinate  po¬ 
tential  r,(i])  in  Eq.  (5)  is  “renormalized”  so  as  to  contain  the 
equilibrium  averaged  contributions  from  the  interactions 
with  the  bath  fi.e.,  Ii(i/)  is  a  potential  of  mean  force  [16]]. 
The  bath  potential  term  contained  in  Eq.  (6)  therefore  rep¬ 
resents  a  Gaussian  model  for  the  fluctuations  of  the  forces 
on  the  reaction  coordinate  about  a  mean  value  of  zero.  The 
fluctuating  external  force  on  the  reaction  coordinate  at  q* 
in  this  model  has  the  form 


where  the  quantity  x,  is  the  equilibrium  value  of  the  coor¬ 
dinate  A,  when  the  effective  bath  is  in  equilibrium,  but  still 
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coupled  to  the  reaction  coordinate  with  a  fixed  value  of  q*. 
It  has  been  frequently  argued  that  the  influence  of  most 
realistic  environments  on  rate  processes  can  be  modeled  by 
choosing  an  effective-set  of  harmonic  bath  oscillators  with 
an  appropriate  spectral  density  [15]. 

The  path  integration  in  Eq.  (3)  can  be  simplified  by  first 
“integrating  out”  the  bath  coordinates  in  the  usual  way 
[3,15jl7]  to  give  the  expression  for  the  centroid  density 

Q*  -  Sba,hJ-l  Dqi'c)Hq*-qo)cxp{-SMmQ  ,  (8) 

where  gbaih  is  the  partition  function  for  the  bath  in  the  ab¬ 
sence  of  coupling  to  the  reaction  coordinate,  and  the  effec¬ 
tive  path  integral  action  functional  is  given  by, 

ScrC^W]  =  T  K,[q(T)]| 

0  I 

hp  an 

-  j  dr  J  dT'a(|T-T'|)q(T)^(T'). 

0  —00 

In  Eq.  (9),  the  potential  F,  {q)  is  the  modified  potential 

and  a(|Tj)  is  the  kernel  of  the  imaginary  time  influence  func¬ 
tional  [3,15,17],  given  by 

«(l^l)  =  J  doj  J(co)  exp(-mlTl) .  (11) 

in  0 


potential  to  maximize  the  right-hand-side  of  Eq.  (13).  There¬ 
fore,  the  challenge  in  such  as  theory  is  to  pick  an  accurate 
and  conceptually  useful  reference  action.  (For  one  possible 
approach,  see  Ref.  [1]). 

A  very  simple  approach  is  to  first  simplify  the  inequality 
in  Eq.  (13)  by  invoking  the  linear  response  approximation 
for  the  bath  [cf.  Eqs.  (8)-(12)]  and  to  then-employ  the 
effective  reference  action 

w  r,,,  1  1 

5dT.o[^(T)]=  |dT|Y4(T)^-l-  Vo--m6}Uq-q*?j-  (14) 

The  potential  of  mean  force  in  the  reference  action  is  taken 
to  be  simple  parabolic  barrier  with  a  variationally  adjustable 
parameter  cSh  (i.e.,  the  square  of  the  unstable  barrier  fre¬ 
quency).  It  is  important  to  note  that  in  this  simple  reference 
action  there  is  no  influence  functional  [Eqs.  (9)  and  (11)]  so 
that  both  the  nonlinearity  of  the  reaction  coordinate  poten¬ 
tial  K,[g(T)]  and  the  influence  of  the  linear  dissipation  are 
treated  in  Eq.  (14)  by  the  single  variational  parameter  (0?. 

The  evaluation  of  the  inequality  in  Eq.  (13)  and  the  sub¬ 
sequent  derivation  of  the  variational  equation  for  wl  is  fa¬ 
cilitated  by  first  re-expressing  the  reaction  coordinate  po¬ 
tential  K,[(/(t)]  in  terms  of  its  Fourier  transform  K,(/r): 

Kik)  exp[i/:g(T)]  .  (15) 

2ll  —CO 

The  average  <AS>f  in  Eq.  (13)  is  now  readily  accomplished 
by  Fourier  path  integration  [1,3,5]  wherein  the  quantum 
paths  q(T)  are  represented  by 


The  spectral  density  of  the  bath  J((o)  in  Eq.  (11)  is  given 
explicitly  in  the  linear  model  [Eq.  (6)]  by  the  expression 
[15] 

V  2 

J(a))  =  —  E  d(a)  -  Wi) .  (12) 

2  (=1  »i(CO( 

At  this  point,  the  problem  of  computing  the  quantum  ac¬ 
tivation  factor  in  Eq.  (1)  via  the  centroid  density  [Eq.  (3)] 
has  been  greatly  simplified  by  the  linear  response  approxi¬ 
mation  for  the  bath.  However,  the  exact  analytic  evaluation 
of  the  effective  path  integral  in  Eq.  (8)  remains  a  daunting 
task  for  a  realistic  reaction  coordinate  potential  K[q(T)].  It 
is  therefore  advantageous  from  a  computational,  as  well  as 
conceptual,  point  of  view  to  employ  a  variational  theory. 
Such  a  theory  is  possible  because  of  the  rigorous  inequality 
for  the  centroid  density  [1,18] 


q(r)=  E  q„exp(if2„T);  q-n-q*, 


(16) 


and  Q„  equals  Inn/hp.  The  result  of  this  path  integration 
for  2o*  exp(-<AS>J//i)  is 


go*exp(-<AS>o7h)  =  (m/lnh^py^  gbaih 

t 

'y 

where  the  effective  potential  lenlWb.q*)  is  given  by 

Fcn(c)b,(Z*)  =  77r=^  J  d(/F,(q  +  q*)exp(-<iV2A(j2) 

yinAq-  -=0 

y  Q„n{Q„)lm  +  d}l 
P(Q}-c5l)  • 


(17) 


(18) 


2*>eo*exp(-<AS>o*/h).  (13) 

where  is  the  centroid  density  for  some  reference  action 
So,  AS  is  the  difference  between  the  actual  and  reference 
actions,  and  <"->o  denotes  path  integral  averaging  in  the 
reference  system  with  the  path  centroids  constrained  to  be 
at  q*.  A  variational  theory  for  the  reference  system  may  then 
be  defined  by  optimizing  the  parameters  of  the  reference 


The  width  factor  Aq^  in  Eq.  (18)  is  also  dependent  on  Wb 
and  is  given  by 


Aq^ 


2  ^  1 
“  Pm  122 -wg  • 


(19) 


The  other  important  quantity  in  Eq.  (18)  is  (z)  which  is  the 
Laplace  transform  of  the  t/ussitu/  autocorrelation  function 
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of  the  environmental  force  fluctuatjohs  6Fex,(t).on  the  re¬ 
action- coordinate  at  the  transition  state.  The  transform  dti 
this;case  is  evaluated  at  z  =  Q„  and  is  explicitly  given  by 


fUz).  =  :iS  I-.d£.e-^‘  <5Fex.(£)  5F„,(0)>,.  '(20) 

0 

where  <■••>,•  denotes  classical  Boltzmann  averaging  over 
bath  variables  which  are  equilibrated  with  the  reaction  co¬ 
ordinate  fixed  at  q*. 

The  optimal  variational  parameter  cOb  for  use  in  Eq.  (17) 
is  obtained  by  maximizing  the  right-hand-side  of  Eq.  (13) 
with  respect  to-  c5^  The  resulting  transcendental  equation  is 


mcbl 


■  J  dqV^(q  +  q*)&\p{-q^/2Aq^). 


The  utility  of  the  latter  equations  lies  in  the  fact  that  only 
classical  equilibrium  properties  are  required  for  the  evalu¬ 
ation  of  the  quantum  rate  constant. 

The  accuracy  of  these  variational  equations  may  be  tested 
on  a  model  problem  of  an  infinite  harmonic  bath  [cf.  Eq. 
(6)]  coupled  to  a  reaction  coordinate  with  an  Eckart  barrier 
potential  [19].  The  bath  in  this  model  is  characterized  by  a 
classical  friction  of  the  form 


mml 


>1-1  (fl^-(5g)^  1 

y  ]/2nAq^ 

n-l  (f2„^-COb)^ 


■  J  dqV“{q  +  q*)QXp(-qy2Aq% 


—  00 


q(t)  =  q(0)  exp(-tAci) ,  (25) 

where  the  timescale  of  the  classical  friction  fo  equals  . 
(21)  (Here,  is  roughly  the  timescale  for  a  classical  particle 
to  fall  off  of  the  Eckart  barrier  in  the  absence  of  coupling 
to  the  bath).  The  quantity  which  was  calculated  is  the  ratio 
of  the  quantum  to  classical  activation  factors,  given  by 


where  kj''("')  denotes  the  second  derivative  of  the  nonlinear 
potential  of  mean  force  along  the  reaction  coordinate.  The 
above  equation  can  be  efficiently  solved  by  an  iterative  pro¬ 
cedure  on  a  computer.  It  is  also  important  to  note  that  the 
classical  friction  and  the  potential  of  mean  force  along  the 
reaction  coordinate  are  the  only  quantities  required  to  solve 
Eq.  (21)  and  hence  to  estimate  the  quantum  rate  constant 
from  Eq.  (1).  In  general,  a  positive  classical  friction  leads  to 
a  lower  effective  barrier  frequency  in  Eq.  (21)  than  one  would 
obtain  in  the  absence  of  friction.  Stated  differently,  tunneling 
dynamics  in  the  presence  of  dissipation  is  equivalent  in  the 
present  theory  to  the  simple  tunneling  of  a  particle  through 
a  broader  potential  barrier. 

For  many  realistic  physical  situations  (e.g.,  intramolecular 
proton  transfer  in  polar  solvents),  the  timescale  of  the 
classical  friction  t](t)  is  considerably  longer  than  the  time- 
scale  for  the  quantum  particle  along  the  reaction  coordinate. 
In  this  case,  a  considerable  simplification  of  Eqs.  (18)  and 
(21)  results..  This  simplification  arises  due  to  the  limiting 
expression. 


=  X  f2„j;(0)Jdte 

0  Id— «.  0 


=  ';(0). 


(22) 


where  >;(0)  is  the  value  of  the  classical  friction  at  t  =  0. 
Eq.  (18)  then  simplifies  to 


Fc(r(Wb.<Z*)  «  ^  ‘^9C*'r(<Z  +  <I*) 

yinaq  -<» 

-  f^'(</  +  «*)AgV2]exp(-qV2Aq^). 


(23) 


Additionally,  the  transcendental  equation  for  the  variational 
parameter  ail  simplifies  to 


fa  =  e-'’^7e-/”\  (26) 

where  Kq  is  the  height  of  the  potential  barrier  at  the  tran¬ 
sition  state  {q  =  q*).  This  ratio  was  determined  for  various 
values  of  t}(0)  (shown  in  fractions  of  wm^cj).  In  Fig.  1,  the 
results  for  are  plotted  from  a  full  path  integral  Monte 
Carlo  calculation  of  Eq.  (2)  with  the  exact  action  in  Eq.  (9) 
(open  squares),  from  the  rigorous  variational  equations 


with  a  classical  friction  given  by  Eq.  (25).  The  open  squares  are 
obtained  from  a  full  path  integral  Monte  Carlo  calculation  of 
Eq.  (2)  with  the  exact  action  in  Eq.  (9),  the  solid  line  is  from  the 
rigorous  variational  equations  given  in  Eqs.  (17)— (19),  and  the 
dashed  line  is  from  the  limiting  theory  based  on  Eq.  (17)  with  the 
approximate  equations  in  Eqs.  (23)  and  (24).  The  height  of  the 
Eckart  barrier  is  2000  cm“',  and  the  magnitude  of  the  classical 
unstable  barnei  frequene)  is  1047  tm  '.  The  temperature  in  the 
calculation  was  188  K 
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givenJri  Eqs.  (17)— (19)  (solid  line),  and  from  the  limiting 
Jheory  based  on  Eq.  (17)  .with  the  approximate  equations  in 
Eqs..(23)  and  (24)  (dashed  line).  The  two  sets  of  variational 
results  are  clearly  in=good  agreement  with  the  exact  Monte 
Carlo  calculation  of-the  quantum  activation  factor.  It  is  also 
interesting,  to  note  that  the  disagreement  between  the  exact 
and  variavional  results  diminishes  rapidly  with  increasing 
strength  of  the  friction. 

III.  Variational  Theory  for  the  Dynamical  Correction 
Factor  k 

Although  the  basic  form  of  the  equation  for  the  rate  con¬ 
stant  in  terms  of  a  path  integral  centroid  density  has  been 
established  [Eq.  (1)],  an  exact  analytic  solution  for  the  gen¬ 
eral  quantum  transmission  coefficient  k  has  not  yet  been 
obtained.  An  accurate  desription  of  k  is,  however,  desirable 
because  that  factor  contains  additional  multidimensional 
dynamical  and  tunneling  effects  which  are  not  already  in¬ 
cluded  in  the  centroid  density  Q*  [1,9]. 

The  exact  quantum  mechanical  expression  for  the  trans¬ 
mission  coefficient  is  given  by  [1] 


out  such  an  efficient  reactive  sampling  procedure,  a  “brute 
force”  dynamics  calculation  for.  realistic  problems  would  be 
enormously  time  consuming  and,  essentially  impossible. 
(Even  with  the  above  procedure,  a  quantum  reactive  dy¬ 
namics  calculation  may  still  be  very  computationally  de¬ 
manding!) 

As  a  complementary  approach,  it  is  clearly  desirable  to 
have  simplified  theories  to  estimate  the  value  of  k  as  well  as 
to  provide  some  physical  insight.  Theories  of  this  sort  are, 
for  example,  in  the  same  spirit  as  the  Kramers  [4]  and 
Grote-Hynes  [4,14]  corrections  to  classical  TST.  In  order 
to  proceed  in  an  analogous  fashion  to  the  latter  authors,  a 
model  for  the  dynamics  may  be  employed  in  the  evaluation 
of  Eq.  (27).  For  example,  the  simple  choice  of  free  particle 
dynamics  yields  the  result  k  =  1  (i.e.,  a  quantum  TST  ap¬ 
proximation),  while  if  a  multidimensional  parabolic  model 
is  employed  one  obtains  the  result  k  =  kgh  (i-e.,  the  Grote- 
Hynes  correction)  which  accounts  for  the  coupling  between 
a  parabolic  reaction  coordinate  and  a  linearly  responding 
bath.  In  the  latter  theory,  the  transmission  coefficient  has 
the  well  known  form  [14] 


K  =  (27tm^)'^  J  dq-^^v(q), 


(27) 


3  + 

/o  — 


0)1 


+  >;(V)/'» 


(31) 


where  Qc(q)  is  the  centroid  density  [Eq.  (3)]  at  a  general 
position  q  along  the  reaction  coordinate,  Q*  equals  Qdq*), 
and  v{q)  is  given  by  the  quantum  dynamical  expression  [1] 

Alfn  Jd^'Jdq"/iA(g')/>B(9")<<?'|c-^":(/">f 

(28) 

Here,  /ia("')[/'b("0]  is  the  population  operator  for  the  re¬ 
actant  (product),  and  the  imaginary  time  path  integral  [3,5] 
for  (.q'\<i~^‘^\q"'}f  has  the  centroids  of  its  quantum  paths 
constrained  to  be  at  a  position  q  along  the  reaction  coor¬ 
dinate.  For  notational  simplicity,  Eq.  (28)  has  been  written 
in  terms  of  the  reaction  coordinate  only,  but  inclusion  of 
the  bath  modes  is  straightforward.  Eq.  (28)  can  also  be  writ¬ 
ten  in  a  cyclic  path  integral  form  as  [1] 


where  q(X^)  is  given  from  Eq.  (20),  and  oji,  is  the  magnitude 
of  the  parabolic  reaction  coordinate  barrier  frequency. 

The  utility  of  the  parabolic  model  is  derived  in  part  from 
the  fact  that  the  exact  dynamical  result  for  the  correspond¬ 
ing  rate  constant  [10]  can  also  be  obtained  directly  by  sta¬ 
tistical  mechanical  methods.  The  central  feature  of  the  latter 
analysis  is  a  coordinate  transformation  to  a  separable  set  of 
normal  modes  [11,12].  In  that  procedure,  the  potential 
energy  function  for  the  fully  parabolic  model,  given  by 
Eq.  (6)  for  VqxiqyX)  and 

VM  ^  Vo- Y (9 - Q*?  (32) 

for  the  reaction  coordinate,  is  first  transfoimed  into  the  sep¬ 
arable  form  [11,12] 


v{q)  =  ^lraiDq^(x)iDqb{t)iDqS) 

•5(qo,a-9)/lA[9a(0)]/lB[<la(¥)]  (29) 

where  the  S,['  ]’s  denote  real  time  actions  [3  b],  and  the 
limits  on  the  path  integrations  are 

q^iPti)  =  qo(0),  qo(At)  =  qJO),  ^,(Af)  =  </,(0)  (30) 

which  are  also  integrated  over.  In  principle,  Eq.  (27)  facili¬ 
tates  the  exact  determination  of  the  transmission  coefficient 
from  a  real  time  quantum  dynamics  calculation  [8].  With- 


H  =  -^  +  iVo-  i  +  (33) 

z  Z  )=l  i 

where  q  is  the  unstable  normal  mode  with  a  squared  imag¬ 
inary  frequency  and  the  y/s  are  the  uncoupled  stable 
normal  modes  with  frequencies  Ay.  For  this  multidimensional 
quadratic  Hamiltonian,  it  is  immediately  obvious  that  one 
should  choose  the  unstable  mode  q  as  the  true  multidimen¬ 
sional  reaction  coordinate  since  no  recrossings  of  a  transition 
state  at  =  (}  *  are  possible  and  transition  state  theory  is 
therefore  exact  [11,12].  This  choice  of  reaction  coordinate 
is  to  be  contrasted  with  that  of  the  “bare"  reaction  coordi¬ 
nate  q  (which  is  obviously  the  correct  choice  in  the  absence 
of  any  coupling  to  a  bath). 


G.  Voth:  AsFeynman  Path  Integral  Approach  for  Calculating  Quantum  Rate  Constants  etc. 


The  exact  quantum  rate  constant  for  inultidimensiohal 
parabolic  model-may  then  be  expressed:  as  [9] 

A:pH--^exp(-^F*),  (34) 

where  the  quantum  activation  free,  energy  is  given  in  terms 
of  a  centroid  density  by 

F*  =  -ki  T lnCe+/(l/27tfi'jS)'^3  .  (35) 

In  Eq.  (35),  Q*  denotes  the  centroid  density  in  mass  scaled 
coordinates  with  the  centroids  of  the  true  multidimensional 
reaction  coordinate  paths  ^(t)  constrained  to  be  at  their 
transition  state  value  p*.  In  other  words,  the  centroid  con¬ 
straint  is  now  bn  the  true  multidimensional  reaction  coor¬ 
dinate  Q  rather  than  on  the  bare  reaction  coordinate  q  as  in 
.Eqs.  (l)-(3). 

On  the  other  hand,  for  the  parabolic  model  it  is  possible 
to  derive  a  simple  relationship  between  the  quantum  acti¬ 
vation  factor  along  g  (at  q  =  q*)  and  the  activation  factor 
along  p(at  q  =  p*).  This  relationship  is  [9] 

expi-pF*)  =  (/o*K)  cxp[-pF*) .  (36) 

Thus,  for  the  parabolic  barrief/harmonic  bath  model,  a  cal¬ 
culation  of  the  centroid  density  at  the  transition  state  of  the 
simple  reaction  coordinate  q  is  equivalent  to  a  calculation 
of  the  centroid  density  at  the  transition  state  of  the  true 
multidimensional  reaction  coordinate  q  provided  the  former 
result  is  multiplied  by  the  correction  factor  Xo/(Ob  [9].  This 
■perspective  defines  the  transmission  coefficient  as  the  cor¬ 
rection  factor  one  must  include  in  the  calculation  to  com¬ 
pensate  for  being  in  the  wrong  transition  state  [9,11,12]. 

The  perspective  on  the  transmission  coefficient  outlined 
above  can  also  be  exploited  to  develop  a  theory  for  k  in 
systems  having  a  nonlinear  reaction  coordinate  potential 
[9].  In  particular,  the  result  in  Eq.  (36)  may  be  combined 
with  the  variational  principle  for  exp{-PF^)  based  on  the 
inequality  in  Eq.  (13).  The  actual  variational  methodology 
in  this  case,  however,  differs  somewhat  from  that  discussed 
in  Sec.  II.  Specifically,  a  reference  action  is  now  employed 
in  the  form  [9] 

SeiT.i[q(T)]  =  I  dT|-Yg(T)H  Ki-  y/H<Wh,i(q-q*)^| 

«>  (37) 

-  ,f  dr  J  dx'(/(\x~x'\)q{x)q{c'), 

0  —00 

where  the  linear  dissipation  of  the  bath  is  now  explicitly 
included,  and  there  is  a  new  variational  parameter  di^i 
(which  generally  differs  in  value  from  in  Sec.  II).  In  Eq. 
(37),  the  variational  parameter  specifically  treats  the  anhar- 
monicity  of  the  actual  potential  of  mean  force  along  the  q 
direction,  while  the  influence  of  the  bath  oscillators  is  de¬ 
scribed  explicitly  through  a(lr  t'l)  [cf.  Eqs.  (11)  and  (12)]. 


The  opth.Jzation  of  the  right-hand-side  of  Eq.  (13)  fpr  the 
reference  system  in  Eq.  (37)  can  be  performed  explicitly  [9] 
and  yields  the  transcendental  equation  for  Wb,i : 


mwli  = 


'^2^^  H9f'r"(«+«*)exp(-gV2A^?),  .(38) 


where  Vri--)  is  the  second  derivative  of  the  potential  of 
mean  force  along  the  reaction  coordinate,  and  the  width 
factor  Aqi  is  given  in  this  case^by 

Aqt  - E  — 2 - 2 - .  (39) 

/?m  - 1  -  ah  +  Q„  q{Q„)lm 

Note  here  that,  as  in  Sec.  II,  q{Q„)  is  given  by  the  classical 
.expression  [Eq.  (20)]  evaluated  at  z=^Q„.  Therefore,  for  a 
realistic  problem  one  might  employ  classical  molecular  dy¬ 
namics  to  evaluate  Eq.  (39)  as  input  to  the  transcendental 
equation  for  di^,  [Eq.  (38)]. 

After  a  determination  of  for  the  realistic  reaction  co¬ 
ordinate  potential,  one  may  then  employ  the  relationship  in 
Eq.  (36)  to  relate  the  variational/parabolic  activation  factor 
along  q  to  the  activation  factor  along  the  more  realistic 
variational/parabolic  estimate  of  the  multidimensional  re¬ 
action  coordinate  q.  The  resulting  expressions  are  [9]: 


(40) 

The  quantum  transmission  coefficient  in  Eq.  (1)  which  is 
appropriate  for  nonlinear  barrier  potentials  is  therefore 
given  by  [9] 

K  =  J^/ab,i.  (41) 

The  transcendental’  equation  in  Eq.  (40)  which  defines 
clearly  has  the  same  from  as  the  classical  Grote-Hynes  result 
[Eq.  (31)].  However,  because  the  effective  barrier  frequency 
d>b.i  is  optimized  through  Eq.  (38)  to  characterize  a  nonlinear 
barrier  potential  of  mean  force,  it  generally  decreases  with 
decreasing  temperature  in  order  to  capture  the  anharmonic 
nature  of  the  potential  and  the  quantum  tunneling  motion. 
Thus,  for  nonlinear  barriers  at  lower  temperatures  there  is 
effectively  a  lower  variational  barrier  frequency  ab,t  than  at 
higher  temperatures.  According  to  the  powerful  insight  pro¬ 
vided  by  the  Grote-Hynes  relationship  [Eq.  (31)]  [14],  a 
system  having  a  barrier  with  a  low  frequency  (or  curvature) 
“feels”  the  entire  spectrum  of  the  bath  fluctuations  much 
more  than  one  with  a  higher  frequency  (or  sharper)  barrier 
As  a  results,  the  factor  k  =  J*/d5b,i  in  the  quantum  rate 
equation  [Eq.  (1)]  should  be  less  than  the  classical  Grote- 
Hynes  value  x'gh  =  ^.*/o)b  [9]. 

An  example  of  the  temperature  dependence  of  the  quan¬ 
tum  K  in  Eq.  (41)  is  shown  in  Fig.  2  for  the  same  Eckart 
barrier,  infinite  harmonic  bath  system  described  at  the  end 
of  Sec.  II.  The  solid  line  is  the  “quantum  Grote-Hy  nes”  result 
calculated  from  Eqs.  (38)  (41),  while  the  dashed  line  is  the 
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standard  classical  Grote-Hynes  result  [Eqs.  (31)];  The  quan- 
tutn  result  begins  to  deviate  significantly  from  the  classical 
theory  at  the  lower  temperatures.  Research  is  in  progress  in 
our  laboratory  to  determine  rather  the  small  amount  of 
additional  tunneling  not  already  included  in  the  centroid 
density  [Eq.  (3)]  would  contribute  significantly  to  the  value 
of  the  quantum  k  at  low  temperature  [1].  Such  additional 
tunneling  is  expected  to  add  a  multiplicative  factor  Eq.  (41) 
which  is  slightly  larger  than  unity  at  low-T,  but  it.is  unclear 
whether  that  factor  will  qualitatively  alter  the  behavior  of 
the  quantum  result  in  Fig.  2. 
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Fig.  2 

Results  for  the  quantum  transmission  coefficient  k  as  a  function  of 
temperature  for  the  Eckart  barricr/infinite  harmonic  batli  system 
employed  in  the  calculations  for  Fig.  i.  The  solid  line  is  the  “quan¬ 
tum  Grote-Hynes”  result  calculated  from  Eqs.  (38)-(41),  while  the 
dashed  line  is  the  standard  classical  Grote-Hynes  result  [Eq.  (31)] 

IV.  Concluding  Remarks 

In  the  present  paper,  two  aspects  of  the  quantum  rate 
constant  expression  given  in  Eq.  (1)  have  been  explored.  In 
Sec.  II  a  simple,  but  quite  accurate,  variational  theory  for 
the  quantum  activation  factor  was  discussed  that  maps  the 
nonlinearity  of  the  reaction  coordinate  barrier  and  the  linear 
dissipation  of  a  Gaussian  fluctuating  bath  into  a  separable 
parabolic  reference  action.  A  much  simplified  form  of  the 
variational  equations  was  also  presented  which  is  valid  for 
cases  in  which  the  correlation  time  of  the  classical  friction 
is  long  compared  to  the  timescale  for  the  motion  of  the 
quantum  particle  along  the  reaction  coordinate.  In  Sec.  Ill, 
another  variational  approach  was  discussed  which  is  the 
basis  for  a  theory  of  the  dynamical  correction  factor  k  in 
Eq.  (1).  The  resulting  quantum  expression  for  k  was  shown 
to  deviate  significantly  from  the  classical  result  at  low  tem¬ 
peratures.  A  number  of  studies  of  quantum  activated  rate 
problems  based  on  Eq.  (1)  are  presently  underway,  and  the 
results  of  those  studies  will  be  reported  in  future 
publications. 

G.A.  V.  is  a  recipient  of  a  Camille  and  Henry  Drcyfui  Foundation 
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Chemical  Kinetics  /  Diffusion  /  Nonequilibrium  Phenomena 

The  Feynman-Vernoii,  Caldeira-Leggett  model  for  a  quantum  dissipative  system  is  used,  via  a  general 
kinetic  equation  due  to  Chow,  Browne,  and  the  present  author,  to  cast  light  on  the  classical  limit  of 
quantum  Brownian  motion,.with  special  attention  paid  to  the  requirement  of  eoarse  graining  in  time. 


I.  Introduction 

In  §/,2  of  Kramers’  classic  paper  [1],  which  we  are  here 
to  celebrate,  he  discusses  the  conditions  under  which  simple 
equations  govern, the  diffusion  of  a  classical  Brownian  par¬ 
ticle,  Central  to  his  thinking  is  the  existence  of  a  “range  of 
time  intervals  r  which  has  the  following  properties:  On  the 
one  hand  t  must  be  so  short,  that  the  change  of  velocity 
suffered  in  the  course  of  t  may  be  considered  as  very  small; 
on,' the  other  hand  t  must  be  so  large  that  the  chance  for  X 
[the  "irregular  force”]  to  take  a  given  value  at  the  time  t  + 1 
is  independent  of  the  value  which  X  possessed  at  the 
time  f,” 

In  this  contribution  I  discuss  how  this  requirement 
emerges  in  the  classical  limit  of  a  model  of  quantum  Brown¬ 
ian  motion,  for  which  a  completely- general  quantum  kinetic 
equation  formulation  was.given  some  years  ago  [2,3],  The 
derivation  does  not  make  the  assumption  that  the  system  is 
weakly  damped. 

In  a  certain  sense,  what  follows  is  an  exercise  in  futility: 
the  model  used  is  known  to  lead  in  the  appropriate  limit  to 
the  classical  Langevin  equation  [4]  which  is  Kramers’  start¬ 
ing  point.  On  the  other  hand,  the  passage  to  the  classical 
limit  via  the  kinetic  equation  shows  that  this  equation,  which 
contains  memory  effects,  itself  signals  the  scale  on  which 
coarse  graining  in  time  is  needed  if  a  simple  Markoff  equa¬ 
tion  is  to  be  valid,  and  it  is  instructive  to  see  how  what  has 
to  happen  does  in  fact  happen. 

It  is  also  interesting  to  note  that  this  procedure  cures  a 
“positivity  problem,”  pointed  out  to  me  by  P,  Pechukas  [5], 
thereby  casting  light  on  the  extensive  literature  on  the  so- 
called  Dynamical  Semi-groups  [6], 

II,  Procedure 

11,1.  Kinetic  Equation 

Consider  the  Feyrman-Vernon  [7],  Calderia-Leggett  [8] 
model  for  dissipative  quantum  mechanics.  This  is  a  “system” 
plus  “environment”  scheme,  in  which  the  environment  is  a 
large  number  of  harmonic  oscillators  equilibrated  by  fiat  in 
the  distant  past.  The  Hamiltonian  is 
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To  keep  the'length  of  the  present  article  reasonable,  it  will 
be  necessary  to  refer  to  Ref,  [2],  in  which  the  notation,  with 
rare  exceptions,  is  identical.  There,  the  thermodynamic  field 
theory  for  this  model  was  set  up,  A  crucial  point  is  that  the 
time-relaxed  reduced  density  matrix  for  the  system  described 
by  the  variables  p,q  is  the  object  for  which  a  formal  integro- 
differential  equation  is  always  valid.  This  quantity  is  defined 
by  the  equation 

G(f,f2)  =  TrB[i/(r„-co)(?(-oo)  t/*(f2.-oo)]  (11,2) 

where  the  trace  is  over  the  environment  variables,  U(t,  -oo) 
is  the  time  evolution  operator  corresponding  to  the  full 
Hamiltonian  (11,1),  and  q{-co)  is  the  initial  density  matrix 
for  the  system  and  bath  in  the  distant  past,  when  the  oscil¬ 
lators  are  assumed  to  be  in  equilibrium.  The  reduced  density 
matrix  for  the  system  is  (?  (f,f),  i.e.  at  equal  times,  which  we 
shall  call  Q{t).  This  is  the  quantity  (like  G  a  matrix  in  the 
Hilbert  space  of  the  system)  which  most  kinetic  theories  deal 
with.  While  it  is  true  that  averages  of  dynamical  variables 
of  the  system  can  be  calculated  once  q  is  known,  the  time 
evolution  of  q  need  not  be,  and  in  fact  is  not,  simple  on  all 
time  scales.  On  the  other  hand,  the  general  principles  of 
statistical  quantum  field  theory  lead  to  the  following  kinetic 
equation  for  G: 

0  0  \ 

—  +  -^1  G{ti,ti)  —  [Ho  +  Rcff.G] 

0f.  QhJ 

-[^.Reff]  =  y{/l,<T}-y{r,G}. 

There  are  many  symbols  needing  definition  here,  of  which 
the  simplest  is  Hq,  the  system  Hamiltonian  (pylm)  -t-  V(q). 
Before  getting  involved  in  all  the  other  definitions,  it  may 
be  useful  to  step  back  and  observe  that  (11,3)  has  a  standard 
form  for  a  kinetic  equation,  with  the  left  hand  side  describing 
the  drift  of  excitations,  and  the  right  hand  side  collisions 
[“suittering  in”  and  “si-attcring  out”]  between  excitations. 
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The  complication  is  that,  as  in  any  field  theory,  the  left  side 
includes  energy  shifts  which  modify  the  excitations  of  the 
uncoupled  system,  and  the  right  side  describes  the  scattering 
of  these  true  excitations.  At  a  formal  level,  there  is  no  way 
of  avoiding  the  fact  that  these  renormalizations  involve  in¬ 
finite  order  perturbation  theory,  which  can  however  be 
tucked  into  “self-energy”  operators. 

Now,  for  the  definitions.  There  are  two  auxiliary  propa¬ 
gators  which  enter  the  time  evolution  of  the  two  sides  of 
e(-oo): 

G’itut2)  =  -i0(t,  -r.)  TrBGf/(t,.t2) 

G’(tl,t2)  =  i0(t2-n)  TTB[.U(tl.t2)QTli  . 

Corresponding  to  each  of  the  propagators  G,  G',  G*  are  self 
energy  operators.  These  are  defined  by 


ulated  by  an  appropriate  choice  of  J(o}).  In  particular,  a 
friction  force  linear  in  the  velocity  -  often  called  Ohmic 
dissipation,  -  to  which  we  restrict  ourselves  from  now  on, 
corresponds  to  J{o))  =  my(oO{wc  —  \w\)  where  my  is  the 
classical  coefficient  of  friction.  Here  for  the  first  time  appears 
an  upper  frequency  cut-off,  Its  reciprocal  is  the  classical 
correlation  time  of  the  environment,  which  plays  the  role 
here  of  the  duration  of  a  collision,  and  will  be  important  in 
what  follows. 

It  is  worth  nothing  already  that  when  tj  is  set  equal  to  t2, 

0 

in  the  first  term  of  (II.3),  thereby  constructing  :^e(t|),  the 

remaining  terms  cannot  be  written  as  M{e(t|)}  where  M  is 
a  map  only  in  the  space  of  Hq.  Thus  (11.3)  does  not  lead  to 
an  equation  of  the  form  studied  in  Ref.  [6].  This  feature 
persists,  as  well  shall  see,  in  the  classical  limit. 


G"(t„t2)  =  G5*(ti.t2) 


+  J  dt!  J  d<5Gf(f,.ti)<T''‘(ti,t2)G'’(<2,/2) 

“<»  "00 

GM  =  G'(r,.  -co)e(-oo)  G*(-oo,t2) 

00  go 

+  J  d/|  J  dt5G'(ti,t!)d{tl,t2)G*((5,/2). 


Products  on  the  right  of  (11.5)  and  (11.3)  are  matrix  products 
in  the  function  space  of  the  system,  and  folded  time  integrals, 
as  in  (II.5),  are  implied  in  (II.3).  From  their  definitions  (II;4), 
one  sees  that  G'  and  G’  are  not  independent;  the  kinetic 
equation  (II.3),  obtained  by  applying  time  derivatives  to  the 
left  and  right  of  (II.5),  has  been  rewritten  by  introducing  G'-® 

=  Ret?  +  and  (/'®  =  Reor  T  The  square  brackets 

in  (II.3)  denote  commutators  and  the  curly  brackets  anti¬ 
commutators. 

The  preceding  may  seem  unnecessarily  formal.  However, 
this  is  the  nature  of  quantum  kinetic  equations;  (II.3)  is  noth¬ 
ing  more  or  less  than  the  Keldysh  [9],  or  equivalently  the 
Baym-KadanolT[10],  scheme  applied  to  the  present  prob¬ 
lem,  in  which  the  “system”  consists  of  one  particle.  The  basic 
point  is  that  “forward”  and  “backward”  time  evolution  is 
needed  for  statistical  operators. 

The  equilibrating  nature  of  the  oscillator  heat  bath  is  con¬ 
tained  in  the  environment  propagator 

«(t,t')  =  S  cf  TrB[.v,(0.v,(/')(?r] 

(11.6) 

00  J 

=  J  - y(ft))[l+n((w)]e-‘“'<'-''». 

-00  It 


In  the  last  line  n{o))  =  l/[exp(/?(»)  —  1],  and  J{(o)  has  been 
defined  via 


Caldeira  and  Leggett  [8],  and  Leggett  [11]  have  emphasized 
the  fact  that  details  of  dissipative  mechanisms  can  be  sim¬ 


II.2.  Classical  Limit  and  The  Generalized  Born 
Approximation 

Eq.  (11.3)  needs  to  be  supplemented  by  equations  relating 
the  self-energies  back  to  G,  G'  and  G“  to  make  a  closed 
system.  At  this  point,  uncontrolled  approximations  are  hard 
to  avoid  except  in  the  case  of  extremely  weak  damping. 
However,  in  the  classical  limit,  T  >  (T-temperature  in 
the  energy  units  also  favored  by  Kramers  [12]),  one  can 
argue  that,  if  the  inequality  coj“'  y is  satisfied,  correc¬ 
tions  to  a  very  simple  closure  are  small.  The  argument  is 
given  in  the  appendix.  The  following  scheme,  called  the  gen¬ 
eralized  Born  approximation  in  Ref.  [2],  is  then  valid: 

=  a(ti  - 12)  qG’^tuh)  q  +  Hh  -‘2) 

7  dw 

•I— ./(w)?  (11.8) 

0  7t(U 

oih.h)  =  ci(t2-t,)qG(ti,t2)q- 

It  may  be  useful  to  emphasize  that  this  is  not  second  order 
perlubation  theory  because  the  self-consistent  G'®  and  G 
occur  on  the  right.  The  approximation  corresponds  to  the 
neglect  of  vertex  corrections  and  is  similar  to  what  is  called 
“Migdal’s  theorem”  in  the  problem  of  the  electron-phonon 
interaction  in  metals  [13].  Within  this  approximation,  it  is 
straigth  forward  to  work  out  the  kinetic  equation.  First,  note 
that  for  T  >  /iWg  the  Bose  factor  [1  +  n(«i)]  in  (II.6)  may 
be  approximated  by  (T/fico)  +  (1/2).  Then  for  Ohmic  dissi¬ 
pation  one  sees  that 

a(t,  -  (2)  =  2myT5c(ti  - 12)  5^ 

0 

+  i'»7-^4(t!-f2). 

Where  4  is  a  5-function  spread  out  on  a  time  scale 
For  the  steps  that  follow,  it  is  convenient  to  write  (11.3)  in 
the  equivalent  form 

i(-|^  +  -^)G-[Ho,G]  =(T'G-G<i®  +  dG®-G^d. 

(11.10) 
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Look  at  the  first  term  on  the  right  of  (II.IO).  Using  (II.9), 
(IL8),  and  (II.4)  we  have 

(t'G=  -i2myT-j-q^G(tih) 

+  iw7jdrj^-^5c(ti  -l^qG’{ttt)qG(Tt2)  (11.11) 
+  Jdr/«y5(ti  -t)  —  q^G{T,t2). 

It 

In  doing  a  partial  integration  in  the  second  term,  it  is  im¬ 
portant  to  recognize  that  G'  has  a  sharp  step  function  in 
time.  Then,  identifying  5c{0)  with  {(o^/k),  a  cancellation  oc¬ 
curs  and  one  obtains 

[ff'G]  (t|  tj)  =  —imyTq^G(ti  ta) 

(,U2) 

The  reduced  density  matrix  q  is  constructed  on  the  left  of 
(II.IO)  by  setting  t,  =  tj.  Note,  again,  that  on  the  right  side 
of  (11.12)  the  time  derivatives  do  not  enter  symmetrically,  as 
on  the  left.  From  the  definition  of  G'  and  G,  (11.4)  and  (II.2), 
one  identifies 


In  the  last  equation  <H>b  =  TreCH &*?"’].  With  the  excep¬ 
tion  of  the  term  C,  Eq.  (11.15)  is  an  equation  that  may  be 
familiar  to  some  readers.  It  has  the  feature  that  in  the  Wigner 
representation  [14,15]  it  looks  exactly  like  the  classical  Fok- 
ker-Planck  equation.  It  would  have  been  surprising  if  this 
equation  could  have  been  derived  without  further  approx- 
iniiation,  since  the  existence  of- the  “range  of  time  intervals” 
mentioned  by  Kramers  has  nowhere  been  used.  In  the  next 
section  we  examine  the  physics  contained  in  Eq.  (11.16). 

II.3.  Physics  of  the  New  Terms 

Eqs.  (11.15)  and  (11.16)  are  the  central  results  of  this  paper. 
To  the  best  of  my  knowledge,  the  terms  called  C  have  not 
been  previously  captured  in  a  form  as  general  as  here  given. 
It  will  be  instructive  to  examine  these  terms  —  which  evi¬ 
dently  describe  energy  transfers  between  system  and  bath 
—  more  generally. 

Note,  first,  that  all  parts  of  the  Hamiltonian  (Il.l)  involv¬ 
ing  only  the  system  variables  q,p,  drop  out  of  (11.16).  Call 
the  remainder  H'.  Evidently 

Consider  the  contribution  of  H'  to  the  second  term  in  the 
bracket  of  (11.16).  This  can  be  written  as  a  double  functional 
integral. 


-^C'(ti.(i)l„-,.-o=TrB[Her]  (»-13) 

and 

=  ~i  TrB[H0(t,)]  (11.14) 

where  (?(ti)  is  the  full  density  matrix  of  system  and  bath 
evolved  to  time  ri.  In  a  similar  way,  one  can  work  out  all 
the  terms  on  the  right  of  (11.10).  Further  algebra  will  not  be 
given  here.  A  perhaps  useful  hint  for  someone  who  wishes 
to  check  it  is  that  the  answer  has  been  tidied  up  by  noting 
that  the  only  part  of  H,  given  in  (Il.l),  that  does  not  com¬ 
mute  with  the  system  coordinate  q  is  (p^l2m),  and  that  the 
commutator  of  this  term  can  be  worked  out  explicitly  as 
needed.  Finally,  one  obtains 

^  (11.15) 

-  +  C 

where 

t  TrB[H0(O]) 

+  (eW  <H>b-  rrB[0(t)H])q^  (11.16) 

+  q(rrB[e(t)f/]-e(0<H>B)(z 
+  q{Tr^UlQm~iH\m)q}- 


TrBCH'e(t)3  = 

•rrB{//'[q'(f)]G'([q'],t,-oo)  (11.18) 

•GB'f^W3.-CO.0}(?s(-<») 

where  So(q)  is  the  classical  action  associated  with  Ho,  and 
the  V's  are  time  evolution  operators  corresponding  to  H' 
for  the  Feynman  paths  q'  and  q".  Now  the  trace  in  curly 
brackets  on  the  right  of  (11.18),  called  <//'>  below,  can  be 
explicitly  evaluated,  the  calculation  being  only  slightly  more 
complicated  than  that  for  the  Feynman-Vernon  influence 
functional,  and  I  have  worked  it  out  in  general.  However, 
in  the  classical  limit  it  suffices  to  assume  that  the  forward, 
q’,  and  backward,  q",  paths  are  identical.  Then,  the  general 
result  simplifies  to  a  form,  the  time  derivative  of  which  can 
be  obtained  directly  in  the  following  way: 

sin  (JO,  (t  -  If)  Ci  q  (ii)l 

J  (11.19) 

f  do  f 

=  —my  J  — CO  J  dHsin(o(r  — «)fi(0G(H) 

—  (Of  — <X> 

=  myf{t). 

In  (11.19)  the  response  of  the  oscillator  i  to  the  classical  force 
C,q(t)  has  been  used  to  eliminate  c},(t).  This  equation  shows 
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that  C  in  (11.15)  describes  aperiodic  energy  transfers  —  and 
an  associated  loss  of.  quantum  coherence  -  between  the 
Brownian  particle  and  its  environment  due  to  collisions. 


III.  Results 

III.l.  Positivity  Disease  and  its  Cure 

When  C  is  neglected,  ,Eq.  (11.15)  suffers  from  a  disease  that  was 
pointed  out  to  me  by  P.  Pechukas  [5].  Here,  I  summarize  his 
formulation  of  the  problem  and  show  how  it  is  cured  by  the  new 
terms. 

Since  q  is  a  density  matrix  it  must  obey  <i/)|el'P>  ^  0  for  any 
system  state  Itp).  Suppose  that  at  t  =  0  q(0)  describes  a  pure  state, 
i.e.  let  e(0)  =  \(j>')  Let  the  wavefunction  <^(q)  be  even  in  q  and 
choose  ii>{q)  =  d(^/dq.  Evidently,  <vle(0)|v)>  =  0.  Now  consider 
the  average  in  1  v>  of  the  time  derivative  of  p  at  t  =  0.  From  (11.15), 
ignoring  C,  it  follows  that 


<V’|-^IV>  ^  =  y{j<iq\p{q)q^(q)j 

+  ^^(Idqv>4<;>)^ 


Now,  the  first  bracket  on  the  right  of  (III.l)  is  negative  and  can  be 
made  as  negative  as  one  wishes  by  choosing  ^(q)  to  be  more  and 
more  peaked  around  q  =  0.  This  means  that  the  right  hand  side 
of  (III.l)  can  be  made  negative,  so  that  at  a  small  positive  time  q 
violates  the  positivity  requirement. 

It  is  instructive  to  make  the  criterion  for  positivity  violation  more 
quantitive,  Choose  (t){q)  to  be  a  Gaussian  centered  at  the  origin 
with  width  /.  Then,  the  criterion  for  (III.l)  to  change  sign  is  seen 
to  be 


P< 


AmT 


(III.2) 


i.e.  that  the  initial  state  be  concentrated  within  a  thermal  dc  Broglie 
wavelength. 

The  analysis  in  (II.3)  immediately  provides  a  cure  for  this  prob¬ 
lem,  along  the  lines  suggested  in  the  quotation  from  Kramers  with 
which  the  present  paper  opened:  “coarse-graining”  in  time  over  a 
few  collisions.  We  have  required  that  the  duration  of  collision, 
be  much  less  than  y'*,  the  relaxation  time.  Let  Ai  =  with 
K  a  moderately  large  number  but  such  that  yAt  <  1.  Then  since 
quantum  coherence  will,  via  C,  be  totally  lost  on  the  time  scale  Ar, 
an  uncontrollable  indefiniteness  in  the  energy,  momentum,  and  po¬ 
sition  of  the  Brownian  particle  will  ensue.  The  uncertainty  in  mo¬ 
mentum  is  given  by  Ap  «  \/2mhJKi.  Correspondingly,  the  uncer¬ 
tainty  in  X  obeys 


When  (11.15)  is  coarse  grained  on  the  lime  scale  Ar,  the  terms  in  C 
will  average  to  zero  via  (11.19).  This,  as  (111.3)  shows,  has  as  a 
corollary  the  condition  that  C  can  only  be  neglected  in  (11.15)  when 
lengths  on  the  scale  of  the  positivity  disease  arc  forbidden. 


III.2.  Concluding  Remarks 

In  this  brief  article,  1  have  attempted  to  show  that  in  the  passage 
to  the  classical  limit  of  quantum  dissipation,  as  in  the  purely  clas¬ 


sical  treatment  of  dissipation,  times  corresponding  to  the  duration 
of  several  collisions  must  be  averaged  over  before  a  simple  theo¬ 
retical  scheme  emerges.  Since  this  is  obvious  from  a  physical  point 
of  view,  a  natural  question  is:  has  a  sledgehammer  been  used  to 
crack  a  peanut?  Yes,  but  the  following  is  new,  to  the  best  of  my 
knowledge,  about  the  exercise  as  here  presented: 

(i)  Weak  dissipation,  in  the  sense  of- the  relaxation  time  of  the 
system  being  long  compared  to  its  characteristic  frequencies, 
has  nowhere  been  assumed. 

ii)  The  general  kinetic  equation,  containing  all  memory  effects  and 
renormalizations  due  to  coupling  with  the  environment,  has 
been  shown  to  contain  the  requirement  of  coarse  graining.  Unless 
some  such  procedure  is  followed,  the  equation  remembers  the 
stochastic  transfer  of  energy  between  system  and  environment. 

The  weak  damping  limit  of  the  problem  has  been  previously 
treated  in  an  explicitly  quantum  mechanical  way  [3,16].  In  partic¬ 
ular,  in  Ref.  [3],  the  resulting  Redfield  equations  [17]  were  shown, 
in  the  classical  limit  to  lead  to  Kramers’  low  damping,  i.e.  energy 
diffusion,  limit  of  the  Fokker-Planck  equation.  By  contrast,  Eq. 
(11.15)  when  coarse  grained  gives  the  full  Fokker-Planck  equation 
which  is  the  basis  for  §3  and  the  rest  of  Kramers’  paper. 

For  arbitrary  damping,  the  implementation  in  real,  as  opposed 
to  imaginary,  time  of  the  kind  of  quantum  mechanical  scheme  used 
here  remains  a  largely  open- question. 

Dana  A.  Browne  suggested  that  the  generalized  Born  approxi¬ 
mation  might  capture  all  of  the  relevant  physics  in  the  classical 
limit,  and  the  arguments  of  Sec.  III.l  arc  due  to  Mark  Oxborrow. 
I  am  very  grateful  to  these  kind  souls  for  telling  me  how  this  work 
should  start  and  end,  but  they  should  not  be  held  in  any  way 
responsible  for  the  intermediate  steps. 

It  is  a  pleasure  to  thank  the  Alexander  von  Humboldt-Stiftung 
for  a.  U,  S.  Senior  scientist  award,  and  Albert  Schmid  for  the  hos¬ 
pitality  of  his  institute.  I  express  my  gratitude  to  the  organisers  of 
this  meeting  for  their  invitation.  This  work  is  supported  in  part 
by  the  U.S.  National  Science  Foundation  under  grant  Nr.  DMR- 
88  15828. 

Appendix 

Here  the  neglect  of  Feynman  graphs  with  overlapping  environ¬ 
ment  propagators  is  justilled  when  y  4  Wj.  The  connection  between 
perturbation  theory  and  Feynman  graphs  in  the  present  context  is 
described  in  Appendix  A  of  Ref.  [2].  Consider  first  the  contributions 
to  a  of  the  graphs  shown  in  Figs.  1(a)  and  1(b).  Call  these  the  direct 


(Q): 

tl  t2  t3  tc 


(b): 


Fig.  1 

Direct  (a),  and  Overlap  (b)  Feynman  graphs  for  d.  The  wavy  lines 
denote  environment  propagators,  the  solid  lines  directed  to  the  left 
(right)  GJ’,  and  the  lines  with  two  opposed  arrows  Gg 
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and  overlap  graphs,  respectively.  Corresponding  to  1(a)  belongs  the 
contribution 

CO  00 

'ff<iir«i(ti.<4)  =  I  dtj  J  ^h^G(,{ttt2)qGo(t2t})qGo{t3t4)q 

-00  (A.l) 

■C({U-tl)«(t3-t2), 

whereas  Fig  1(b)  contributes 

CO  00 

<^direciOli>t4)  =  J"  dtj  J  <it}qGo{ttt2)qGo{t2t3)qGo(tit4)q 

-a>  -w  (A.2) 

•a(t4-tj)a(t3-ti). 

The  regions'of  time  integration  in  (A.l)  and  (A.2)  arc  different.  In 
(A.l)  one  has  strictly  tj  ^  t:,  tj  ^  <4,  and,  through  (II.9),  <4  -  <1. 
t3  m  tj,  where  the  symbol  a  means  an  approximate  equality  con¬ 
trolled  by  mr'.  By  contrast,  in  (A.2)  one  has  the  same  strict  ine¬ 
qualities,  but  <4  ^  (},  <3  The  latter  region  of  time  integration 
is  thus  of  order  whereas  the  former  is  over  a  strip  in  the  tj,  (3 
plane  of  width  Wj”'  and  length  the  range  of  Go(t2t3).  To  estimate 
the  latter  one  has  to  recognize  that  in  higher  order  Go  will  be 
replaced  by  (5,  whereupon  it  becomes  rl.*ar  that  y"'  is  the  relevant 
time  scale.  It  thus  follows  that 


*^ovcrUp  ^  “  ^direct  •  (A.3) 

COc 

The  same  reduction,  whenever  an  overlap  occurs,  can  be  seen  to 
happen  in  an  arbitrary  order  of  perturbation  theory. 

For  a'  and  <r*  one  may  argue  as  follows.  As  shown  in  Appendix 
A  of  Ref.  [2],  to  preserve  detailed  balance,  i.e.  for  the  left  and  right 
hand  sides  of  the  kinetic  equation  to  vanish  separately  in  equilib¬ 
rium,  topologically  similar  graphs  for  <f,  <r',  and  o‘  have  to  be 
treated  together.  Thus,  consistency  requires  that  overlapping  graphs 
for  a'  and  a'  also  be  dropped. 
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Traversal  time  in  tunneling  has  become  a  somewhat  controversial  subject,  and  this  note  presents  a  personal 
perspective  on  some  of  these  discussions.  There  is  a  widely  invoked  linear  relationship  yielding  dwell  time 
as  a  weighted  average  of  traversal  time  and  reflection  time.  I  assert  that  it  is  totally  without  basis.  Many 
authors  follow  wave  packets  through  barriers.  The  results  of  such  calculations  are  hard  to  correlate  with 
experiment.  Stevens  has  provided  a  wave  packet  approach  which  avoids  some  of  the  problems  typically 
faced  by  such  analyses;  nevertheless  its  analytical  details  arc  questioned.  The  significance  of  complex 
traversal  times,  favored  by  some  investigators,  is  questioned.  The  relative  merit  of  various  possible  “clocks” 
in  the  analysis  of  traversal  time  is  discussed,  but  without  delinitivc  conclusions. 


1.  Introduction 

How  long  does  a  particle  tunneling  through  a  barrier 
interact  with  that  barrier?  This  question  was  investigated 
by  MacColl  [1],  and  on  many  occasions  since  then.  The 
work  by  Buttiker  and  Landauer  [2]  triggered  a  more  inten¬ 
sive  and  systematic  concern  with  the  question.  For  a  number 
of  years  following  Ref.  [2]  the  papers  on  the  subject  ex¬ 
pressed  a  diversity  of  opinions,  but  generally  some  degree 
of  overlap  with  Ref.  [2],  More  recently  the  spectrum  of 


available  views  has  widened,  and  experimental  results  have 
appeared  [3].  This  is  not  a  settled  and  mature  field,  there 
are  genuinely  murky  aspects  and  unsettled  questions.  Un¬ 
fortunately,  the  highly  visible  vontroversies  and  the  areas  of 
real  difficulty  have  little  relation,  in  my  opinion.  An  example 
of  a  real  difficulty,  which  we  will  not  take  up  in  detail  here, 
was  cited  in  Ref.  [4].  There  it  was  pointed  out  that  the 
approach  of  Ref.  [2],  applied  to  tunneling  in  the  midst  of  a 
forbidden  gap  in  a  periodic  potential,  leads  to  anomalously 
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large  velocities.  There  are  other  physical  situations  which 
exhibit  the  same,  problem,  e.g.  frustrated  internal  reflection 
of  electromagnetic  waves. 

This  is  not  aisystematic  review;  rather  it  is  an  informal 
commentary.  It  represents  a  personal  viewpoint,  and  is 
bound  to  appear  controversial  to  some  readers.  Systematic 
reviews  have  been  provided  by  Hauge  and  Stovneng  [5], 
Biittiker  [6],  Jonson  [7],  and  by  Leavens  and  Aers  [8].  We 
refer  the  reader  to  these  for  a  more  extensive  listing  of  the 
'  literature.  Some  disagreement  with  Ref.  [5]  has  already  been 
registered  in  response  [9]  to  another  publication  by 
Stoyneng  and  Hauge  [10].  Other  disagreements  with  Refs. 
[5]  and  [10]  were  recorded  in  Ref.  [6]. 

Ref.  [2]  invoked  a  time-dependent,  sinusoidally  modu¬ 
lated,  barrier  potential  with  a  very  small  modulation  am¬ 
plitude.  If  the  modulation  period  is  long  compared  to  a 
presumed  traversal  time  then  the  tunneling  particle  will  see 
a  barrier  potential  which' is  characteristic  of  the  time  of 
incidence  for  the  particle.  If  the  modulation  frequency  is 
increased  sufficiently,  the  particle  will  no  longer  see  a  small 
part  of  the  cycle,  and  we  can  expect  a  serious  deviation  from 
the  adiabatic  approximation  valid  at  low  modulation  fre¬ 
quencies.  This  change  in  behavior  can  be  interpreted  as  an 
approximate  indication  of  what  we  have  called  the  traversal 
time,  tt.  This  traversal  time  is  not  the  eigenvalue  of  a  Her- 
mitean  operator,  and  is  not  necessarily  a  precisely  measur¬ 
able  quantity.  Indeed  the  traversal  time  of  Ref.  [2]  may 
represent  an  average  over  a  distribution  of  possible  times 
[11,12],  rather  than  a  single  crisp  value.  In  complete  ana¬ 
logy  to  the  traversal  time  for  transmitted  particles  we  can 
also  evaluate  a  time,  tr,  for  the  barrier  interaction  of  the 
reflected  particles  [13].  Our  approach  to  tr  (and  tt)  is  in¬ 
tended  to  answer;  How  long  have  the  reflected  (transmitted) 
particles  spent  in  the  barrier?  It  is  not  necessarily  an  increase 
in  particle  delay  caused  by  the  insertion  of  the  barrier,  when 
measured  far  from  the  barrier  (assuming,  foi  the  moment, 
that  such  measurements  are  possible).  We  return  to  that 
particular  question  in  Sec.  6. 

The  literature  on  this  subject  frequently  invokes  a  dwell 
time  To,  defined  in  a  variety  of  ways.  (See  Refs.  [2]  and  [13], 
as  well  as  the  cited  review  papers  for  detailed  discussion). 
The  simplest  approach  is  to  invoke  a  stationary  state  with 
a  time  independent  flux  j  incident  on  the  barrier.  The  dwell 
time  is  taken  to  be 

=  4-J  Iv^ldx,  (1.1) 

J  B 

with  the  density  of  particles  integrated  over  the  extent  B  of 
the  barrier,  td  is,  thus,  the  time  required  for  the  incident  flux 
to  supply  the  integrated  particle  density  under  the  barrier. 
Consider  a  classical  situation  in  which  a  particle  stream  is 
incident  on  a  region  which  can  reflect  or  transmit  carriers, 
perhaps  through  a  series  of  successive  walls  with  holes,  pos¬ 
sibly  oscillating  or  rotating  in  the  directions  perpendicular 
to  the  incident  beam.  In  that  case  j~^lQdx  with  q  the  linear 

B 

particle  density,  clearly  represents  the  average  time  spent 
in  B. 


In  a  remarkable  variation  on  Eq.  (1.1)  Ref.  [14]  divides 
by  the  transmitted  current,  rather  than  the  incident  current, 
to  obtain  a  so-called  “traversal  time”. 

2.  Relation  Between  to,  Tt  and  tr 

A  widely  invoked  relationship  is 

Td  =  Ttt  +  Rtr,  (2.1) 

with  T  and  R  representing,  respectively,  transmission  and 
reflection  probability.  This  is  the  most  widely  accepted  of 
several  viewpoints  with  which  I  take  issue.  It  is  a  pivotal 
point  in  Ref.  [5]  leading  to  the  conclusion  there:  “It  is  not 
clear  that  a  generally  valid  answer  [to  the  traversal  time 
question]  exists”.  But  Eq.  (2.1)  is  also  advocated  in  Ref.  [7], 
by  Leavens  and  Aers  [15,16],  and  by  Leavens  [17].  Re¬ 
markably,  Eq.  (2.1)  is  treated  by  some  of  these  investigators 
as  one  which  is  immediately  and  conspicuously  valid,  and 
needs  no  justification.  I  find  this  intensely  puzzling.  Of 
course,  we  can  always  perform  the  averaging  operation  in¬ 
dicated  on  the  r.h.s.  of  Eq,  (2.1).  But  it  is  then  up  to  the 
proponents  of  Eq,  (2.i)  to  demonstrate  that  this  averaging 
does  indeed  yield  the  same  quantity  Td,  defined  originally  in 
a  totally  different  way,  e.g.  as  in  Eq.  (1.1).  Note  that  Eq.  (1.1) 
and  Eq.  (2.1)  together  yield 

J|V)^|dx=yTTT+7RTR,  (2.2) 

B 

suggesting  that  the  integrated  density  under  the  barrier  con¬ 
sists  of  two  contributions,  one  associated  with  transmitted 
particles  and  one  associated  with  reflected  particles.  For  a 
classical  beam  with  reflection  and  transmission  probabilities, 
as  already  invoked,  that  is  .sensible  [18].  In  quantum  me¬ 
chanics,  however,  we  typically  do  not  add  particle  densities, 
but  add  wave  functions.  Thus,  we  can  ask  what  is  the  wave 
function  which  results  in  a  beam  going  out  to  the  right,  with 
nothing  going  out  to  the  left.  This  will  be  a  wave  function 
with  particles  incident  from  both  sides  of  the  barrier.  We 
can  also  find  the  wave  function  which  only  has  particles 
emerging  from  the  barrier,  all  going  to  the  left.  These  two 
wave  functions,  added  with  suitable  coefficients,  do  yield  our 
desired  state,  with  particles  incident  from  only  one  side.  But 
even  these  two  additive  wave  functions  do  not  correspond 
to  the  situation  that  the  proponents  of  Eq.  (2.2)  have  in 
mind.  As  stated  these  two  superposed  wave  functions  will 
both  have  particles  incident  from  both  sides. 

Biittiker  [6],  following  a  suggestion  by  Pippard  [18],  cal¬ 
culated  the  diminution  of  transmitted  particles  in  a  barrier 
which  absorbs,  i.e.  has  an  imaginary  component  to  the  bar¬ 
rier  potential.  The  resulting  reduction  turns  out  to  be  pro¬ 
portional  to  the  dwell  time,  rather  than  the  traversal  time. 
The  physical  interpretation  for  this  result:  The  absorption 
acts  on  all  the  particles  in  the  barrier,  they  cannot  -  within 
the  barrier  -  be  separated  into  a  transmitted  component 
and  a  reflected  component. 

Leavens  and  Aers  [15]  do  justify  Eq.  (2.1)  in  a  supple¬ 
mental  way  by  a  brief  reference  to  Feynman  and  Hibbs  [19], 
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arid  this  is  echoed  by  Jonson  [7],  Ref.  [15]  asserts  that 
Eq.(2.I) 

must  hold  because  a  particle. incident  on  the  barrier 
is  either  transmitted  or  reflected  (these  are  exclusive  rather 
than  interfering  alternatives  in  the  language  of  Feynman 
and  Hibbs.)” 

Now,  if  we  were  to  evaluate  the  average  2-component  of 
spin,  after  encounter  of  a  barrier,  that  reasoning  would  be 
applicable.  But  if  td  relates  to  the  behavior  in  the  barrier, 
why  are  the  possibilities  exclusive  rather  than  interfering 
...”? 

3.  Wave  Packet  Following 

A  number  of  investigators  like  to  follow  wave  packets 
through  barriers  and  we  cite  only  two  recent  efforts  [20,21]. 
As  stressed  in  Ref  [5],  we  can  follow  a  peak,  or  else  follow 
a  center  of  gravity.  Biittiker  and  I  have,  in  the  past,  argued 
that  incoming  peaks  do  not,  in  any  simple  physical  sense, 
turn  into  outgoing  peaks.  Similarly  for  the  center  of  gravity. 

Are  electrons  incident  on  a  barrier  necessarily  in  the  form 
of  a  wave  packet?  That,  of  course,  depends  on  the  electron 
source.  Electrons  released  by  a  shutter,  externally  controlled, 
and  open  for  a  specified  time,  are  wave  packets.  Electrons 
coming  out  of  a  typical  electron  reservoir  [22],  analogous 
to  a  radiative  black  body,  arc  not  that  clearly  wave  packets. 
Ken  Stevens,  in  correspondence,  has  argued  that  the  time 
between  successive  inelastic  events  in  the  reservoir  acts  much 
like  a  shutter.  These  inelastic  events  arc,  however,  not  ex¬ 
ternally  timed.  Wave  packets  require  correlation  between 
nearby  energies.  Way  inside  a  reservoir  one  should  be  able 
to  invoke  q  ~  exp(-/JH),  which  exhibits  no  such  correla¬ 
tions.  It  is  this  view  which  allowed  me  to  rederive  the  Ny- 
quist  theorem  from  the  viewpoint  which  calculates  conduc¬ 
tance  from  the  transmissive  behavior  of  the  sample  [23]. 
On  the  other  hand  this  is  a  difficult  question,  not  necessarily 
settled  by  the  brief  allusion  to  exp( -/?//).  It  is  really  the 
complete  Hamiltonian,  including  coupling  to  phonons,  that 
must  be  invoked  in  exp(-/?//). .  Furthermore  exp(-/?H) 
applies  to  a  closed  system,  rather  than  to  “way  inside  a 
reservoir." 

The  wave  packet  following  papers,  typically,  provide  a 
mathematically  correct  analysis.  It  is  not  illegal  to  discuss 
the  trajectory  of  a  peak  before  it  reaches  the  barrier,  and 
after  it  emerges.  It  is,  however,  up  to  the  proponents  of  such 
a  calculation  to  demonstrate  that  this  is  a  physically  inter¬ 
esting  and  significant  quantity,  and  relatable  to  experiment. 
Let  me  indulge,  here,  in  a  somewhat  exaggerated  and  playful 
analogy.  A  theory  can,  perhaps,  be  geneiated  describing  the 
length  of  time  it  takes  to  write  the  tunneling  Hamiltonian 
on  a  blackboard.  If  done  carefully,  it  may  be  a  corre-^t  the¬ 
ory.  But  it  IS  up  the  proponents  of  such  a  theory  to  dem 
onstrate  that  this  time  is  interesting.  Furthermore,  the  pro 
ponents  of  this  viewpoint  have  no  basis  arguing  with  the 
authors  of  our  other  citations,  because  their  answer  differs. 

It  is  incumbent  upon  those  who  follow  wave  packet  peaks, 
or  wave  packet  centers  of  gravity,  to  tell  us  how  to  relate 
that  to  measurement.  In  that  connection  we  stress  the  great 


distinction  between  photons  and  electrons.  In  the  case  of 
photons  we  can  put  a  great  many  of  them  into  the  same 
incident  photon  state.  We  can  tap  off  a  small  portion  of  the 
incident  electromagnetic  energy  and  make  measurements  on 
it,  leaving  most  of  the  photons  undisturbed  to  go  through 
some  interesting  region.  We  can  then  do  the  same  after  the 
photons  have  emerged  from  the  special  region  of  interest. 
In  the  case  of  electrons,  of  course,  we  have  at  most  one  per 
quantum  state.  Timing  measurements,  on  an  external  clock, 
are  likely  to  be  disruptive  events  [24].  It  is  possible,  how¬ 
ever,  that  experiments  performed  on  many  wave  packets, 
prepared  in  an  identical  fashion,  can  circumvent  this  prob¬ 
lem. 

Several  recent  papers  have  applied  Bohm’s  approach  to 
quantum  mechanics  to  the  study  of  traversal  time 
[17,25,26].  In  this  approach  we  follow  an  ensemble  of  par- 
tieles,  each  following  a  classical  path.  The  quantum  me¬ 
chanical  phase  of  the  wave  function  is  given  by  the  solution 
of  the  corresponding  Hamilton-Jacobi  equation,  much  as  in 
the  case  of  the  WKB  approximation.  The  wave  function 
magnitude  is  also  determined  by  the  spread  or  convergence 
of  nearby  classical  paths,  again  as  in  the  WKB  approxi¬ 
mation.  The  classical  path,  however,  is  not  that  due  to  the 
actual  potential,  but  due  to  a  potential  which  supplements 
that  by  a  “quantum  potential”,  which  in  turn  depends  on 
the  actual  exact  wave  function.  The  classical  nature  of  the 
motion  (but  not  in  the  original  potential)  then  makes  the 
identification  of  time  spent  in  a  given  region  a  trivial  con¬ 
ceptual  problem.  Ref.  [25]  demonstrates  that  for  a  wave 
packet  approaching  a  barrier,  all  the  transmitted  paths  come 
Bom  the  front  of  the  wave  packet,  all  the  reflected  paths 
come  from  the  tail.  In  my  opinion  that  is  not  a  physically 
meaningful  result. 

An  interesting  approach  to  wave  packet  following  has 
been  developed  by  Stevens  [27  -  29].  It  is  a  little  less  delicate 
than  the  other  wave  packet  discussions  because  it  does  not 
require  identification  of  a  peak  or  center  of  gravity.  Stevens’s 
approach,  however,  has  a  more  significant  advantage.  Many 
authors  (for  an  example,  see  Sec.  II  B  of  Ref.  [5])  discussing 
wave  packet  propagation,  apply  the  stationary  phase  ap¬ 
proximation  uncritically,  even  when  the  dependence  of 
transmitted  amplitude  on  energy  exhibits  a  strong  exponen¬ 
tial  variation.  Stevens’s  work  escapes  that  problem,  the  ex¬ 
ponential  behavior  is  taken  very  explicitly  into  account. 
Stevens’s  first  results  [27]  preceded  Ref.  [2],  and  are  in 
agreement  with  it.  Stevens's  approach  has  been  criticized  by 
Jauho  and  Jonson  [30],  based  on  numerical  calculations.  I 
will  not  try  to  evaluate  the  validity  of  that  criticism.  I  do 
discuss  some  other  questions  posed  by  Stevens’s  work  in  the 
Appendix.  The  critique  of  Ref.  [27  29]  has  been  relegated 
to  an  .\ppendix,  because  it  is  presented  with  less  confidence 
than  our  other  material.  Even  if  my  critique  is  valid,  it  is 
possible  that  a  repaired  analysis,  along  the  lines  originally 
presented  by  Stevens,  would  yield  his  original  results. 

4.  Can  Traversal  Time  be  Complex? 

A  good  many  papers  in  this  field  advocate  a  complex 
traversal  time,  and  vve  can  cite  only  a  sampling  [11,31  35] 
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(Note,  however,  that  Ref.  [35]  was  subsequently  reinter¬ 
preted,  somewhat,  by  one  of  its  authors  [36]).  It  is  clear  that 
-there  are  a  variety  of  reasonable  analytical  procedures  which 
lead  to  a  complex  time,  related  to  tunneling.  We  can,  after 
all.  take  any  two  characteristics  of  the  tunneling  process  with 
the  dimension  ,  of  time,  and  construct  a  complex  number  out 
of  them..!  totally  agree,  however,  with  Refs.  [5]  and  [7]  that 
the  duration  of  an  - event  is  a  real  number.  It  cannot  be  com¬ 
plex.  Has  anyone  seen  a  stop-watch  with  complex  numbers 
6,1  its  dial?  If  traversal  times  are  best  characterized  by  a 
statistical  distribution  [11,12],  that  distribution  may  need 
many  numbers  for  its  total  characterization.  But  combining 
two  of  these  to  form  a  complex  number,  does  not  yield  a 
better  traversal  time.  Of  course,  anyone  can  give  a  complex 
number  the  label  traversal  time;  the  authors  of  Ref[2]  do 
not  possess  a  trademark  for  that  expression.  The  real  ques¬ 
tion  relates  to  experiments  as  discussed  in  Ref  [3]  and  to 
the  material  in  Sec.  5  and  Sec.  6  concerned  with  clocks.  How 
is  the  traversal  time  used? 

5.  Clocks 

When  and  why  is  traversal  time  interesting?  Basically, 
because  we  often  oversimplify  and  treat  a  many-dimensional 
or  many-particlc  tunneling  problem  as  a  one-dimensional 
problem.  We  need  to  know  whether  this  cheating  is  reason¬ 
able;  do  the  neglected  degrees  of  freedom,  coupled  to  the 
emphasized  direction  of  motion;  have  time  to  adjust  to  the 
progress  of  the  tunneling  process?  For  example,  for  an  elec¬ 
tron  tunneling  through  a  barrier,  between  electrodes,  do  the 
image  charges  on  the  electrodes  have  time  to  adjust  to  the 
motion  of  the  tunneling  electron  [37-39]?  In  a  Josephson 
junction  circuit  under  constant  current  bias,  tunneling  out 
of  a  metastable  state,  how  much  of  a  transmission  line,  con¬ 
nected  across  the  junction,  can  respond  while  the  tunneling 
occurs  [3,40]?  Such  coupled  degrees  of  freedom  are  not  the 
only  possible  “clock”  for  the  tunneling.  We  can  also  consider 
tunneling  in  an  intentionally  modulated  barrier  [41,43] 
much  as  in  Ref  [2],  though  le  proposed  experiments  of 
that  type  have  not  reached  .le  developed  state  of  those 
associated  with  coupled  degrees  of  freedom,  adjusting  to  the 
progress  of  tunneling.  In  any  case,  we  emphasize  that  all 
these  proposed  or  completed  experiments  have  little  relation 
to  the  following  of  a  wave  packet  peak  or  center  of  gravity 
through  a  barrier. 

The  notion  of  comparing  the  speed  of  simultaneous  proc¬ 
esses,  as  a  clock  for  one  of  them,  is  deeply  imbedded  in 
physics.  One  version  [43]  seems  particularly  close  to  Ref 
[2],  and  served  as  a  model  for  that.  Consider  an  atom  in  a 
crystal  lattice  which  can  jump  back  and  forth  between  two 
positions.  Now  apply  an  oscillatory  small  stress  designed  to 
favor  one  of  the  two  positions.  At  frequencies  slow  compared 
to  the  jump  rate  the  atom  will,  essentially,  see  a  static  stress 
and  the  thermal  equilibrium  distribution  between  the  two 
sites  will  apply.  At  frequencies  high  compared  to  the  jump 
rate  the  atom  cannot  respond  to  the  oscillatory  stress.  At 
intermediate  stress  frequencies  the  atomic  adjustment  will 
lag  the  stress,  and  the  jump  is  a  source  of  energy  dissipation. 


Is  the  traversal  time  totally  independent  of  the  choice  of 
clock?  Very  likely  not.  In  the  case  of  an  image  charge  on 
an  electrode  surface,  adjusting  to  the  motion  of  an  electron 
through  a  barrier,  it  is  clear  that  the  adjustment  is  most 
important  when  the  electron  is  near  one  of  the  two  elec¬ 
trodes.  That  is  not  necessarily  characteristic  of  other  clocks. 
That  dependency,  however,  hardly  inviolates  the  general 
utility  of  the  concept.  Consider,  as  an  analogy,  the  uncer¬ 
tainty  principle  AEAt  ~  h.  It  really  needs  a  great  many 
footnotes  to  make  it  precise;  that  does  not  make  it  uninter¬ 
esting  or  useless.  For  example,  consider  two  similar  wave 
packets  following  each  other,  but  far  apart.  The  applicable 
At  is  that  of  the  separate  packets. 

The  Larmor  clock  for  tunneling  was  introduced  by  Ry- 
bachenko  [44].  This  approach  was  corrected  by  Buttiker 
[13],  and  widely  explored,  thereafter,  particularly  by  Leav¬ 
ens  and  Aers  and  by  Buttiker.  In  this  case  we  have  a  field 
which  acts  on  the  spin  of  the  tunneling  particle  only  while 
it  is  in  the  barrier.  The  extent  of  the  spin  changes  during 
barrier  traversal  are  taken  as  a  measure  of  the  time  spent 
in  the  barrier.  Rybachenko  originally  assumed,  incorrectly, 
that  if  the  spin,  the  magnetic  field,  and  the  direction  of  tun¬ 
neling  were  all  perpendicular  that  only  a  spin  precession 
would  occur,  and  the  precession  then  would  be  proportional 
to  the  time  spent  in  the  barrier.  Buttiker  realized  that  the 
component  of  the  transmitted  spin,  in  the  direction  of  the 
field,  would  also  change. 

Like  all  the  other  candidates  for  a  clock,  the  Larmor  clock 
has  some  minor  blemishes.  I  do  not  suggest  that  they  in¬ 
validate  the  validity  of  the  Larmor  clock,  but  only  that  they 
deserve  further  attention.  Let  me  list  these  blemishes;  they 
are  probably  of  varying  seriousness.  First  of  all  a  spatially 
variable  magnetic  field  requires  apparatus  for  its  generation. 
Is  it  clear  that  this  apparatus  cun  be  built  in  such  a  way  as 
to  interact  with  the  tunneling  particle  only  through  its  mag¬ 
netic  field?  The  apparatus  required  for  a  time-dependent 
potential  is  described  in  Ref.  [45].  It  is  customary  in  con¬ 
ceptual  arguments  to  invoke  arbitrary  fields  which  are  phys¬ 
ically  possible,  and  the  question  raised  here  is,  perhaps,  un¬ 
necessarily  demanding. 

The  magnetic  field  in  the  barrier  has  an  affect  not  only 
on  the  spin,  but  also  on  the  particle's  spatial  motion.  This 
elTcct  has  been  measured  [46],  and  analyzed  [47].  The  rec¬ 
ognition  that  the  spin  has  not  only  a  precession  required 
modification  of  Rybachenko’s  original  analysis;  wouldn’t  it 
be  equally  appropriate  to  allow  for  the  simultaneous  spatial 
and  spin  effects?  Possibly,  as  suggested  by  both  C.  R.  Leav¬ 
ens  and  M.  Buttiker  in  private  communication,  the  differing 
dependence  on  powers  of  the  magnetic  field,  H,  in  the  spin 
and  spatial  effects,  permit  us  to  consider  them  separately. 
The  reduction  of  transmission,  due  to  the  spatial  effects  is 
of  order  H'.  Spin  precession  is  proportional  to  H,  as  is  the 
spin  polarization  in  the  direction  of  H  (for  small  H ). 

Finally,  as  pointed  out  by  Jonson  [7].  Once  we  go  beyond 
Rybachenko's  original  erroneous  limitation  to  spin  preces¬ 
sion,  the  interpretation  is  harder.  Section  D  of  Ref.  [13] 
invokes  an  analogy  with  two  level  systems  to  yield  a  tra¬ 
versal  time.  Plausible,  but  not  totally  definitive. 
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There  are  many  alternative  clocks  possible  that  have  not 
yet  been  investigated  in  the  literature.  We  can  have  a  particle 
beam -with. a  time-varying  spin  incident  on  a  barrier  which 
transmits  all  the  incident  spin  directions  equally.  Does  the 
emerging  beam  faithfully  and  instantaneously  replicate  the 
incident  beam?  This  version  of  a  clock  suffers  from  some  of 
the  same  blemishes  as  the:wave  packet  following  proposals. 
Or,  instead  of  varying  the  incident  spin,  we  can  modulate 
the  incident  energy.  Instead,  Refs.  [4, 48]  invoke  a  beam  with 
an  oscillatory  incident  amplitude.  Does  the  emergent  beam 
faithfully  and  instantaneously  replicate  the  incident  beam? 
As  the  modulation  period  is  reduced,  by  increasing  the  en¬ 
ergy  separation  of  the  interfering  arriving  beams,  where  does 
the  faithful  replication  cease?  Clearly  this  approach  to  tra¬ 
versal  time  yields  a  result  which  depends  on  the  energy  de¬ 
pendence  of  the  complex  transmission  coefficient.  This  ap¬ 
proach  also,  of  course,  suffers  some  of  the  blemishes  of  wave 
packet  following.  The  effects  of  the  Lorentz  force,  due  to  a 
magnetie  field  limited  to  the  barrier,  providing  a  spatial 
deflection  during  barrier  traversal,  offers  another  possible 
clock. 

6.  Energy  Dependent  Transmission  vs.  Barrier  Height 
Dependence 

The  approach  of  Ref.  [2]  invoked  barrier  height  modu¬ 
lation;  the  traversal  time  depends  on  the  barrier  height  de¬ 
pendence  of  the  complex  transmission  coefficient.  At  inci¬ 
dent  energies  way  above  a  smooth  barrier,  where  the  WBK 
approximation  applies,  there  is  complete  transmission. 
There,  it  is  only  the  dependence  of  the  phase  of  the  trans¬ 
mission  coefficient  which  counts,  giving  a  result  which  agrees 
with  the  usual  notion  that  0w/0A',  with  tik  a  local  momen¬ 
tum,  describes  the  particle’s  velocity.  For  incident  energies 
below  the  barrier  peak,  and  for  opaque  square  barriers,  or 
opaque  barriers  to  which  the  WKB  approximation  applies, 
it  is  primarily  the  magnitude  of  the  transmission  coefficient 
that  matters.  The  effeetive  local  crossing  velocity  is  then 
0a)/0K  with  fiK  the  magnitude  of  a  local  imaginary  momen¬ 
tum.  At  intermediate  values  of  energy,  or  for  more  compli¬ 
cated  potentials,  e.g.  as  in  resonant  tunnelling,  both  mag¬ 
nitude  and  phase  may  have  a  comparable  barrier  height 
dependence.  A  general  result  for  the  traversal  time  was  pro¬ 
posed  in  Ref.  [13].  In  terms  of  the  transmission  amplitude 
r'^e''^^,  where  Tis  the  transmission  probability  and  A<f>  is 
the  phase  change  in  transmission  through  the  barrier,  the 
traversal  time  can  be  expressed  in  the  form  [see  Eq.  (2.18c) 
of  Ref.  [13]  and  Eq.  (6,1)  of  Ref  [16]]. 

tt  =  /j[(01n7”'2/0K)-  +  (0A(^/0F)^]''2 .  (6.1) 

It  is  the  sensitivity  of  the  transmission  probability  as  well 
as  that  of  the  phase,  with  respect  to  a  small  change  in  the 
barrier  height  V,  that  counts. 

Clearly,  Eq.  (6.1)  has  the  correct  limiting  behavior  when 
only  one  of  the  two  r.h.s.  terms  is  present.  It  gives  a  traversal 
time  which  is  real  and  measures  the  over  all  dependence  of 
the  complex  transmission  coefficient  on  barrier  height.  Nev 


ertheless,  I  agree  with  Jonson  [7]  that  Eq.  (6.1)  while  rea¬ 
sonable,  is  not  the  orily  possible  quantity  that  meets  the 
expectations  that  we  have  listed.  If,  instead  of  stressing  bar¬ 
rier  height  dependence,  we  stress  dependence  on  incident 
energy,  as  suggested  in  Refs.  [4],  and  [48]  then  the  equiv¬ 
alent  of  Eq.  (6.1)  (with  the  0/0  F  replaced  by  0/0E)  becomes 
a  natural  consequence  of  the  reasoning  provided  in  Refs. 
[4]  and  [48]. 

Earlier  we  pointed  out  that  the  traversal  time  of  Ref  [2] 
does  not  necessarily  correspond  to  the  delay  caused  by  the 
insertion  of  a  barrier.  Consider  the  case  where  we  have  a 
long  region  of  uniform  potential,  with  a  barrier  in  its  center, 
and  apply  Eq.  (6.1).  The  r.h.s.  of  Eq.  (6.1)  has  the  form 
(a^ For  b^a  this  is  approximated  by  h -t- a^/2b.  If 
the  region  of  uniform  potential  is  made  sufficiently  long, 
then  the  (bA^/dV)  term  in  Eq.  (6.1)  dominates.  The  effects 
of  the  barrier  opacity  manifested  via  01nr''^/0F  become 
unimportant,  and  do  not  give  us  an  additive  contribution 
to  the  total  tt  of  Eq.  (6.1).  On  the  other  hand  any  terms  due 
to  the  barrier,  related  to  wave  function  phase  changes,  do 
simply  add  to  the  0A^/0F  contribution  arising  from  prop¬ 
agation  through  the  remaining  long  region.  Thus,  if  we  ac¬ 
cept  Eq.  (6.1),  it  is  natural  that  wave  packet  followers,  con¬ 
cerned  with  the  asymptotic  behavior  far  from  the  barrier 
(e.g.  Ref  [49])  do  not  see  the  results  of  Ref  [2],  but  see 
only  a  phase  related  term. 

As  already  stated  in  Sec.  5,  instead  of  using  the  depend¬ 
ence  of  the  transmission  coefficient  on  barrier  height,  we  can 
invoke  the  energy  dependence.  If  we  modulate  the  potential 
along  the  whole  axis,  then,  whether  we  modulate  energy  or 
potential  is  irrelevant.  That,  however,  was  not  the  intent  of 
Ref  [2],  which  only  invoked  a  potential  change  limited  to 
the  barrier.  Leavens  and  Aers  [16,50],  have  emphasized  the 
distinction  between  energy  dependence  and  barrier  height 
dependence.  See,  for  example.  Figs.  3  and  4  in  Ref  [16]. 
This  point  is  echoed  by  Buttiker  [6].  These  investigators 
arc,  of  course,  in  a  literal  sense,  correct.  But  the  distinction 
docs  not  really  seem  as  serious  as  maintained  in  Refs. 
[6, 16, 50]  which  stress  the  behavior  at  very  low  incident 
energies.  At  low  incident  energies,  with  a  long  incident  wave¬ 
length,  the  matching  at  the  barrier  boundaries  becomes  im¬ 
portant;  the  energy  dependence  of  the  transmission  coeffi¬ 
cient  is  not  dominated  by  the  exponential  decay  in  the  bar¬ 
rier.  As  a  result  the  energy  dependence  of  the  transmission 
coefficient  diverges  at  low  energies,  whereas  the  derivative 
with  respect  to  barrier  height  decreases  monotonically  as 
the  incident  energy  is  decreased.  That,  however,  is  the  be¬ 
havior  for  a  given  value  of  barrier  length.  For  longer  barriers 
the  terms  due  to  the  exponential  decay  in  the  barrier  be¬ 
come,  relatively,  more  important.  As  a  result,  the  energy 
range,  in  which  the  difference  between  energy  dependence 
and  barrier  height  dependence  is  important,  becomes 
smaller. 

Which  is  the  more  significant  measure  of  traversal  time? 
That  resulting  from  the  eneig>  densative  of  the  transmission 
coefficient,  or  that  resulting  from  the  barrier  height  varia¬ 
tion?  The  derivative  with  respect  to  incident  energ>  results 
from  arguments  dosel)  akin  to  following  wave  packets,  and 
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shares  some  of  those  problems.  It  is  more  sturdy,  however, 
allowing  us  .to  avoid  the  concern  with  peaks  and  centers  of 
gravity.  Changes  in  transmission,  as  we  change  energy,  are 
measurable.  In  contrast,  the  barrier  height  derivative  arises 
from  the  introduction  of  a  physical  “clock”.  Despite  some 
preference. for  barrier  height  modulation,  this  is  not  neces¬ 
sarily  the  most  settled  question,  and  it  remains  a  murky 
corner  of  the  subject.  We  will  discuss  it,  here,  in  some  more 
de^il,  without  necessarily  settljng  it. 

The  variation  of  transmission  coefficient  with  energy  has 
the  advantage  that  it  is  clearly  defined.  By  contrast,  varying 
the  barrier  height  is  an  ambiguous  operation,  except  perhaps 
for  the  rectangular  barrier.  In  that  case,  with  a  uniform 
potential  in  the  barrier,  the  obvious  interpretation  is  to  in¬ 
voke  a  simple  modulation  of  the  barrier  height.  In  the  case 
of  a  smoothly  varying  K(x),  however,  it  is  not  equally  clear 
what  modulation  5K(x)  should  be  chosen.  Note,  inciden¬ 
tally,  that  some  support  for  the  choice  of  a  51^  independent 
of  X,  in  the  region  of  interest,  is  provided  by  the  case  of  a 
periodic  potential.  In  that  case,  within  an  allowed  band^ 
hco/dk,  with  k  the  Floquet  wave  number,  is  well  established 
as  a  physical  velocity.  We  get  that  result  (but  complicated 
by  boundary  matching  effects)  if  we  take  8K  independent  of 
X.  A  non-uniform  8F(.v),  on  the  other  hand,  will  produce 
interband  transitions  which  arc  hard  to  relate  to  the  ex¬ 
pected  result. 

The  distinction  between  energy  variation  and  potential 
height  variation  is,  of  course,  not  all  that  great.  A  variation 
in  the  barrier  height  can  always  be  represented  (in  the  small 
modulation  linear  approximation  limit)  as  a  sum  over.spa- 
tially  localized  potential  oscillations.  At  each  location  x, 
along  the  barrier,  we  have  a  potential  modulation  limited 
to  the  immediate  vicinity  of  The  overall  effect  of  a  smooth 
potential  variation,  5F(,x),  all  along  the  barrier,  is  the  sum 
of  such  localized  effects.  At  each  localized  potential  oscil¬ 
lation,  with  an  unperturbed  wave  function  at  energy  £0.  we 
generate  “sidebands”  at  Eo±hco.  These,  then,  propagate 
away  from  their  point  of  origin  according  to  the  unmodu¬ 
lated  potential.  In  the  case  of  a  time  modulated  incident 
wave  function,  the  terms  at  different  energies  are  already 
present  in  the  incident  wave;  in  the  modulated  barrier  case 
they  arc  generated  all  along  the  barrier.  In  many  cases,  that 
will  not  result  in  a  serious  qualitative  distinction.  In  the  case 
of  a  modulated  incident  wave,  of  course,  any  energy  sensi¬ 
tivity  in  the  matching  procedure  at  the  turning  point  will 
contribute.  That  is  the  reason  for  the  distinction  between 
barrier  height  dependence  and  energy  dependence  stressed 
in  Refs.  [6,16]  and  [50],  and  already  discussed. 

I  am  indebted  to  stimulating  interaction  with  G.  Aers,  M.  Jonson, 
and  K.  W.  H.  Stevens,  even  if  we  did  not  reach  complete  agreement. 
The  interactions  with  M.  Buttiker  and  C.  R.  Leavens  have  been 
totally  critical  to  the  development  of  my  views,  but  once  again  do 
not  reflect  a  complete  overlap  in  taste. 


Appendix 

Stevens  presents  several  related  analyses  in  Refs.  [27  29],  and 
we  will  exemplify  our  difiieulties,  and  not  diseuss  all  of  Stevens's 
eases  separately.  We  will  use  Ref.  [28]  as  the  basis  for  our  disees- 


sion.  In  Ref.  [28],  for  example,  one  of  Stevens’s  cases  deals  with  a 
pulse  which  has  just  arrived  at  a  barrier.  We.quote  from  Ref.  [28]: 

Then  just  inside  the  barrier  we  assume  that  y,’  has-been  zero  up 
until  t  =  0  and  now  it  begins  to  oscillate  with  a  definite  frequency 
coo.  That  is,  we  require  a  solution  of  our  equation  which  describes 
propagation  in  the  positive  x-direction  (which  is  in  the  barrier) 
and  satisfies 

m  A  Jo  fort<0 
V(0,0-|e-i<a„  fort>0. 

The  contour  integral 
2  It  i  J  (to  —  roo) 


taken  along  the  line  (w=  +  oo+icto-oo  +  ie  satisfies  the 
initial  condition, ... 

Stevens  then  goes  on  to  take  a  superposition  of  solutions  which  at 
the  left  end  of  the  barrier  correspond  to  the  above  contour  integral. 
Note,  however,  that  if  the  incident  wave  from  the  far  left,  just  to 
the  left  of  the  barrier,  behaves  as  described  in  the  above  equations 
for  v>(0,i),  then  the  combination  of  incident  and  reflected  waves  will 
differ.  And  it  is  this  combination  which  has  to  be  matched  just  to 
the  right  of  the  barrier;  it  is  not  just  the  incident  wave  which  needs 
to  be  matched.  Stevens,  in  correspondence,  indicates  that  he  is  really 
analyzing  the  case  where  the  combination  of  incident  and  reflected 
wave  vanishes  for  I  <  0  and  oscillates  as  c'““'  for  t  >  0.  In  that  case 
his  analysis  is  correct,  but  its  relationship  to  the  rest  of  the  papers 
discussed  here  becomes  more  obscure. 

In  a  subsequent  example,  Stevens  has  a  barrier  to  the  right  of 
X  s  0,  extending  to  x  =  co.  As  initial  condition  he  assumes  that  at 
.Xo,  where  .\o  <  0,  the  disturbance  is  zero  until  I  =  0,  when  it  becomes 
Now,  Stevens  finds  a  superposition  of  plane  waves,  coming 
from  the  left,  which  satisfies  this  requirement.  Let  us  denote  this 
wave  function  by  In  the  presence  of  the  barrier  we 

will  have  a  set  of  eigenstates,  1/1*  (.x),  which  include  reflected  waves 
and  have  an  evanescent  behavior  in  the  barrier.  Let  us  choose  the 
normalization  of  (.x)  such  that  the  incident  portion  of  the  wave, 
coming  from  the  left,  is  Now  Stevens  chooses 

i/)(.x,t)  =  j/l(A:)v’t(x)c"‘‘“'  (A.l) 


as  his  total  solution,  which  clearly  obeys  the  Schrodinger  equation, 
along  the  whole  .x-axis.  But,  unfortunately,  it  is  not  clear  how  the 
total  wave  function,  including  incident  plus  reflected  waves,  behaves 
at  Xo  with  time.  Is  it  clear  that  Eq.  (A.l)  gives  us  a  y  which  for  1 2  0 
vanishes  in  the  barrier  and  has  a  vanishing  reflected  wave  contri¬ 
bution? 

In  a  third  case  Stevens  assumes  that  at  r  0  the  wave  function 
is  given  by 


=  forx^.xo<0 

^  ^  (0  forx>.xo. 


(A.2) 


where  xo  is  the  left  of  the  barrier.  Eq.  (A.2)  invokes  Stevens’s  no¬ 
tation  and  units,  where  the  incident  wave  number  is  expressed  in 
terms  of  the  square  root  of  the  incident  energy.  Then,  once  again, 
Stevens  chooses  a  superposition  of  exact  solutions  (in  the  presence 
of  the  barrier)  whose  incident  wave  portions,  considered  by  them¬ 
selves  at  I  =  0,  add  up  to  give  (A.2).  But  does  the  total  superposition 
of  the  correct  eigenstates  also  add  up  to  yield  (A.2)?  Why  should 
they?  To  continue  in  a  little  more  detail  v)(x,0)  can  be  represented 
as  a  sum  over  a  set  of  Hamiltonian  eigenstates  That  holds  whether 
we  take  v(x,0)  as  in  Eq.  (A.2),  or  whether  we  take  v)(x,0)  to  be 
eAp(i.vwi’)  only  between  two  points  a,  and  .x^,  and  vanishing  out¬ 
side  of  that  interval.  (We  may  want  to  take  this  latter  choice,  sug¬ 
gested  in  correspondence  by  Stevens,  to  avoid  wave  functions  ex- 
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tending  to  infinity).  If  the  basis  functions  are  then  the  relative 
jyeight,  of-^*  in  the  expansion  of  \p  is  giveh  by  J  (^fy)(,x,0)dx.  First 
of  all,  iet-^*  be  the, plane  wave  states  over  the  whole  x-axis.  That 
leads  td'the  results  given  by  Stevens  on  pg.  3651  of  Ref.  [28].  Now 
consider  a  potential  which  is  infinite  for  x  >  0,  then  the  eigenstates 
will' be, 

Uk 2i  sin<:x,  =  e’**  —  .  (A.3) 

Now  expand' v)(x,0)  ih' terms  of' the  m^.  Stevens  asserts  that  the 
.expansion  in  terms  of  the-M^-is  trivially  given  by  the  expansion  in 
terms  of  the  (pk.  That  requires 

0  CO 

J  (^jfv(x,0)dx=  J  uttp{x,0)dx.  (A.4) 

—CO  —CO 

(I  ignore  possible  normalization  questions,  arising  from  the  fact  that 
the  Uk  are  nonvanishing  only  in  the  left  half-axis.  Any  correction 
due  to  such  questions  will  be  manifested  by  a  factor  independent 
of  the  value  of  k).  The  two  integrals  in  Eq.  (A.4)  can  only  be  equal 
if  the  reflected  wave,  given  by  the  final  r.h.s.  term  of  Eq.  ('A.3),  makes 
no  contribution  to  the  r.h.s.  integral  in  Eq.  (A.4).  And  that  is  not 
in  agreement  with  the  results  of  elementary  integration,  for  almost 
all  k.  Note  that  the  ratio  between  the  two  sides  of  Eq.  (A.4)  depends 
on  k,  and  cannot  be  offset  by  any  possibly  neglected  normalization 
questions.  Thus  Stevens  is  using  incorrect  expansion  coefficients, 
multiplying  correct  eigenfunctions  of  the  Schrodingcr  equation. 

In  correspondence  Stevens  has  countered  niy  objections  to  his 
“third  case",  discussed  in  the  preceding  paragraph.  Stevens  asserts 
that  the  contribution  of  the  c"“*  terms  in  Eq.  (A.3),  after  using  his 
weighting,  derived  from  the  l.h.s.  of  Eq.  (A,4),  and  integrating  over 
all  k,  vanishes  at  t  =  0,  and  for  x  <  0.  Therefore,  the  initial  condi¬ 
tions  are  satisfied,  on  the  left  hand  side  of  the  .v-axis.  And,  clearly 
he  has  a  solution  of  the  Schrodingcr  equation. 
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The  Role  of  Barrier  Fluctuations  in  the  Tunneling  Problem 

Yu.  Kagan 

I.  V.  Kurchatov  Institute  of  Atomic  Energy,  123182  Moscow,  USSR 

Barrier  Fluctuations  /  Quantum  Mechanics  i  T unneling 

Interaction  of  a  tunneling  particle  with  fluctuations  of  the  barrier  induced  by  phonon  or  electron  excitations 
is  analyzed.  Special  role.,ofnpnadiabatic  excitations  with  the  energy  smaller  than  the  reciprocal  time  a 
particle  spends  under  the  barrier  is  discussed.  In  an  insulator  the  interaction  with  barrier  fluctuations  can 
play  a  , dominant  role  leading  to  qualitatively  alteration  of  the  pattern  of  the  quantum  diffusion.  At  that, 
the  increase  of  the  tunneling  transition  amplitude  (coherent  bandwidth)  instead  of  the  polaronic  narrowing 
and  significant  change  of  the  temperature  dependence  of  incoherent  tunneling  motion  take  place.  Analysis 
of  recent  experimental  results  on  the  quantum  diffusion  of  muoniuin  in  KCl  crystal  revealing  the  decisive 
role  of  the  barrier  fluctuations  is  given.  -  The  infrared  divergence  accompanying  the  rescattcring  of  the 
electron-hole  excitations  near  the  Fermi-surfacc  causes  the  increase  of  the  interaction  with  the  barrier 
fluctuations  in  a  metal.  Rigorous  analysis  for  a  two-well  system  with  a  completely  arbitrary  interaction, 
of  the  electrons  with  a  tunneling  particle  is  carried  out.  It  shows  that  there  aremo  parameter  values  for 
which  the  interaction  with  barrier  fluctuations  overweight  the  intrawcll  interaction  though  the  inelastic 
transition  rate  sharply  enhances.  The  general  problem  of  the  validity  of  substitution  of  a  phonon  heat 

bath  for  an  electron  one  is  discussed. 


1.  Introduction 

In  an  analysi.s  of  the  tunneling  of  particles  in  a  two-well 
potential  or  in  a  regular  crystal,  there  are  typically  two 
mechanisms  for  interaction  with  excitations  of  the  medium. 
The  first  is  intrawell  interaction  which  leads  to  a  polaron 
effect  and  v.'hich  predetermines  disruption  of  the  coherent 
coupling  between  wells  or  dynamic  destruction  of  a  band. 
At  higher  temperatures  this  mechanism  leads  to  incoherent 
transitions  with  “shaking”  of  the  polaron  “cloud”.  The  in¬ 
trawell  interaction  does  not  depend  on  the  overlap  integral. 

The  second'mechanism  involves  fluctuations  of  the  barrier 
resulting-frc.’n  the  interaction  with  electron  or  phonon  ex¬ 
citations.  The  majority  of  works  treating  the  tunneling  mo¬ 
tion  of  particles  in  the  medium  do  not  take  into  consider¬ 
ation  this  mechanism.  However,  there  arc  no  grounds  for 
that  in  the  general  case.  As  long  as  lu  the  early  work  [1]  it 
was  shown  that  the  interaction  with  thi.  barrier  fluctuations 
can  qualitatively  change  the  pattern  of  quantum  diffusion 
in  the  medium.  First  of  all,  this  is  due  to  the  so  called  effect 
of  fluctuational  barrier  preparation.  In  an  insulator,  with 
taking  into  account  the  interaction  with  phonons,  an  effec¬ 
tive  reduction  of  the  barrier  for  extreme  path  of  the  particle 
under-barrier  motion  corresponds  to  this  effect.  As  a  result, 
there  arises  a  considerable  increase  of  the  tunneling  transi¬ 
tion  amplitude  and,  instead  of  the  polaron  narrowing,  the 
interaction  with  phonons  may  cause  an  increase  in  the  co¬ 
herent  bandwidth.  Simultaneously,  the  temperature  depend¬ 
ence  of  the  quantum  diffusion  coefficient  is  also  changed, 
including  the  region  of  exponential  increase  of  D(T)  with 
rising  T. 

Below  we  shall  follow  a  vivid  manifestation  of  the  role 
played  by  the  interaction  with  the  barrier  flu^-tuations  in  the 
insulator,  by  using  experiments  on  the  quantum  diffusion  of 
muonium  in  KCl  crystal  [2],  [3]  as  example. 

In  considering  the  barrier  fluctuations  relevant  to  the  in¬ 
teraction  with  the  conduction  electrons  in  a  metal,  we  face 


a  specific  situation.  As  it  has  been  established  earlier  [4], 
the  tunneling  particle  is  actually  scattered  only  by  nonadi- 
abatic  electron  excitations  lying  within  the  energy  interval 
with  the  width  coo  in  the  vicinity  of  the  Fermi  level  (coo  being 
the  inverse  time  of  thesparticle  passage  under  the  barrier). 
The  small  pha,se  volume  of  these  excitations  results  in  a 
limited  scale  of  the  barrier  fluctuations.  If  we  neglect  the 
electron  rescattering  by  the  particle,  the  probability  of 
the  tunneling  transition  induced  by  the  barrier  fluctuations 
at  low  r  <1  Wo  is  small  over  the  parameter 


as  compared  with  the  transition  probability  in  conservation 
of  only  the  intrawell  interaction.  Here  ^  is  the  asymmetry 
of  the  neighboring  wells.  (It  is  assumed  that  ^  wo). 

However,  in  taking  into  account  the  rescattering  of  elec¬ 
trons,  the  well-known  infrared  divergence  sharply  enhances 
Wa-  This  circumstance  was  originally  pointed  out  by  Kondo 
[5].  Zawadowski  et  al.  [6-8]  undertook  a  detailed  analysis 
of  this  problem,  using  a  multicomponent  renormalization- 
group  method  for  the  partition  function  of  the  system.  They 
found  a  significant  increase  in  the  role  played  by  this  mech¬ 
anism  during  tunneling  in  a  metal.  However  the  question  of 
whether  the  second  mechanism  can  become  more  important 
than  the  first  one  in  an  actual  tunneling  problem  remained 
open. 

In  addition  to  everything  else,  this  problem  has  one  im¬ 
portant  aspect:  The  overwhelming  majority  of  the  studies 
of  the  tunneling  of  a  heavy  particle  in  a  metal  have  used  the 
concept  that  the  electronic  and  phonon  thermal  baths  are 
equivalent  and  phonon  bath  has  been  used  m  the  calcula¬ 
tions  (see,  e.g.,  the  review  [9]  t-  In  the  case  of  phonons,  how¬ 
ever,  there  is  no  infrared  enhancement  during  the  rescatter¬ 
ing  of  excitations,  so  the  inequality  (1.1;  makes  it  possible 
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to  i^ore  fluctuations  of  the  barrier,  in.  terms  of  the  widely 
nsed=spin„Hamiltohiah,  the  implication  here  is  that  thereds 
no  termirepresenting  an  interaction  with  excitations  of  the 
medium  which  is  proportional  to  the^matrix  <7*.  The  ques- 
tipn  of  the  role  of  the  inelastic  processes  associated  with 
fluctuations  of  the  barrier  is  thus  related  to  the  general  ques¬ 
tions  of  whether  it  is  valid  to  replace  the  electron  bath  by 
the  phonon  bath. 

This  paper  contains  the  results  [10]  of  the  direct  solution 
of  the  kinetic  problem  while  incorporating  the  interaction 
with  barrier  fluctuations,  for  a  completely  arbitrary  inter¬ 
action  of  the  electfons  with  the  tunneling  particle.  It  turns 
out  to  be  possible  to  find  the  explicit  relationship  between 
the:rehormalized  amplitude  for  a  tunneling  transition  and 
the  probability  for  hopping  between  wells,  on  the  one  hand, 
and  the  scattering  phase  shifts,  on  the  other.  These  phase 
shifts  are  actual  physical  parameters  which  characterize  the 
interaction.  The  primary  of  the  analysis  below  is  the  rigorous 
proof  that  there  are  no  parameter  values  for  which  the  sec¬ 
ond  mechanism  outweighs  the  first.  The  proof  is  presented 
for  a  two-well  Hamiltonian  of  a  general  type. 

The  approaeh  used  in  this  paper  is  based  on  a  direct 
determination  of  the  overlap  integral  of  the  many-particle 
ihtrawell  wave  functions.  This  method  allows  one  to  take 
into  consideration  the  barrier  fluctuations  in  a  natural  way 
and  to  single  out  coherent  and  incoherent  tunneling  inde¬ 
pendently.  This  makes  it  possible  to  proceed  simply  from 
the  results  for  the  two-well  system  to  a  crystal  in  order  to 
solve  the  quantum  diffusion  problem. 

2.  Adiabatic  Problem 

In  analyzing  the  tunneling  motion  of  heavy  particles  in 
the  crystal,  only  the  under-barrier  motion  between  two 
equivalent  positions  in  the  nearest  unit  cells  practically  al¬ 
ways  turns  out  to  be  significant.  In  this  case,  the  problem 
of  particle  motion  in  the  two-well  potential  at  an  arbitrary 
interaction  v'ith  excitations  of  the  medium  is  isomorphic  for 
the  description  of  the  elementary  act.  The  solution  of  the 
two-well  problem  is  sufficient  both  for  the  description  of  the 
coherent  motion  of  particles  in  the  crystal  and  for  the  in¬ 
coherent  motion,  when  the  phase  memory  is  lost  at  each 
translational  step. 

Let’s  consider  the  tunneling  between  two  wells,  the  lower 
levels  of  which  are  separated  by  an  amount  and  assume 
that  the  tunneling  amplitude  do.  temperature  T  and  ^  are 
small  in  comparison  with  the  distance  <o  between  energy 
levels  in  an  individual  well 

Ao,i.T^O).  (2.1) 

At  the  same  time,  the  ratio  between  Jo,  s  and  T  can  be 
arbitrary.  The  condition  (2.1)  allows  us  to  ignore  activation 
processes  and  to  assume  that  the  transitions  occurs  only 
through  the  lowest  level. 

Two  time  scale  arc  characteristic  of  the  problem,  the  life¬ 
time  of  the  particle  m  a  well  x  and  the  time  w,,  ’  spent  by 
the  particle  under  the  barrier.  For  a  common  non-exotic 


potential  relief  in  a  crystal  the  frequencies  cuo  and  co  are  close 
by  the  magnitude  and  further  we  will  not  distinguish'be- 
tween  them. 

Taking  into  account  (2.1)  and  the  evident  relation  t“'  > 
Jo,  one  immediately  obtains  the  inequality 

0)0  T  >  1  (2.2) 

During  the  long  lifetime  t  a  many-particle  wave  function 
in  a  well  i,  incorporating  all  virtual  excitations  with 
s  >  T“’,  is  formed.  The  solution  of  the  adiabatic  problem 
has  a  crucial  meaning  for  the  structure  of  this  wa  function 
and  it’s  evolution  in  a  process  of  tunneling..  As  was  shown 
in  Ref  [4]  in  this  case  the  correct  results  could  be  obtained 
only  if  one  takes  into  consideration  the  intrawell  virtual 
excitations  of  a  particle.  The  analysis  leads  to  a  natural 
distinction  between  “fast”  and  “slow”  excitations  of  the  me¬ 
dium.  The  fast  excitations  with  frequencies  s  >  coo  adjust 
adiabatically  to  the  position  of  the  moving  particle  both  in 
the  well  and  under  the  barrier.  They  form  the  screening  and 
thereby,  give  rise  to  a  renormalization  of  the  potential  relief, 
U(R),  and  to  a  slight  extent  the  particle  mass.  On  the  con¬ 
trary,  the  slow  excitations  with  e  <  mo  do  not  follow  the 
particle  and  the  modified  wave  function  of  the  medium 
which  corresponds  to  these  exeitations  turns  out  to  be  ori¬ 
ented  toward  the  center  of  the  potential  well.  These  exci¬ 
tations  have  the  decisive  effect  on  the  tunneling.  The  inter¬ 
action  with  them  predetermines  the  appearance  of  the  po- 
laron  effect  and  due  to  (2.1)  the  entire  diffusion  kinetics  at 
low  temperatures.  In  forming  this  nonadiabatic  part  of  the 
wave  function,  the  energy  interval  of  slow  excitations  turns 
out  to  be  truncated  rot  only  at  the  top  but  also  at  the 
bottom  on  the  scale  of  t”'.  This  is  connected  with  the  fi- 
nitencss  of  the  particle  lifetime  in  an  individual  well.  In  virtue 
of  this,  the  admixture  of  states  with  c  <  t~'  fails  to  be 
formed. 

In  a  metal  the  spectrum  of  electronic  excitations  extends 
up  to  the  energy  eo  which,  in  the  order  of  magnitude,  is  equal 
to  the  Fermi  energy  Ef  or  the  bandwidth.  The  following 
inequality  is  always  characteristic  of  the  heavy  particle  tun¬ 
neling 

0)0  4  Co  (2.3) 

This  means  that  the  small  phase  volume  corresponds  to  the 
nonadibatic  electronic  excitations.  In  spite  of  the  above,  the 
part  played  by  these  excitations  turns  out  to  be  very  signif¬ 
icant  in  virtue  of  the  well-known  infrared  divergence  spec¬ 
ified  by  the  electron-hole  pairs  with  the  energy  close  to  zero 
(see,  e.g.,  Ref.  [11,12]). 

During  interaction  with  phonon  a  different  pattern  takes 
place.  If  the  mass  of  a  tunneling  particle  is  relatively  small, 
then  Wo  ^  bo,  where  bo  is  now  of  the  order  of  the  Debye 
temperature  0^.  In  this  case  the  whole  phonon  spectrum 
turns  out  to  be  nonadiabatic.  In  the  opposite  limiting  case 
of  a  heavy  particle  tunneling  in  a  light  matrix,  the  (i~',mu) 
interval  turns  out  to  be  nonadiabatic,  as  in  the  case  of  elec¬ 
tron.  However,  in  actual  crystals  the  density  of  phonon  ex- 
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citations  goes  to  0  as  e  0,  which  removes  the  infrared 
divergence:and  the  phase  volume  smallness  is  not  compen¬ 
sated  for. 

In  a  sense,  the  particle  and  adiabatic  excitations  which 
have  adjusted  to  it  form  a  real  physical  entity  the  under¬ 
barrier  motion  of  which  as  a  whole  one  has  to  study.  There¬ 
fore,  in  general,  the  problem  reduces  to  one  of  studing  a 
Hamiltonian  which  describes  the  motion  of  such  a  “particle” 
in  a  renormalized  potential  U{R)  with  a  slightly  renormal¬ 
ized  mass  M.  The  interaction  with  the  medium  contains  only 
slow  excitations  K(r,J?)  with' energies  e  <  wq. 

In  the  renormalized  potential' relief- we  single  out  nonde¬ 
caying  individual  well  [Z''  (/?),  extending  its  edges  in  the 
usual  way.  If  the  Hamiltonian  of  a  particle  in  such  a  well  is 
denoted  by  H|i\  the  geriral  Hamiltonian  of  the  one-well 
problem  can^be  written  in  the  form 

+ He,  (r)  +  V(r,  R),  =  “  ^  + W .  (2-4) 

where  H„(r)  is  the  Hamiltonian  of  the  excitation  subsystem. 
Lefus  use  H'{R)  to  denote' the  difference  between  the  true 
potential  relief  .and  the  chosen  non-decaying  well  U^'\R). 
Then,  for  the  matrix  element  of  the  transition  from  one  well 
to  the  other  we  have 


=  <^ip^\r.RWm4'%ft)>>  (2.5) 

where  if)^'(r,R)  arc  the  eigenfunctions  of  the  Hamiltonian 
(2.4). 

Under  the  condition  (2.1)  the  knowledge  of  the  matrix 
elements  (2.5),  both  nondiagonal  and  diagonal  in  the  state 
of' the  medium  a,  fully  determines  the  problem  of  tunneling 
-with  interaction  with  the  medium.  This  also  applies  to  the 
problem  of  a  coherent  transition  with  the  formation  of  band 
(a  =  )S),  if  we  are  dealing  with  a  crystal. 

The  fact  that  only  the  interaction  with  slow  excitations 
appears  in  (2.4)  predetermines  the  possibility  of  seeking  the 
eigenstates  of  this  Hamiltonian  in  the  frame  of  reciprocal 
adiabatic  approximation 

il>S>(t,R)  =  ,p!;>(R,>-)mr),  (2.6) 

where  the  wave  functions  tpo'  and  0}!'  arc  solution  of  the 
equations 

[Hp«  +  F(r,  R)J  <pl!>(R,r)  =  el;>lr)<p}!>(R,r)  ^ 

CH?’  -b  4*  (r)]  S’  (»•)  =  £1”  (r) . 


Now  the  particle  is  moving  in  the  distorted  potential  relief, 
created  by  slow  excitations. 

The  scale  of  displacement  of  the  particle  located  at  the 
lowest  level  in  the  well  from  the  equilibrium  position  R,  is 
smalUs  compared  with  the  inter  atomic  distance  V’.  There¬ 
fore, 

4H>-)  =  ^  +  <<pm,r)inr,R) 

2  (2.8) 


It  follow's  from  (2.8)  and  the  second  equation  in  (2.7)  that  in 
shaping  the  wave  function  the  excitations  effectively  see 
the  particle  positioned  at  the  center  of  the  potential  well: 

0(r)  =  0a(r.R,). 

Substituting  (2.6)  into  (2.5)  we  find 

=  <mrMrm>(r)>;  (2.9) 

The  expression  for  J(r)  reflects  the  dependence  of  the  tran¬ 
sition  tunneling  amplitude  on  the  distortions  of  the  barrier 
which  result  from  the  interaction  with  fluctuations  in  the 
slow  excitations  subsystem.  Interestingly,  the  situation 
which  arises  is  precisely  the  opposite  of  the  conventional 
adiabatic  case;  during  the  time  it  takes  the  particle  to  pass 
through  the  barrier  the  electron  or  phonon  fluctuations  re¬ 
main  static. 

The  expression  for  J(r)  can  be  written  in  the  form 
y(r)  =  doe-'’<'»,  (2.10) 

where  B{r)  is  given  by 

B  =  U2M{U+  V)y>^dR~ii2MUy'^dR. 

Noting  that  the  scale  of  the  changes  in  the  barrier  are  small 
in  comparison  with  its  height,  one  can  expand  this  expres¬ 
sion 


B  = 


K(>-.Bo) 

CUo 


(2.11) 


Here  S(B)  is  the  velocity  of  the  particle  in  the  upturn  barrier 
Substituting  (2.10)  into  (2.9),  we  finally  find 

M,„  =  Jo  <€’(»-)le-«'''| 0f(r)y .  (2.12) 

The  structure  of  expressions  (2.9),  (2.10),  (2.12)  reflects  the 
fact  that  the  efiective  reduction  of  the  barrier  due  to  the 
fluctuations  corresponds  to  the  optimal  path  of  tunneling. 
This  effect  called  “fluctuational  barrier  preparation”  was 
considered  for  the  first  in  Ref.  [1]  for  the  tunneling  problem 
in  interaction  with  phonons. 

In  the  case  of  interaction  with  electrons  the  small  phase 
volume  of  the  energy  interval  of  nonadiabatic  excitations, 
which  determines  B  (2.11),  results  in  the  estimate  B  1.  In 
interaction  with  phonons,  if  Wu  >  0u.  there  are  no  principal 
limitations  on  the  magnitude  of  the  B  value. 

The  matrix  element  (2.12)  is  defined  in  terms  of  wave 
functions  which  are  eigenfunctions  of  different  Hamiltoni¬ 
ans.  As  always  in  such  situations,  it  is  thus  convenient  to 
introduce  a  unitary  operator  A,  which  relates  the  represen¬ 
tations  of  the  functions  and  We  make  use  of  the 
circumstance  that  the  translational  symmetry  of  the  problem 
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makes  it  possible  to  retain  the  same  classification  at  the 
displacement  of  a  particle.  We  can  then  write' 

=  =  (2.13) 

and,  correspondingly, 

M,p.=  do<a|c-''/l(^>.  (2.i:4) 

Here  the  a  and  jS  subscripts  belong  to' the  eigenstates  which 
are  the  solutions  of  the  second  equation  in  (2.7)  for  i  =  1 
with  allowance  for  (2.8),  or  to  the  eigenfunctions  of  the  Ham¬ 
iltonian 

+  K(r;«,). 


to  flag  this  circumstance).  It  is  this  circumstance  which  al¬ 
lows  us  to  go  to  the  latter  equality  in  (3.2),  since  the  spaces 
(s)  and  {s'}  do  not  overlap,  and  all  the  terms  in  the  expo¬ 
nential  function  commute  with  each  other. 

We  substitute  expansion  (3.2)  into  the  Schrodinger  equa¬ 
tion 

+  =  (33, 

iA-'{Hi-^^V)A]pp.  =  Ep5pp: 

Since  the  effect  of  the  operator.-/!  (aiid  A~')  reduces  to  one 
ofsimply  creating  independent  electron-hole  pairs,  there  is 
no  difficulty  in  finding  an  explicit  form  of  Eq.  (3.3).  A  so¬ 
lution  can  be  written  in  the  form 


The  amplitude  Ac  of  the  coherent  transition  between  the 
wells,  which  is  responsible  for  the  formation  of  a  band  in  a 
crystal,  is  determined  by  the  relation 

dc  =  do<ale-»ylla>  =  Sp{0e-«/l},  (2.15) 

where  q  is  the  equilibrium  density  matrix  of  the  excitations. 
After  the  dynamic  destruction  of  the  coherent  band  with 
increasing  temperature  [13, 14],  the  tunneling  motion  of  the 
particle  acquires  an  incoherent  character.  In  this  case  the 
site  representation  is  adequate  for  the  problem  and  the  prob¬ 
ability  of  a  transition  to  the  next  well  can  be  represented  in 
the  following  form 

d(e‘«'Sp{0/l  +  (t)e'®">e-''‘“M(O)}.  (2.16) 

-00 


3.  Electron  Polaron  Operator 

To  study  the  role  of  the  barrier  fluctuations,  we  begin 
from  the  case  of  interaction  with  electrons. 

The  Hamiltonian  of  the  system  for  the  case  in  which  the 
particle  is  in  well  2  can  be  written  in  the  form 

H2  =  Hi-HAK=E  ^ykk'(ft<jOk'a'> 

kc  kk'C  ^3JJ 

tA'kk-  =  Vkk'il -expiUk-k'm-Ri))- 


(3.4) 


(l-np)AF„-Cp,. 


(3.5) 


+  Znp.AFp.,. 

P' 


■Cjp— Z(1  np)iipAVpj,' 
pp 


Cs, 


It  can  be  concluded  from  the  form  of  (3.2)  that  the  coef¬ 
ficients  Cs,-  mean  the  probability  amplitude  for  finding  in 
state  witfi.a  single  electron-hole  pair,  ato,'|a>.  it  is  thus 
no  accident  that  relations  (3.5),  (3.4)  are  the  usual  equations 
of  the  perturbation  theory.  A  state  with  a  single  pair  can  be 
obtained  through  direct  creation  from  state  |a>,  through 
rcscattering  of  an  electron  or  a  hole,  or  through  annihilation 
of  an  extraneous  pair  from  a  state  with  two  electron-hole 
pairs.  These  possibilities  correspond  to  the  order  of  the 
terms  in  (3.5). 

Let  us  expatid  AK**-  in  some  complete  system  of  function 
defined  on  a  unit  sphere,  separately  for  the  argument  k/k 
and  k'/k'.  One  can  easily  show  that  th  Hamiltonian  (3.1) 
can  be  put  in  a  diagonal  form  in  the  gei'"  al  case  for  k  and 
k'  near  the  Fermi  surface.  Then 


iiVkk'  =  S  diVM-Qj(k)-Q*j{ky,  (3.6) 


We  seek  the  wave  function  in  (2.13)  as  an  expansion  in 
states  of  the  Hamiltonian  Hj.  differs  from  in  an 
arbitrary  number  of  electron-hole  pairs.  We  make  use  of  the 
fact  that  the  amplitude  for  the  creation  of  two  pairs  breaks 
up  into  a  product  of  amplitudes  with  a  macroscopic  accu¬ 
racy.  The  operator  A  can  then  be  written  as 

-  Z  C„  I  =  S  fl  (1  -  C,.  utfl, ) ,  (3.2) 

Si'  J  Si' 


To  make  the  exposition  more  transparent  we  assume  sep¬ 
arability  of  A  F^(e,  s') 

AF,(fi,e')  =  Al^a,(e)a*(£'),  (3.7) 

where  «j(e)  is  a  smooth  function  of  the  energy,  and  aj(0)  = 

1. 

The  solution  of  Eq.  (3.5)  can  then  be  sought  in  the  form 


where  S  is  the  normalization  factor;  s  =  k,  a.  The  iiidex  s 
in  the  product  (3.2)  specifies  exclusively  vacant  single-par¬ 
ticle  states  in  la>,  while  s'  specifies  exclusively  occupied 
states  (the  a  on  the  summation  and  product  signs  is  intended 


Ckk^  =  lQ,(k)-Q%k')Cj{s,e'); 


C,(e,e')  = 


AKj(g.£') 
£  —  £' 


(3.8) 
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Mer  averaging  over  angles,  the  terms  with  different  j  split 
up,  and  we  find  equations  for  and 

Us)  =:  1  - 

s-e  (3.9) 

1  -  AF;f  d6'g(e0^^ 

O  o 

(3.9)  is  a  system  of  nonlinear  integral  equations  which  en¬ 
tangle  the  mechanisms  of  electron  and  hole  scattering,  the 
system  has  a  latent  symmetry,  however,  which  allows  us  to 
convert  it  into  a  linear  system  of  equations. 


The  normalization  factor  S  in  (3.2)  is  equal  to  the  overlap 
integral  Its  value  can  be  calculated  from  the  re¬ 

lation  (,a\A* A\oi.'}  =  1.  At  r  =  0 

I v}-  <’■*'> 

This  result  was  known  from  the,  previous  studies  [12],  [16]. 
In  the  tunneling  problem  the  cutoff  of  the  logarithmic  di¬ 
vergence  in  (3,15)  is  connected  with  a  finite  lifetime  of  the 
particle  in  a  well  and  e„!„  ~  t~‘. 


^;(e)  =  l-^;(e)AF;ji^^g(x)dx 

X  o 

y  —  c 


4.  Effect  of  Barrier  Fluctuations  oh  a  Tunneling  in  a  Metal 

The  results  of  the  preceding  section  allow  us  to  determine 
the  effect  of  the  barrier  fluctuations  on  coherent  and  inco¬ 
herent  tunneling  processes.  Retaining  the  first  two  terms  in 
the  expansion  of  the  exponential  function  in  (2.15),  we  find 


Here  g(c)  is  the  electron  density  of  states,  and  n(fi)  is  the 

occupation  number.  It  turns  out  that  tij  and  are  connected  ~  (Q  ^  •^) 

by  the  simple  relation  jw  =  j  _ 


(4.1) 


W)  = 


Gj(e') 

ngjijis')’ 


G;(c)  =  Jtfl,(l+AFji|^ 


(3.11) 


where  gj  =  g(eF)Afy  is  a  dimensionless  interaction  constant. 

This  kind  of  equations  is  well-known  in  the  theory  of 
singular  integral  equations  and  has  an  exact  solution  [15]. 
The  equation  of  this  type  has  been  used  extensively  by  No- 
zieres  and  de  Dominicis  [12]  for  the  problem  of  X-ray  ab¬ 
sorption  in  a  metal,  accompanied  by  the  creation  of  an  elec¬ 
tron  near  ep. 

We  are  interested  in  the  solution  of  (3.10)  at  e  »  0.  It 
acquires  a  particularly  simple  form  at  T  =  0 


^s)xAj 


5  =  tan-'Gj(0) 


(3.12) 


(Aj  ~  1).  And,  consequently. 


Taking  into  account  that  =  y  Jc,  the  self-consistent  value 
of  df  is  equal  to  (see,  e.g.,  [9]) 

;  (4.2) 

y  is  a  known  numerical  factor  for  lattices  of  different  types. 

According  to  (2.11)  the  expression  for  B  can  be  written  in 
the  form 

B=i:  (4.3) 

kk’a  (Wq 

Let  us  expand  5**-  with  |ca|,  Ica'I  <  coo  cf  in  the  same 
system  of  functions  Qf. 


B*A<  =  SBy^-p;(A)-f2*.(*'). 


(4.4) 


Cy(6, 


ms.s') 


s  —  e 


1^  sin5; 
^gi  ' 


(3.13) 


In  these  expressions  Sj  is  the  phase  shift  in  scattering  of  an 
electron  at  the  Fermi  surface  in  the  potential  AVj. 

At  finite  temperature,  approximate  expressions  sufTicicnt 
for  all  physical  applications  can  be  written  in  the  form 


The  fact  that  all  the  terms  in  the  argument  of  the  expo¬ 
nential  function  in  the  definition  of  the  operator  A  in  (12) 
commute  (this  circumstance  is  the  basic  distinctive  feature 
of  the  method  which  was  selected  for  constructing  this  op¬ 
erator)  means  that  the  evaluation  of  the  matrix  elements  will 
be  a  simple  process.  In  the  case  at  hand,  using  (4.4),  we 
immediately  find  the  following  expression  for  the  second 
term  in  expression  (4.1)  at  T  =  0 


^;(e)  »  Aj 
Cj{s,e')  = 


(Oo 


(®)  ^)max 

MM) 


(s',T), 


is.T), 


\SJn 


sindj 

^gj 


(3.14) 


-2 


(Oongj 


Q  is  f) 


(1  -  7ij)(vdcd£' 


\$/n 


(4.5) 
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The  value  of  this  integral  is  determined  at.  the  upper  limits  W"  x  (2ofo}of  Hr-  (4.11) 

of  the  integration,  so  the  Simple  estimate  with  allowance  for 

(2.11)  can  be  obtained  Comparison  of  this  expression  with  (4.8)  leads  to  the  ratio 


doSp(eB/l) «  df  0(sF)AFsin5. 


(4.6)  WyW'  ~  {Qr/wof  «  1- 


(4.12) 


Using  qAV  ^  1,  we  see, that  the  renormalization  of  Ac  is 
not  of  fundamental  importance.  This  result  continues  to 
hold  at  nonzero  temperature  T  (Oo,  since  e,e'  ~  coq  are 
imporlant  in  integral  (4.5).  It  is  easy  to  show  that  the  cor¬ 
rections  from  higher-order  terms  in  the  expansion  of  e“® 
do  riot  alter  this  result. 

Thus,  the  infrared  catastrophe  near  the  Fermi  surface  has 
no  essential  effect  on  the  fluctuational  preparation  of  the 
barrier  in  the  formation  of  Ac. 

As  shown  in  Ref.  [13],  the  amplitude  for  a  coherent  tran¬ 
sition  begins  to  decay  exponentially  even  at  temperature 
bT  Ac.  The  under-barrier  motion  of  the  particle  is  now 
accompanied  by  an  excitation  of  the  electron  subsystem,  and 
it  thereby  becomes  incoherent.  Under  these  conditions  the 
transition  probability  is  determined  by  (2.16).  Ignoring  first 
the  fluctuations  of  the  barrier,  one  can  transform  (2.16)  to 
(see,  e.g..  Ref.  [17,18,4]' 


In  the  general  case  it  is  required  to  evaluate  the  effective 
matrix  element  which  corresponds  to  a  transition  from 
well  2  to  well  1,  in  a  process  accompanied  by  the  creation 
of  a  sing}  '  electron-hole  pair: 

Bep  =  S-'  <a|B/l|)?>.  (4.13) 

From  the  definition  of  the  operator  A,  one  can  easily  collect 
possible  matrix  elements  which  lead  to  the  state  |a>  = 
a*a,\^>: 

=  B„.  -  E  (1  -nr-)B5tQ,-  +  E  ni;Bi.'s’Cn. 

^  *  (4.14) 

—  E  (1  —  nk)nvBu'kCks-Cii,. . 

Substituting  expressions  (3.8)  and  (4.4)  into  this  equation, 
we  find 


=  dte'«'e-d') 

—  00 


(47)  %(«.£')  =  B,!- 


(4.15) 


Z(t)  =  lb 


d  V  r 

J  —  (1  -cos(yO)coth 
0  y  L 


An  evalution  of  this  integral  leads  to  the  expression 
[19.20,4] 


as  (T)ilj  ,ri \r(\+b  +  mm-  .nr 

+  r(l-fh)r(l/2-bh) 


(4.8) 


Aq(T)  =  Jo(ji7ycuo)*’,  —  ^T^bT. 


(4.9) 


Consider  the  probability  for  the  process  in  which  the  exci¬ 
tation  of  the  electron  system  is  coupled  specifically  with 
fluctuations  of  the  barrier,  and  begin  with  a  perturbation 
theory  in  B.  We  first  ignore  the  rescattering  of  the  electron- 
hole  pair  created  by  the  operator  B.  In  this  case  the  tran¬ 
sition  probability  is  given  by 


W"  =  Ai'Z\BsMii-»s)n, 

SS’ 

CO 

•  f  dtexp 

—  00 

=  S  I  (1  -  «,)/!„  W' (^ + 8,. -  £,) . 

ss' 


(4.10) 


Using  (3.14)  and  (3.11),  we  have  finally 


(pi::)' ■■ 


(4.16) 


This  expression  demonstrates  that  there  can  be  an  ap¬ 
preciable  increase  in  the  amplitude  for  an  incoherent  tran¬ 
sition  due  to  the  fluctuations  of  the  barrier  when  the  res¬ 
cattering  of  the  electron  and  hole  is  taken  into  account.  This 
circumstance  was  first  pointed  out  by  Kondo  [5].  Zawa- 
dowski  et  al.  [6, 7, 8]  undertook  a  detailed  analysis  of  the 
renormalization  of  this  amplitude.  A  result  similar  to  (4.16) 
was  first  derived  by  a  multicomponent  renormalization- 
group  method  [8]  for  the  model  with  commutator 


[F(n/f,),  i"(r,/f2)]  =  0. 


The  transition  probability  determined  by  the  amplitude 
B  is  obviously  given  by  expression  (4.10),  with  B  replaced 
by  B 

fi  ^^'(^ + £'  -  8)  (1  -  ik)n,  ■  r 

II'  -00  L  te>  ^  )na%  J 


The  integral  over  dt  in  (4.10)  is  determined  over  time  scales 
l/(7’,^)mM-  We  single  out  the  constant  part  of  ^(t),  which 
leads  to  renormalization  of  do  by  Ao{T);  the  remainder  leads 
to  a  5-function  which  is  smeared  over  a  scale  Q^.  As  a  result 
we  find  the  simple  estimate  (C  =  0) 


0)0  dsds' 

(^TUJ  '  (4.17) 

where  f„  =  s)'(tF)  B^.  We  can  estimate  the  relative  order  of 
magnitude  of  W"'  even  without  writing  an  explicit  expression 
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for TF' .The  integral  over  de  ana  de'  is  determined  at  energies 
of  the  electron-hole  pairs  of  the  order  £  — e'  ~  (at 

energy  transfer  E  >  T,  the  probability  W  falls  exponen¬ 
tially,  ~  Then  immediately 


w  ~  iv 


0)0 


2(1-0) 


(4.18) 


^  Sjy  =  {dj  — 5j)ln 


(4.19) 


At  the  finite  number  of  the  ph^es,  it  is  convenient,  to 
transform  the  elements  of  the  determinant  (4.21)  to  the  form 
which  would  contain  phases  only  in  the  combination  (e^^'^” 
—  1).  After  that,  the  determinant  rank  becomes  finite.  Direct 
algebraic  transformations  of  (4.21)  make  it  possible  to  reduce 
it  to  the  form 


det 


Ee. 

y 


Gy-2 


EyV  Gp  - 


G„  +  z 
1+z' 


0«P 


(4.23) 


Thus,  the  problem  of  whether  the  barrier  fluctuations  in 
a  metal  can  ^come  a  leading  channel  of  scattering  depends 
on  the  possibility  for  the  parameter  0  to  become  larger  than 
1.  However,  it  will  be  shown  below  that  6  is,  nevertheless, 
always  smaller  than  1  and  the  intrawell  scattering  remains 
to  be  the  leading  process.  In  this  case,  one  should  bear  in 
mind  that,  taking  into  account  the  rescattering,  the  transi? 
tion  probability  also  contains  a  correction  being  linear  in 
B.  However,  this  correction  is  determined  only  by  /-diagonal 
of  the  B  operator,  which  display  no  enhancement  (4.16).  At 
the  same  time,  the  small  parameter  appearing  in  this  case 
contains  the  ratio  (^,7)ma,/coo  only  to  the  first  power. 

The  5j  phases  which  occur  in  expression  (4.19)  characterize 
the  scattering  in  the  nonspherical  potential  created  by  the 
difference  T(j‘,/l2)  -  F(r,l?i).  The  scattering  matrix  S  cor¬ 
responding  to  these  phases  can  be  expressed  in  terms  of  the 
S-matrices  relevant  to  the  scattering  by  the  particle  in- an 
individual  well.  Indeed,  the  outcoming  wave  being  the 
solution  of  the  Schrodinger  equation  for  the  Hamiltonian 

is,  on  the  one  hand,  conventionally  connected  with  the 
outcoming  part  of  the  plane  wave  epo"' 

K  ='S2 

while,  on  the  other  hand,  through  the  S  matrix  it  is  related 
to  the  wave  outcoming  from  the  center  at  the  point  Ri 

=  =  <pr 

Hence,  it  immediately  follows  that 

S  =  Si  Sr'  =  e*^''  S,  e-*"*  Sf',  {R  ^  Ri  -  /?,),  (4.20) 

(cf.  [16]).  In  the  latter  equality  we  made  use  of  the  trans¬ 
lational  symmetry,  p  is  the  momentum  operator. 

The  eigenvalues  of  the  S  operator  equal  to  e^'^.  The  dif¬ 
ficulty  in  their  finding  is  attributed  to  the  noncommutative 
character  of  the  S,  and  Si  matrices,  since  [K,,  Vi"]  #  0. 
Within  the  representation  of  standard  spherical  functions 
Y^ikjk),  a  =  (/,  m),  where  the  S,  matrix  is  diagonal,  the 
eigenvalues  are  determined  from  the  condition 


det 


EE,ye-'‘^’E+pe 


-2j(5 


wp 


=  0, 


(4.21) 


where 


Here 


=  tan  '5f,  z  =  tan  5 .  (4.24) 

The  symmetry  specified  by  the  shift  operator  e*'’*,  if  we 
choose  /?  as  a  polar  axis,  predetermines  the  decay  of  the 
determinant  (4.21)  into  the  product  of  determinants,  each  of 
which  is  characterized  by  its  own  azimuthal  quantum  num¬ 
ber  tn. 

If  the  potential  V\  is  characterized  by  only  one  scattering 
phase  6fJ,  and,  consequently,  =  Gi^  Sn^,  then  (4.23)  is 
reduced  to  a  trivial  equation 


Gj  -  z^ 
1  +z^ 


=  E? 


Gl 


torn  /c> » 


III)- 


(4.25) 


Its  solution  has  the  form 


z  -  tan  5  = 


yi-f  Et,tg^(5^“> 


(4.26) 


Now,  if  the  b  parameter  (3.15)  is  calculated,  we  immediately 
have  the  result  which  was  for  the  first  time  obtained  by 
Yariiada  [18,21]. 

At  /?  — ♦  O.the  AK  interaction  (3.1)  and,  at  the  same  time, 
(5,  tend  to  zero  (the  overlapping  integral  (3.15)  should  reduce 
.to  1).  Hence,  it  is  possible  to  conclude  that  at  small  R’s  the 
phase  values  should  be  determined  by  the  tan~'  branch 
between  -7i/2  and  7t/2.  From  the  viewpoint  of  the  0  pa¬ 
rameter,  the  crucial  problem  is  whether  the  solution  (4.26) 
would  be  able  to  intersect  the  boundary  |5|  =  jt/2  at  a 
continuous  variation  of  the  R,  quantities.  This  would 
mean  that  at  a  certain  point  z  would  go  to  oc.  It  follows 
from  the  form  of  Eq.  (4.26)  that  this  could  take  place  only 
under  a  simultaneous  condition  of  tan§}®  =  ±  oo;  E,(^,  = 
0.  But  these  singular  points  are  only  the  point  of  contact  of 
the  solution  5  to  ±  k/I  values.  This  immediately  follows 
from  the  continuity  of  5  as  a  function  of  and  R. 

Thus,  we  come  to  an  important  conclusion  that,  in  the 
case  of  one  scattering  phase,  |^1  <  7t/2  (cf.  [21,22]).  From 
this  the  restriction  0^1  directly  follows. 

Let  us  now  consider  the  case  of  an  arbitrary  number  of 
phases  and  find  out  the  conditions  under  which  the  so¬ 
lution  for  z  goes  to  oo.  To  this  aim,  we  rewrite  (4.23)  for  the 
case  of  z  =  CO 


I^n(*)e‘*«Yp(k);  E+  =  E-*. 


(4.22) 


det 


Ee, 

y 


Gy  Gp  +  S, 


^<xfi 


=  0. 


(4.27) 
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We  make  use  the  representation  of  the.  spherical  functions 
in  the  form 

4,  =  i'-0,„  e-7l/^. 

One  can  easily  follow  that  the  relations 

take  place.  Let’s  iiitroduce  two  complex  matrices 

'Kfi  =■(— + =  (— — iEt/j  Gp 

Their  product  is  equal  to  the  matrix,  the  determinant  D  of 
which  coincides  with  (4.27).  Hence, 

£>  =  det  |A„^1  •  det|B,/}l . 

It.  follows  from  the  complexity  of  the  matrices  A  and  IB 
that  in  the  general  case  it  is  required  to  satisfy  at  least  two 
independent  conditions  in  order  to  have  zero  D. 

As  a  result,  in  the  space  of  the  R  parameters  of 
dimension  d  the  singular  points  z  =  oo  form  hypersurfaces 
of  the  dimension  rf  -  2;  In  the  same  way  as  in  the  case  with 
one.  scattering  phase,  this  means  that  at  the  continuous  var¬ 
iation  of  the  parameters  the  solutions  dj  do  riot  cross  the 
|^;I  =  7t/2  value,  and  always  remain  on  the  tan“‘  branch 
(-71/2,  7c/2),  It  is  particularly  evident  in  the  space  of  three 
parameters  df,  /?}.  In  this  case  the  singular  points  form 
lines  and  all  the  phase  space  points  riiay  be  connected  to 
the  origin  without  crossing  the  singular  lines. 

Thus,  we  arrive  at  a  general  statement  that,  in  the  case  of 
the  tunneling  motion  of  the  particle,  the  interaction  with 
barrier  fluctuations  always  reiriains  weak  as  compared  with 
the  intrawell  interaction,  in  spite  of  the  enhancement  due  to 
the  infrared  singularity. 

From  the  consideration  presented,  it  is  clear  that  the  fer¬ 
mion  and  boson  heat  baths  are,  strictly  speaking,  not  equiv¬ 
alent.  It  is  possible  to  ignore  this  fact  only  to  the  extent  to 
which  all  the  contributions  connected  with  the  barrier  fluc¬ 
tuations  can  be  omitted. 

5.  Effect  of  Barrier  Fluctuations  on  a  Tunneling  Transition 
in  an  Insulator 

Consider  now  the  role  of  barrier  fluctuations  during  tun¬ 
neling  motion  in  an  insulator,  when  the  interaction  with 
phonons  plays  decisive  role.  Naturally,  all  the  results  of  Sect. 
2,  in  particular,  expressions  (2.15)  and  (2.16)  are  presented 
in  this  case.  The  polaron  operator  A  (2.13)  is  constructed 
now  on  the  interaction 


AK  =  Z  C„{K  +  bt„)  +  iZ  +  bt,)(b0  +  b*^) 

<x  Z  a/i 

Q  =  Ca(/?2)  -  CAR,),  =  C„/,(/?2)  -  C„;,(f?,)  . 

(5.1) 

Here  the  subscript  =  +  ?,A,  where  q  is  the  wave  vector; 
2  is  the  phonon  branch  number.  At  co^,  cop—*0 


C*(/fi)  ]/k,  Co,p(Ri)  ~  \/(o„(Op  (5.2) 

Usually,  in  analyzing  the  tunneling  in  the  medium,  only 
the  orie-phonon  interaction  in  (5.1)  is  considered.  However, 
the'  allowance  for  the  two-phonon  interaction  has  quite  a 
principal  character.  As  shown  in  Ref.  [14],  only,  in  this  case 
the  tunrieling  motion  in  a  crystal  acquires  a  “viscous”  or 
“ohmic”  character  of  behavior.  It  is  not  accidental  that  the, 
quantum  diffusion  in  a  regular  crystal  at  low  T  is  determined 
precisely  by  the  two-phonon  interaction  [23,24].  We  pre¬ 
serve  only  the  two-phorion  interaction  in  (5.1),  since  by  tak¬ 
ing  into  account  the  terms  of  a  higher  order  we  do  not 
introduce  any  qualitative  changes.  The  results  presented  be¬ 
low  were  obtained  ori  the  assumption  that  the  two-phonon, 
interaction  was  a  weak  one  and  it  is  treated  within  the  per¬ 
turbation  theory. 

Bearing  this  in  mind,  it  becomes  possible  to  represent  the 
polaron  operator  in  the  form  [14] 

A  =  AiAi.  (5.3) 

Here  A,  is  the  conventional  shift  operator  of  normal  oscil¬ 
lators 


=  (5.4) 


In  constructing  A2  related  to  the  two-phonon  interaction, 
in  (5.1)  only  the  terms  of  the  scattering  type  bl^bii  and 
blp  bet  turns  out  to  be  significant. 


Az 


=  exp 


f  _  1  ^  Cgfi 

1  2 [(W«-cu/j+i/T 


bl.bp 


C\p 

Wet-Wp-ijl 


(5.5) 


It  should  be  reminded  that  in  (5.1),  (5.4),  (5.5)  the  sum¬ 
mation  is  taken  over  the  nonadiabatic  interval  of  phonon 
excitations  cu„<(Wo.  In  determining  B  (2.11),  we  preserve 
only  the  barrier  fluctuations  stipulated  by  the  one-phonon 
interaction 


Wo 


z  (^BX + B,x*y 


(5.6) 


Here,  bS,  bS'*'  are  the  operators  of  the  secondary  quanti¬ 
zation,  which  correspond  to  the  phonons  of  the  lattice  non- 
perturbed  by  the  particle.  They  are  connected  with  the  op¬ 
erators  h*,  in  (5.4),  which  are  determined  at  the  phonon 
states  with  the  displaced  centers  of  oscillators  when  the  par¬ 
ticle  is  in  well  1,  by  the  relations 


(-(1)  -  C<'> 


0), 


0). 
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We  shall  now  calculate  the  coherent  transition  amplitude 
;(2.15).  By  neglecting  the  rescatterihg  due  to  the  two-phonon 
processes, .we  have 


The  Q(T)  frequency  connected  with  the  phase  relaxation 
rate  in  the  tunneling  transition  is  determined  by  the  ex¬ 
pression  [24, 14] 


#  =  do  <e»  ^,><yl2>  .  (5.7) 

Here.  <...>  =  Sp  {§...}.■ 

The  calculation  of  the  first  average  value  is  performed 
directly  [1], 

4  =  do<4>.  Ao(T)  =  doe®'>e-’’‘^>+°'^>.  (5.8) 


In  this  expression: 


is  the  conventional  polaron  factor; 


is  an  exponent  stipulated  by  the  barrier  fluctuations. 

The  Bo  determines  the  barrier  variation  connected  with 
atoms  shifts  to  the  positions  equal  to  a  half-sum  of  the  static 
shifts  appearing  when  the  particle  is  in  wells  1  and  2 


Bo  = 


vB„(aHC<^*) 

a  0)o(0x 


(5.11) 


The  Bo  value  is  temperature-independent. 

At  r  — >  0  the  average  (A2)  —*  1  and  the  coherent  am¬ 
plitude  and,  correspondingly,  the  coherent  bandwidth  in  the 
crystal  is  determined  by  the  4(0)  value.  As  seen  from  the 
expression  (5.8),  there  takes  place  a  competition  between  the 
polaron  effect  and  the  fluctuational  barrier  preparation.  The 
ratio  between  (p  and  G  is  arbitrary  in  the  general  case,  since 
the  basic  contributions  made  to  (5.9)  and  (5.10)  may  be  con¬ 
nected  with  the  shifts  of  different  groups  of  atoms.  If  the 
barrier  fluctuations  prevail,  then,  instead  of  the  decrease,  the 
one-phonon  interaction  causes  the  increase  of  and,  in¬ 
stead  of  the  polaron  narrowing,  the  bandwidth  will  grow 
with  rising  temperature.  It  should  be  stressed  that  at  wq  > 
0D  the  whole  phonon  spectrum  takes  part  in  the  formation 
of  G  (or  <p),  and  the  scale  of  these  quantities  may  be  appre¬ 
ciable.  On  the  contrary,  in  the  case  of  a  heavy  particle  tun¬ 
neling,  when  (Do  0d>  the  part  played  by  both  the  factors 
may  be  rather  small. 

The  </l2>  value  starts  to  drop  drastically  with  rising  tem¬ 
perature.  Already  at  0o  >  T  the  calculation  of  this 
value,  taking  into  account  the  explicit  form  of  (5.5),  brings 
about  the.  result  [14] 

</l2>  =  e-«'/2.  (5.12) 


Q{T)  =  nl.\C,p\^NM+  Np)  5((o„  -  cop) 

ttp 


=  n 


too 


[  dcog^((o)X(co) 
0 


exp(c()/7] 
(exp(co/7]-l)^  ’ 


(5.13) 


where  g((w)  is  the  phonon  density  of  states.  The  function 
X((o)  is  the  average  at  (»«  =  co/j  =  co  over  the  phase  volume 
and  branches  of  the  phonon  spectrum  from  |Co,^|l 
The  condition  Qt  >  1,  under  which  the  coherent  band 
break-down  takes  place,  occurs  in  the  region  of  low  tem¬ 
peratures  T  0D,  where  4  differs  still  slightly  from  its 
value  at  r  =  0.  At  that,  there  takes  place  a  transition  to 
the  incoherent  regime,  which  is  described  by  the  general 
expression  for  the  transition  probability  (2.16)  with  allow¬ 
ance  for  (5.3) — (5.6).  The  straightforward  calculation  of  (2.1 6) 
results  in  the  relation  [14]  (see  also  [1]) 


IF=3oe^'^^  J  dt expji^t  - -^ln(cosh(nrt))| 

Here 

¥(,)  =  S  [J 


nc.i'  .  mn 

cos(a)*t), 

L  n>a  (Oo  . 

sinh(f:)  ’ 

X  COa(Oo 


sinh^^j 


(5.14) 


(5.15) 


At  r  0D  and  restricted  ^  this  expression  is  strongly 
simplified  and  results  in  the  form  [25] 


Wk 


lAlQ  ilT 


(5.16) 


At  ^  =  0,  proceeding  from  this  expression  to  the  diffusion 
coefficient,  we  have  [24] 


D(T)  =  - 


za‘ 


Al  . 
Q(Ty 


(5.17) 


z  is  the  number  of  equivalent  wells  with  the  same  energy  in 
the  nearest  coordination  sphere.  This  expression  hold  true 
in  a  broader  interval  of  temperatures  and  only  the  T  >  t~' 
condition  [24]  is  required.  Thus,  at  low  temperatures  the 
quantum  diffusion  is  determined  by  the  two-phonon  proc¬ 
esses.  The  one-phonon  interaction,  in  particular  that  the 
barrier  fluctuations,  is  introduced  through  the  renormalized 
amplitude  4  (5-8).  The  transitions  induced  by  this  interac¬ 
tion  constitute  just  a  negligible  correction  to  (5.17). 
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•However,  the  picture  changes,  when  the. condition  T 
©b  ceases  to  hold  true.  In  this  case,  the  inelastic  processes 
related  to  the  barrier  fluctuations  and  “shaking”  of  the  po- 
laron  “cloud”  start  to  play  a  decisive  role.  In  (5.14)  the  T{t) 
and  f  (t)  functions  are  responsible  for  these  processes.  It 
follows  from  the  form  of  expressions  (5.15)  that  the  under¬ 
barrier  and  intrawell  interactions  can,  (o  an  equal  extent,  be 
dominant.  At  that,  the  character  of  the  temperature  de¬ 
pendence  will  differ  appreciably  in  both  the  cases. 

Here  we  present  the  expression  for  IV  (5.14),  which  cor¬ 
responds  to  the  region  of  high  temperature,  when  it  is  pos¬ 
sible  to  assume  that  >  1.  At  a  large  scale  of  the  barrier 
fluctuations  or  a  large  polaron  effect  such  an  inequality  takes 
place  already  at  relatively  moderate  temperature 


W  as 


Here 


4{E  +  y)T 


exp 


\  E  T  ] 

1  7’'^£b  16(£-l-y)J- 


(5.18) 


4  a  (Oj, 

-Z 

4  « 


^  _  Jl_^ 


(Oo 


Eu'  =4Z 


«  COoW* 


^b  =  4Z-^ 

«  (0*  (Oo 


(5.19) 


The  sum  of  two  linear  in  T  terms  in  the  exponent  has  a 
positive  coefficient.  Thus,  the  transition  probability  rises  ex¬ 
ponentially  both  due  to  the  polaron  effect  and  due  to  the 
barrier  fluctuations.  However,  the  temperature  dependence 
is  different  in  these  two  cases.  If  the  polaron  effect  is  decisive, 
we  obtain  the  activation  dependence  which  is  well-known 
within  the  small-radius  polaron  theory  (see  [26, 27]).  If  the 
interaction  with  the  barrier  fluctuations  prevails,  the  law 
changes.  Now  the  exponent  rises  with  temperature,  follow¬ 
ing  the  linear  law.  From  the  formal  point  of  view,  at  a  suf¬ 
ficiently  large  value  of  the  T/0d  ratio  the  fluctuation  mech¬ 
anism  will  always  play  the  key  role. 

Thus,  we  see  that  in  the  case  of  an  insulator  the  interaction 
of  the  tunneling  particle  with  the  barrier  fluctuations  can  be 
of  cardinal  importance. 


latter.  All  that  allows  us  to  analyze  the  role  of  the  interaction 
with  the  barrier  fluctuations  by  comparing  the  theoretical 
and  experimental  results.  Here  we  shall  confine  ourselves  to 
the  results  of  the  analysis  for  KCl  (for  details,  see  Ref.  [28]). 

At  low  temperature  T  <  Tmm  the  diffusion  coefficient  is 
determined  by  the  expression  (5.17),  while  the  corresponding 
lifetime  in  a  cell  has  the  value  (h  =  1) 

T-'^4D(T)/a^  =  -^;  (6.1) 

(coefficient  4  is  a  result  of  a  numerical  calculation  for  a 
simple  cubic  structure).  It  is  precisely  r"'  that  was  deter¬ 
mined  in  Refs.  [2,3].  Within  the  limit  r-»  0  in  (5.13)  the 
function  2(w)  ~  and,  correspondingly, 

{2(T)  ~  7”+'^* .  (6.2) 

Two  additional  powers  of  T  appear  in  the  case  of  particle 
tunneling  between  the  absolutely  equivalent  sites.  In  the 
NaCl  structure  the  neighboring  sites  are  not  equivalent  as 
far  as  the  interaction  with  phonons  is  considered  and  the 
(2)  factor  must  be  omitted. 

In  Refs  [2,3]  an  appreciably  weaker  dependence  was  ob¬ 
served,  as  compared  with  (6.2).  As  it  has  been  found  out 

[28] ,  that  is  not  a  consequence  of  violation  of  the  decisive 
role  played  by  the  two-phonon  interaction  but  is  due  to  the 
necessity  of  taking  into  account  the  actual  phonon  spectrum 
of  the  crystal  in  (5.13).  The  calculations  performed  for  KCl, 
allowing  for  the  experimentally  determined  p(w)  function 

[29]  and  the  simplest  form  the  vertex  of  the  two-phonon 
interaction 


\c^p?  =  ^’2ph  WaW/j  (6.3) 

are  shown  in  Fig.  1.  At  that,  it  was  assumed  that  Ao  ~  const. 
At  r  0  the  inverse  lifetime  goes  out  into  a  constant  value 

To-' =21/2  Ao.  (6.4) 

The  transition  from  coherent  regime  (6.4)  to  incoherent  one 
(6.1)  could  be  described  by  the  interpolation  formula 


6.  Quantum  Diffusion  of  Muonium  in  KCl  Crystal 

The  recently  published  very  interesting  works  [2, 3]  pres¬ 
ent  the  results  of  investigation  of  the  quantum  diffusion  of 
muonium  in  KCl  and  NaCl  crystals.  The  discovery  of  the 
diffusion  coefficient  increase  by  2.5  -r-  3  orders  of  magnitude 
with  decreasing  T,  which  supersede  the  exponential  drop  of 
D(T)  is,  surely,  most  impressive.  It  was  for  the  first  time 
that  within  one  experiment  the  low -temperature  increase  of 
D(T)  was  observed  on  such  a  scale,  as  well  as  the  passage 
through  the  minimum  and  the  under-barrier  character  of 
the  motion  at  the  high-temperature  branch  of  the  depend¬ 
ence  at  r  >  Taaa-  The  appearance  of  a  small  preexponential 
factor,  as  compared  with  the  oscillation  frequency  of  a  par¬ 
ticle  in  a  well  (o  ~  10'^  s“*,  is  a  clear  manifestation  of  the 


The  limiting  behavior  of  the  experimental  curves  at  low  T 
allowed  Jo  to  be  determined  independently.  It  was  obtained 

Jo  «  0.13  K (KCl).  (6.6) 

Thus,  only  one  fitting  parameter  was  used  which  con¬ 
trols  the  scale  rather  than  temperature  dependence  of  Q(T). 

It  is  clear  from  Fig.  1  that  just  after  the  minimum  point 
the  experimental  and  theoretical  results  are  rather  close.  The 
latter  correspond  to  the  dependence  D{T)  '•  T  in  ex¬ 
periment  [2]  Z)  '  T  An  analogous  result  was  obtained 
for  NaCl. 


Yu.  Kagan:  The  Role  of  Barrier  Fluctuations  in  the  Tunneling  Problem 


421 


Fig.  1 

Low  temperature  behavior  of  the  inverse  lifetime  in  KCl.  Experi¬ 
mental-point  are  from  Refs.  [2,3].  Fitting  parameters  for  the  the¬ 
oretical  curves  are;  Jo  =  0.13  K,  A:ph  =  0.11 


Temperature  dependence  of  the  inverse  lifetime  in  KCl.  Experi¬ 
mental  point  are  from  Refs.  [2,3].  Fitting  parameters  for  the  the¬ 
oretical  curve  arc:  2o  =  0.13  K,  =  0.11,  Ab  =  0.25 


Considering  the  temperature  region  T  >  T^\n  we  conserve 
in  (5.14)  the  one-phonon  interaction  only.  After  singling  out 
from  (5.14)  the  twovphonon  part  (5.16),  (5.17),  (6.1)  the  ex¬ 
pression  for  T~'  can  be  written  in  the  form  (^  =  0) 

T- '  «  4  =  4  I  dr  _  1)  (6.7) 

-OQ 

The  sum  of  (6.5)  and  (6.7)  describe  the  actual  lifetime  in  a 
unit  cell. 

To  start  with,  we  assume  that  the  barrier  fluctuations  do 
not  play  any  role  and  we  take  «  0.  The  one-phonon 
interaction  vertex  can  be  presented  in  the  form. 

I  Cal  =  ^Iph^a  >  (6.8) 

where  Wm  is  the  maximum  frequency  of  the  phonon  spec¬ 
trum. 

If  we  make  use  of  the  activation  energy  value  E  «  390  K, 
found  in  Ref.  [2],  then,  taking  into  account  the  actual  pho¬ 
non  spectrum  for  KCl  [29],  we  immediately  determine  the. 
Aiph  value  from  (5.19).  This  also  allows  us  to  find  the  polaron 
exponent  (p(T)  (5.9).  As  a  result,  all  the  values  in  (6.5)  and 
(6.7)  turn  out  to  be  determined  unambiguously.  Now,  if  we 
find  T~‘  for  the  whole  temperature  range,  we  make  sure  that 
there  takes  place  a  complete  discrepancy  between  the  ex¬ 
perimental  and  calculated  results  for  T  x  T^in.  The  preex¬ 
ponent  in  the  activation  dependence  turns  out  to  be  three 
orders  of  magnitude  larger  than  the  experimental  value  and 
Taia  falls  within  the  range  of  considerably  lower  T.  Such  a 
sharp  discrepancy  cannot  be  compensared  for  by  a  simple 
redistribution  of  the  parameters. 

Let  us  now  treat  the  opposite  case  when  the  barrier  fluc¬ 
tuations  play  the  decisive  role,  and  assume  Ca  0.  We  shall 
again  make  use  of  the  simplest  form  for 


and,  using  the  same  g(o})  function  determine  the  value  of 
G{T)  (5.10)  and  If'(t)  (5.15).  The  results  of  the  calculation, 
making  use  of  only  one  fitting  parameters  Ab,  are  presented 
in  Fig.  2.  One  can  see  that  remarkable  agreement  takes  place 
between  the  experimental  and  theoretical  results,  including 
the  position  of  the  minimum,  the  scale  of  t  at  T  ~  Tm\n  and 
the  whole  high-temperature  behavior  of  T“‘(r).  The  con¬ 
trast  between  the  both  limiting  cases  is  so  pronounced  that 
there  remains  no  doubt  about  the  decisive  role  of  the  barrier 
fluctuations  for  the  quantum  diffusion  of  muonium  in  KCl. 


References 

[1]  Yu.  Kagan  and  M.  I.  Klinger,  Zh.  Eksp.  Teor.  Phys.  70  (1976) 
256  [Sov.  Phys.  JETP  43,  132  (1976)]. 

[2]  R.  F.  Kiel!,  R.  Kadono,  J.  H.  Brever,  G.  M.  Luke,  H.  K.  Yen, 
M.  Celio,  and  E.  J.  Ansaldo,  Phys.  Rev.  Lett.  62, 792  (1989). 

[3]  R.  Kadono,  R.  F.  Kiel!,  E.  J.  Ansaldo,  J.  H.  Brewer,  M.  Celio, 
S.  R.  Kreitzman,  and  C.  M.  Luke,  Phys.  Rev.  Lett.  64,  665 
(1990). 

[4]  Yu.  Kagan  and  N.  V.  Prokofev,  Zh.  Eksp.  Teor.  Phys.  90, 
2176  (1986),  [Sov.  Phys.-JETP  63.  1276  (1986)]. 

[5]  J.  Kondo,  Physica  (B+C)  84,  207  (1976). 

[6]  K.  Vladar  and  A.  Zawadowski,  Phys.  Rev.  B  28, 1564,  1582, 
1596  (1983). 

[7]  K.  Vladar,  G.  T.  Zimani,  and  A.  Zawadowski,  Phys.  Rev.  Lett. 
56,  286  (1986). 

[8]  K.  Vladar,  A.  Zawadowski,  and  G.  T.  Zimani,  Phys.  Rev.  B 
38,  2001,  2015  (1988). 

[9]  A.  J.  Leggett,  S.  Chakravarty,  A.  T.  Dorsey,  M.  P.  A.  Fisher, 
A.  Garg,  and  W.  Zwerger,  Rev.  Mod.  Phys.  59, 1  (1987). 

[10]  Yu.  Kagan  and  N.  V.  Prokofev,  Zh.  Eksp.  Teor.  Phys.  96, 
1473  (1989);  [Sov.  Phys.-JETP  69,  836  (1989)]. 

[11]  P.  W.  Anderson,  Phys.  Rev.  Lett.  18, 1049  (1967);  Phys.  Rev. 
164,  552  (1967). 

[12]  P.  Noziercs  and  C.  T.  deDominicis,  Phys.  Rev.  178,  1097 
(1969). 

[13]  Yu  Kagan  and  N.  V.  Prokofev,  Zh.  Eksp.  Teor  Phys.  Pis’ma 
45,  91  (1987);  [Sov.  Phys.-JETP  Lett.  45,  114  (1987)]. 

[14]  Yu.  Kagan  and  N.  V.  Prokofev,  Zh.  Eksp.  Teor.  Phys.  96, 
2209  (1989);  [Sov.  Phys.-JETP  69,  1250  (1989)]. 

[15]  N.  I.  Muskhelishvili,  Singular  Integral  Equations,  P.  Noor- 
dhoff  Ltd.,  Groningen,  The  Netherlands  1953. 


422 


K.  Kondo:  Tunneling  in  Metals  as  a  Dissipative  Quantum  Process 


C16J  K.  Yariiada  and  K.  Yosida,  Progr.  Theor.  Phys.  68,  1504 
(1982). 

[17]  J.  Kondo,  Physica  (B+C)  126,  377  (1984). 

[18]  K.  Yamada,  Progr.  Theor.  Phys.  72, 195  (1984). 

[19]  H.  Grabert  and  U.  Weiss,  Phys.  Rev.  Lett.  54, 1605  (1985). 

[20]  M.  P.  A.  Fisher  and  A.  T.  Dorsey,  Phys.  Rev.  Lett.  54,  1609 
(1985). 

[21]  K.  Yamada,  A.  Sakurai,  S.  Miyazima,  and  H.  S.  Hwang, 
Progr.  Theor.  Phys.  75,  1030  (1986). 

[22]  Y.  Tanabe  and  K.  Ohtaka^  Phys.  Rev.  B  34,  3763  (1986). 

[23]  Yu.  Kagan  and  L.  A.  Maksimov,  Zh.  Eksp.  Teor.  Phys.  65, 
622  (1973);  [Sov.  Phys.-JETP  38,  307  (1974)]. 

[24]  Yu.  Kagan  and  M.  I.  Klinger,  J.  Phys.  C7,  2791  (1974). 


[25]  Yu.  Kagan  and  L.  M.  Maksimov,  Zh.  Eksp.  Theor.  Phys.  79, 
1363  (1980);  [Sov.  Phys.-JETP  52,  688  (1980)];  Zh.  Eksp. 
Theor.  Phys.  84, 792  (1983);  [Sov.  Phys.-JETP  57, 459  (1983)]. 

[26]  J.  Appel,  Solid  State  Phys.  21, 193  (1968). 

[27]  C.  P.  Flynn  and  A.  M.  Stoneham,  Phys.  Rev.  Bl,  3966  (1970). 

[28]  Yu.  Kagan  and  N.  V.  Prokofev,  Phys.  Lett.  A.  150, 320  (1990). 

[29]  H.  Bilz  and  W.  Kress,  “Phonon.  Dispersion  Relations  in  In¬ 
sulators”,  Springer-Verlag,  Berlin,  Heidelberg,  New  York 
1979. 

Presented  at  the  Discussion  Meeting  of  the  E  7525 
Deutsche  Bunsen-Gesellschaft  fiir  Physi- 
kalische  Ghemie  “Rate  Processes  in  Dis¬ 
sipative  Systems:  50  Years  after  Kramers” 
in  Tutzing,  September  10—13, 1990 


Tunneling  in  Metals  as  a  Dissipative  Quantum  Process 

J.  Kondo 

Physics  Department,  Toho  University,  Funabashi,  Chiba,  Japan 

Diffusion  /  Metals  /  Transport  Properties  /  Tunneling 

There  are  two  characteristic  energies  for  the  proton  in  metals;  the  orbiting  frequency  within  a  site  (luoo) 
and  the  tunneling  integral  between  neighbouring  sites  (d).  Since  typically  /iWo  is  1000  K  and  A  less  than 
10  k,  the  temperature  range  defined  by  hwo  >  kT  Ah  experimentally  accessible.  This  is  peculiar  to 
the  proton  and  proton  isotopes.  —  Low-energy  excitations  of  the  metal  eleetrons  cannot  follow  instan¬ 
taneously  the  orbiting  motion  of  the  proton  in  a  single  well.  They  are  equal  to  those  when  the  proton 
potential  is  averaged  over  the  proton  wave  funetion  representing  the  orbiting  motion.  When  the  proton 
tunnels  to  another  site,  the  low-energy  excitations  must  be  rearranged  to  eorrespond  to  the  new  proton 
position.  Then  the  tunneling  integral  of  the  proton  acquires  a  faetor  of  the  overlap  integral  between  two 
electronic  wave  functions  corresponding  to  two  proton  positions.  This  integral  turns  out  to  be  much 
smaller  than  unity  and  depends  on  a  power  of  the  temperature  when  /iwo  >  kTp  A.  This  power  law  is 
a  result  of  the  non-adiabatic  response  of  the  metal  electrons  to  proton  motion.  Such  a  power  law  will 
manifest  itself  in  diffusion  constant  of  the  proton  or  proton  isotopes. 


1.  Introduction 

My  talk  is  concerned  with  protons  or  positive  muons 
tunneling  between  interstitial  sites  in  metals  [1].  This  is  a 
typical  example  of  quantum  processes  in  dissipative  media. 
In  this  case,  the  metal  electrons  constitute  a  dissipative  sys¬ 
tem.  But  my  approach  to  this  subject  was  motivated  by  an 
observation  of  peculiar  properties  of  metal  electrons.  As  you 
know,  the  characteristic  energy  scale  for  metal  electrons  is 
the  Fermi  energy,  which  is  order  of  electron  volts.  But  in 
this  system  electron-hole  pair  excitations  can  have  an  ar¬ 
bitrarily  small  energy.  It  is  known  that  excitations  with  such 
a  small  energy  give  rise  to  two  important  effects. 

The  first  is  dissipation.  An  example  of  this  is  the  Korringa 
relaxation  of  a  spin  placed  in  a  metal.  Its  rate  is  proportional 
to  kT,  which  is  a  direct  manifestation  of  dissipative  nature 
of  the  metal  electrons.  The  second  is  infrared  divergence.  In 
some  cases,  perturbation  theory  for  problems  of  metals 
breaks  down  due  to  vanishing  excitation  energy.  A  typical 
example  of  this  is  the  electrical  resistivity  due  to  spin  scat¬ 
tering,  which  is  proportional  to  logkT.  So,  our  concern  is 
what  these  effects  result  in  for  proton-tunneling  in  metals. 

2.  Protons  in  Metals  [2] 

We  consider  protons  or  positive  muons  in  metals.  These 
particles  occupy  interstitial  sites  in  metals.  In  general,  there 


are  several  energy  levels  for  them  in  each  site.  Inelastic  neu¬ 
tron  scattering  experiments  tell  us  that  the  level  separation 
in  a  single  well  is  about  KXX)  K  for  the  proton.  These  par¬ 
ticles  jump  among  interstitial  sites  and  diffuse  in  metals.  The 
jump  rate  depends  strongly  on  the  temperature.  At  high 
temperatures  lattice  vibration  is  important  to  understand 
the  jump  rate.  At  low  temperatures,  however,  the  effect  of 
lattice  vibration  can  be  renormalized.  So  we  will  not  con¬ 
sider  its  effect  explicitly.  At  low  temperatures,  the  jump  may 
take  place  via  tunneling  between  lowest  levels  of  neigh¬ 
bouring  sites.  We  will  study  the  effect  of  metal  electrons  on 
such  a  tunneling. 

Here,  there  are  three  relevant  energies.  The  first  is  the 
level  separation  for  the  proton  in  a  single  well,  which  is 
denoted  by  /iWo-  The  se^'cnd  is  the  splitting  of  the  lowest 
levels  due  to  tunneling,  denoted  by  A.  The  third  is  the  Fermi 
energy  of  the  electrons,  denoted  by  Cf.  These  are  generally 
related  by 

fip  ^  ho)o  p  A  .  (1) 

3.  Single-Well  Problem 

First  we  consider  the  proton  moving  within  a  single  well. 
The  proton  wave  function  will  be  denoted  by  /„(R  R*) 

(H  =  0,1,2,...),  where  R  is  the  proton  coordinate  and  R^ 
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the  center  coordinate  of  the  well.  We  expect  that  Xn  is  close 
to  the  harmonic  wave  function  at  least  for  small  n. 

We  take  a  jeUium.model  for  the  electrons.  The  electron 
wave-function  is  denoted  by  where  ri.ri,--  are 

the  electron  coordinates.  In  particular,  <fo  is  the  Fermi 
sphere- state,  where  all  the  states  within  the  Fermi  sphere 
are  occupied.  is  the  state  obtained  from  d>o  by  exciting 
the  electron  k  to  an  empty  state  k'. 

If  the  interaction  between,  the  proton  and  the  electrons 
were  absent,  The  total  wave  function  would  be  the  product 
As  an  interaction  we  take  a  short-range  potential, 
which  is  denoted  by 


1  K(r.  -  i?)  =  I  J  F(r.  - R)\xo{R  -  Ra)\^ d^R  •  (5) 

I  I 

The  electron  wave  function  in  this  potential  will  be  written 
as 


p-  pW-I-'I-Ra 

^Ra  =  ^0  ) 

6  6 


(6) 


where  Vo  is  the  Fourier  transform  of  V{r)  whose  wave  num¬ 
ber  dependence  is  also  neglected.  The  total  wave  function  is 
written  as 


I  V{r,-R).  (2) 

We  consider  two  extreme  approximations  for  this  single¬ 
well  problem  [3], 


!F  =  Zo(/?-RA)4>RA(n,r2,...).  (7) 

This  wave  function  no  longer  involves  an  infrared  diver¬ 
gence.  Instead  it  turned  out  that  it  involved  a  large  non- 
adiabatic  effect. 


3.1.  Adiabatic  Approximation 

In  this  approximation  we  take  the  total  wave  functions 
as 

'P  =  Xo{R-R^)■<t>Rirur^,...),  (3) 

where  is  the  electron  wave  function  which  is  obtained 
when  the  proton  is  fixed  at  R.  Eq.  (3)  implies  that  the  elec¬ 
trons  follow  the  proton  instantaneously. 

Perturbation  theory  tells  us  that  is  written  in  the  first- 
•  ord.fir  of  V  as 

<f>R  =  (4) 

C  •*”  o 

where  the  summation  is  over  k  and  k'  with  the  restriction 
that  k  is  inside  of  the  Fermi  sphere  and  k'  outside  of  it.  Vo 
is  the  Fourier  transform  of  F(r),  which  we  assume  is  inde¬ 
pendent  of  the  wave  number,  e  and  e'  stand  for  £*  and  e*.. 
These  abbreviations  will  also  be  used  in  later  parts  of  this 
paper.  The  phase  factor  in  (4)  takes  accounts  of  the  fact  that 
the  proton  is  fixed  at  R. 

This  wave  function  would  be  valid,  if  the  electrons  moved 
much  faster  than  the  proton  does.  This  is  not  the  case,  how¬ 
ever.  If  one  takes  the  average  of  the  total  energy  with  P, 
one  finds  that  it  is  logarithmically  divergent.  This  divergence 
comes  from  excitations  with  vanishing  energy.  The  electrons 
are  slow  due  to  the  presence  of  such  excitations  and  cannot 
follow  the  proton  instantaneously.  In  order  to  remove  such 
a  divergence  1  used  an  anti-adiabatic  scheme.  On  the  other 
hand  Kagan  and  Prokof’ev  took  account  of  higher-order 
terms  of  the  adiabatic  scheme  [4].  Their  approach  is  more 
systematic.  However,  it  turned  out  that  the  essential  physics 
had  already  been  Involved  in  our  scheme. 

3.2.  Anti-Adiabatic  Approximation 

We  then  consider  the  other  extreme  case,  where  the  elec¬ 
trons  feel  a  potential  which  is  averaged  over  the  proton  wave 
function: 


4.  Two- Well  Problem 

In  order  to  see  what  effect  Eq.  (7)  involves,  we  will  now 
consider  a  two-well  problem,  where  there  are  two  total  wave 
functions  corresponding  to  the  proton  in  the  left  well  (cen¬ 
tered  at  Ra)  and  in  the  right  well  (centered  at  Rb). 


4.1.  Adiabatic  Approximation 
In  this  apprpximation,  the  two  wave  functions  are 


'Ra  =  Zo(R-Ra)-4'r, 

(8) 

n  =  Zo(R-Rb)'4>r. 

(9) 

The  effective  tunneling  integral  in  this  case  will  be  written 
as 

da  =  J  ¥'b*H,„„„„(R)  Tr  d’R  dV,  dVj... , 

(10) 

where  //,„„„5i(i?)  is  some  Hamiltonian  which  causes  proton¬ 
tunneling  from  Xo(R  -  Ra)  to  Xo(R  -  Rb)  or  vice  versa.  With 
the  use  of  (8)  and  (9)  in  (10),  one  finds  that  the  integration 
over  the  electron  coordinates  gives  us  unity,  because  of  the 
normalization  of  $r.  So,  one  finds  that  da  is  equal  to  the 
bare  tunneling  integral  d: 

da  —  J  XS(R  —  Rb)  H,u„„i(R)  Xo{R  ~  Ra)  d^R 
=  d  . 

(11) 

In  this  case  the  electrons  have  no  effect  on  tunneling  of  the 
proton. 

4.2.  Anti-Adiabatic  Approximation 

In  this  case,  the  two  wave  functions  are 

Pa  =  ;:o(R-Ra)-^Ra(''i.R2-)  , 

(12) 

=  Zo(R  — RB)'4'RB(j'i,r2“-)  • 

(13) 
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Th^  effective  tunneling  integral  is  now  written  as> 

4dr  = dVz....  (14) 

The  overlap  integral  in,the  above  expression  is  calculated 
from  (6)  with  proper  normalization  as 


(15) 


One  finds  that  the  second  term  is  logarithmically  divergent 
because  of  excitations  with  vanishing  denominators.  This 
means  that  the  non-adiabatic  effect  implied  by  (12)  and  (13) 
is  quite  large. 

This  logarithmic  divergence  is  replaced  by  a  logT  term 
at  finite  temperatures.  A  finite-temperature  version  of  Eq. 
(15)  is  calculated  as  [5] 


_D_ 

kT 


(16) 


where  q  is  the  density  of  electron  states  at  sp,  a  the  distance 
between  and  1?b.  D  the  cut-off  energy  for  the  electron 
which  is  of  the  order  of  cp.  This  is  logarithmically  divergent 
as  T-*0.  Calculation  of  higher-order  terms  tells  ns  that  [5] 

dc(r  =  d(^-5-j  .  (17) 


where  K  is  defined  by 


(18) 


with  K  =  k  —  k',  where  the  first  summation  is  over  k  and 
k'  with  the  restrictiori  mentioned  before. 

We  first  fix  k  and  k'  and  consider  the  n  summation.  We 
set,  s'  —  e  =  Nh  Wo-  We  first  consider  the  case  where  is  a 
large  integer.  Then  the  terms  with  «  larger  than  N{E„  —  jEq 
>  Nhcoo)  may  be  neglected  because  the  denominators  of 
those  terms  are  large.  (Here  we  assume  harmonic  functions 
for  the  proton  states.)  Bpt  for  the  terms  with  n<N,  the 
proton  energy  may  be  neglected.  Then  the  n  summation  of 
(20)  may  be  approximated  by 

K ^ 7:o(iJ') e'"  ‘^  d^R'-XniR),  (21) 

n-O  e  —  6 

We  now  expand  the  exponential  as 


m-o  m! 

If  one  takes  M  as  an  integer  much  larger  than  k  •  R',  the 
exponential  can  be  approximated  by  the  right  hand  side. 
Using  this  expansion  in  (21),  one  finds  that  the  integral  over 
R'  will  vanish  for  n  >  m,  when  Xn’s  are  harmonic  wave  func¬ 
tions.  This  fact  enables  us  to  distinguish  two  cases. 

Case  h  N  >  M 

The  summation  over  n  in  (21)  can  be  extended  to  co, 
because  the  added  terms  vanish.  Then  one  can  make  use  of 
the  completeness  theorem 

00 

S  x*n{R')Xn(R)=^i>HR-R'), 
and  find  that  (21)  becomes 


Since  kTjD  1  in  general,  the  non-udiabatic  effect  incor¬ 
porated  in  this  anti-adiabati(AScheme  is  large,  whereas  the 
adiabatic  scheme  had  no  effect  on  proton-tunneling. 

The  correct  answer  will  be  in  between.  We  wilt  see,  how¬ 
ever,  that  this  non-adiabatic  effect  does  exist  in  a  correct 
theory.  Eq.  (17)  is  still  valid  only  with  replacement  of  D  by 
/icuo  as  Kagan  and  Prokof’ev  first  pointed  out  [4]. 


,w 


z 


(ik-R)”' 

m\ 


From  the  above  derivation  one  sees  this  result  is  valid  when 


5.  Systematic  Perturbation  Theory  for  Single- Well  Problem  ^ 

To  find  a  correct  answer,  we  write  the  wave  function  for  //©o 
the  single  well  problem  as 


(22) 


=  CcoZo(K)  4^0  +  Z  c„a  Xn  (R)  ,  (19) 

na 


where  we  set  i?A  =  0  for  simplicity.  In  the  first  term  both 
the  electrons  and  the  proton  are  in  the  ground  states.  In  the 
second  term,  both  or  one  of  them  may  be  excited.  A  per¬ 
turbation  theory  tells  us  that  the  first-order  term  is  written 
as 


(20) 


Case  2.  N  <  M 

In  this  case,  among  the  terms  with  Ji  =  0  to  N,  only  the 
term  with  n  =  0  will  be  important: 


J'oJlXol'e"'  ‘^'d^R' 

e'  —  e 

s'-e 


Xo(R) 

y.o(R)- 


This  result  also  applies  to  the  case  where  e'  —  s^  /iwo. 


o 
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Putting  all  these  together,  one  can  write  the  correct  wave 
function  for  the  single-well  problem  to  the  first-order  of  V 
as 


n  =  (^B^  +  4>i')-X0(i?-i?A). 

(23) 

where 

(24) 

'Fa  e't*' 

(25) 

We  note  that  the  integration  over  R  in  (10)  is  mainly 
contributed  from  the  region  where  xo{R-Rk)  and 
Xo(R  —  Rii)  overlap.  In  this  region  [P  —  PaI  =  where  a 
is  the  jump  distance.  Then  (26)  may  be  replaced  by 


kfo/l  4  1 
kfO/l  P  1 ' 


(31) 


Since  k^a  is  usually  larger  than  unity  (~3.5  for  Cu  metal), 
we  take  the  second  case  of  (31).  The  restriction  L  in  (30)  is 
now  expressed  by  [6] 


(kftql2)ha)o  >  e*--e*  >  0, 


(32) 


In  the  low  frequency  part  the  summation  is  over  k  and 
k'  with  the  restriction 


so  the  cut-off  B  is  now  defined  by 


Nh(i>o  >  >  0 . 


B  =  {kfa/2)h0o  ■ 


(33) 


In  the  high  frequency  part  the  restriction  is 


With  the  cut-off.  thus  defined,  we  find  that  (30)  is  calculated 
as 


N  is  given  by 


K'R  4  1 
k-R 


1  -^:iog-j 


+  ... 


A  typical  magnitude  of  k  is  kpi  the  Fermi  wave  number, 
whereas  R  may  be  of  the  order  of  the  radius  of  the  proton 
wave  function.  Thus  we  see  that  the  correct  wave  function 
is  a  hybrid  of  the  adiabatic  and  anti-adiabatic  wave  func¬ 
tions.  TJtis  was  first  pointed  out  by  Kagan  and  Prokof’ev 
[4]. 

6.  Effective  Tunneling  Integral 

Having  found  a  correct  wave  function  for  the  single-well 
problem,  we  now  consider  the  effective  tunneling  integral 
(10),  where 

n  =  +  (27) 

'PB  =  (4•«^  +  <^^i')•Zo(R-«B).  (28) 

The  renormalization  factor  is  solely  contributed  by  the  low 
frequency  parts; 


drfr  =  zlJ<P^*$i^*dV,  dV,.... 


(29) 


The  high  frequency  parts  follow  the  proton  instantaneously 
and  do  not  contribute  to  renormalization.  The  above  over¬ 
lap  integral  is  calculated  as 


1  - 


I  p„|2  [1  _ 

(s'  —  s  +  A)^ 


-f  .... 


(30) 


Finally  we  have 

A,n^A-{jJ.  (34) 

Now  I  will  explain  what  (34)  implies.  When  the  proton  is  in 
the  left  well,  the  electrons  are  pushed  to  it  and  an  electron 
cloud  will  be  formed  around  it.  When  it  tunnels  to  the  right 
welt,  the  eteetron  wave  function  must  be  rearranged  so  as 
to  correspond  to  the  new  proton  position.  Excitations  with 
energy  larger  than  B  can  follow  the  proton  instantaneously, 
so  they  do  not  contribute  to  the  non-adiabatic  effect.  Now 
the  proton  goes  back  to  the  left  well  within  a  time  ~h/A. 
So  excitations  with  energy  less  than  A  do  not  have  enough 
time  to  rearrange  the  wave  function,  so  they  do  not  con¬ 
tribute  to  the  non-adiabatic  effect  either.  Only  those  exci¬ 
tations  with  energy  between  A  and  B  contribute  to  it.  This 
is  what  (34)  implies. 

I  will  mention  two  corrections  to  (34).  The  first  is  self- 
consistency  correction  due  to  Yamada  et  al.  [7].  Actually 
the  proton  goes  back  to  the  original  site  within  a  time  ~/i/ 
Aea,  because  A^a  represents  the  real  speed  of  tunneling.  So 
we  must  have 

instead  of  (34).  Solving  this  equation  for  Aa,  one  has 


Here,  we  have  put  A  in  the  denominator.  We  note  that  A  /  \  />' 

should  be  included  in  the  unperturbed  energy,  because  we  Aa  =  A  =  A-  ,  (35) 

are  doing  perturbation  expansion  in  terms  of  F.  \  ^  / 
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where  I  is  the  characteristic  energy  of  our  problem.  A  sum 
rule  Tells  us  that  ^k«^  1/2  for  a  singly  charged  particle  in 
metals  [8].  Thus  there  is'-no  possibility  of  self-trapping  in 
this  case. 

The  second  correction  is  due  to  a  finite  temperature.  The 
above  result  is  for  the  ground  state  or  for  kT  Z.  When 
B  ^  kTP  Z,  excitations  with  energy  up  to  kT  are  not  like 
those  of  a  degenerate  Fermi  system,  and  so  do  not  contribute 
to  the  non-adiabatic  effect.  Thus  the  low-frequency  cut-off 
must'be  kT: 

/  kTV 

drf  =  d-(-j-)  B>kT>A,  (36) 

Our  main  result  is  this  power  law  of  the  effective  tunneling 
integral. 

7.  Connection  with  Experiments 

I  will  discuss  the  possibility  of  observing  this  power  law. 
For  this  purpose  the  temperature  range  defined  by  the  in¬ 
equality  in  (36)  must  be  experimentally  accessible.  For  the 
proton  h(Oo  is  about  1000  K  and  B  is  of  the  same  order,  still 
Z  may  be  as  small  as  less  than  10  K.  In  this  case  the  above 
criterion  is  satisfied.  This  is  also  the  case  for  the  positive 
muon  and  the  other  isotopes  of  the  proton.  For  the  positron, 
on  the  other  hand,  both  /i(Oo  and  Z  may  be  more  than 
electron  volts.  For  heavier  atoms,  on  the  contrary,  hcoo  may 
be  less  than  1  K  and  J  may  be  much  smaller.  In  this  sense 
the  proton  and  its  isotopes  are  peculier. 

Up  to  this  point,!  have  considered  the  effective  tunneling 
integral,  which  gives  the  level  splitting.  The  non-adiqbatic 
effect  involved  in  it  is  a  manifestation  of  infrared  divergence 
associated  with  metal  electrons.  If  the  effect  of  the  electrons 
is  only  to  renormalize  The  tunneling  integral,  the  proton 
energy  level  would  have  a  vanishing  width.  Actually  the 
electrons  cause  dissipation  and  give  rise  to  the  level  broad¬ 
ening.  The  mechanism  of  the  broadening  is  essentially  equal 
to  that  of  the  Korringa  relaxation.  It  is  shown  that  the 
broadening  is  given  by  [9] 

r  =  nKkT.  (37) 

When  r  <  Aca,  the  proton  will  go  back  and  forth  many  times 
between  the  two  sites  before  the  motion  is  damped  (coherent 
case).  When  T  >  Aai,  the  proton  will  sit  in  a  site  for  a  long 
time  before  it  tunnels  to  the  other  site  (overdamped  case). 


The  cross-over  occurs  when  T  -  Acn-  The  cross-over  tem¬ 
perature  is  given  by 

kT,xZ,  (38) 

with  the  assumption  1. 

In  the  overdamped  case  (kT  >  Z),  the  jump  rate  to  the 
neighbouring  site  is  given  by 


which  is  proportional  to  T^^~'.  Such  a  power  law  of  the 
diffusion  constant  was  observed  for  the  positive  muon  in  Cu 
and  A1  [10].  A  cross-over  from  the  overdamped  to  coherent 
case  was  observed  for  the  proton  in  the  Nb-O.^  system,  as 
the  temperature  is  lowered  from  10  K  to  1  K  [11]. 

In  conclusion  we  have  shown  that  tunneling  of  light  par¬ 
ticles  in  metals  is  influenced  by  the  metal  electrons  very 
much.  This  is  due  to  the  fact  that  excitations  of  the  electrons 
in  metals  can  have  an  arbitrarily  small  energy. 
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Quantum  Coherence  in  Rate  Processes 

Ulrich  Weiss  and  Maura  Sassetti*) 

Institut  fiir  Theoretische  Physik,  Universitat  Stuttgart,  D-7000  Stuttgart  80,  Germany 

Correlation  Functions  !  Neutron  Scattering  /  Nonequilibrium  Phenomena  j  Quantum  Dissipation  j 

Statistical  Mechanics 

The  quantum  dissipative  dynamics  of  a  particle  which  tunnels  through  the  barrier  of  a  double  well  potential 
and  is  coupled  to  an  Ohmic  heat  bath  ,  is  studied.  Exact  formal  expressions  for  correlation  functions  are 
presented  and  examined.  Attention  is  focused  on  the  region  in  which  coherence  effects  arc  important,  and 
on  the  algebraic  long-time  tails  at  zero  temperature.  Coherence  effects  in  the  dissipative  quantum  transport 
of  a  particle  in  a  tight-binding  lattice  are  also  investigated. 


i.  Introduction 

The  decay  of  metastable  state  is  a  very  common  phenom¬ 
enon  and  plays  a  central  role  in  physical  and  chemical  sci¬ 
ences.  At  high  temperatures  the  decay  is  thermally  activated, 
and  the  rate  of  classical  escape  over  the  potential  barrier 
follows  the  Arrhenius  law  [1].  As  the  temperature  is  low¬ 
ered,  thermar fluctuations  die  out  exponentially  fast  so  that 
at  very  low  temperatures  the  metastable  state  can  only  decay 
via  quantum  tunneling.  In  recent  years,  it  has  become  clear 
both  on  the  experimental  and  theoretical  side  that  quantum 
tunneling  is  strongly  affected  by  the  frictional  influence  of 
the  environment,  this  being  the  impetus  behind  the  intense 
increase  in  activity  in  this  Held.  Dissipation  was  found  to 
cause  novel  features  such  as  dissipative  phase  transitions 
[2],  exponential  suppression  of  tunneling  rates  at  zero  tem¬ 
peratures  [3],  and  qualitative  change  of  their  behavior  at 
finite  temperatures  [4].  The  theoretical  predictions  for  the 
temperature  and  damping  dependence  of  tunneling  rates  in 
macroscopic  quantum  tunneling  (MQT)  have  been  verified 
precisely,  e.g.,  in  experiments  on  the  decay  of  the  zero-volt¬ 
age  state  of  a  Josephson  junction  [5]. 

It  has  been  pointed  out  by  Kondo  that  the  dynamics  of 
tunneling  systems  in  metals  are  strongly  affected  by  the  in¬ 
teraction  with  conduction  electrons  [6],  The  nonadiabatic 
effect  of  the  electronic  screening  cloud  causes  anomalous 
temperature  dependence,  such  as  the  increase  of  the  diffusion 
coefficient  with  decreasing  temperature,  a  behavior  first  ob¬ 
served  for  muon  diffusion  in  aluminum  and  copper.  In  this 
region,  the  defect  tunnels  incoherently  to  a  neighboring  site. 
As  the  temperature  is  decreased  quantum  coherence  between 
many  sites  becomes  increasingly  important.  The  defect  be¬ 
comes  delocalized  with  a  wave  function  extending  over  sev¬ 
eral  Interstitial  sites.  In  this  contribution  we  focus  our  at¬ 
tention  to  the  transition  from  incoherent  to  coherent  tun¬ 
neling  in  the  presence  of  a  fermionic  environment. 

The  simplest  situation  for  quantum  coherence  is  the  de- 
localization  of  a  particle  in  a  double  well  potential.  At  suf¬ 
ficiently  low  temperatures,  excitations  in  the  two  wells  can 
be  neglected,  and  the  double  well  can  be  truncated  to  a  two- 
state  system  formed  by  two  energetically  split  tunneling  ei- 
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genstates.  In  the  following  we  provide  a  unified  view  of  the 
two-state  dynamics  under  the  influence  of  conduction  elec¬ 
trons.  Special  attention  is  given  to  the  crossover  from  in¬ 
coherent  to  coherent  tunneling  and  to  the  behavior  at  very 
low  temperatures  where  the  presence  or  absence  of  system- 
bath  correlations  in  the  initial  state  gives  qualitative  differ¬ 
ences  in  the  evolution  of  the  system  at  long  times.  The  equi¬ 
librium  correlation  function  shows  algebraic  long-time  tails 
at  zero  temperature,  and  the  system  approaches  thermal 
equilibrium  always  faster  for  a  factorizing  initial  state.  Cor¬ 
respondingly,  the  spectral  properties  of  the  system  at  low 
frequencies  are  qualitatively  influenced  by  correlations  in  the 
initial  state.  The  important  influence  of  conduction  electrons 
on  defect  tunneling  has  been  verified  in  neutron-spectros¬ 
copy  experiments  on  hydrogen  trapped  by  oxygen  in  nio¬ 
bium  [7].  We  also  consider  the  crossover  from  incoherent 
to  coherent  quantum  transport  of  light  interstitials  in  a  one¬ 
dimensional  tight-binding  lattice  in  the  presence  of  conduc¬ 
tion  electrons. 

The  functional  integral  method  provides  a  unified  ap¬ 
proach  to  the  dynamics  of  two-state  and  multi-state  systems 
in  the  presence  of  dissipative  influences.  In  Section  2  we 
briefly  review  this  method  and  present  exact  formal  expres¬ 
sions  for  the  two-state  system.  Section  3  is  devoted  to  the 
discussion  of  the  dynamics  both  in  the  region  of  incoherence 
and  coherence.  In  Section  4  we  study  coherence  effects  in 
the  quantum  transport  of  a  particle  in  a  multi-state  system. 

2.  Exact  Formal  Expressions  For  The  Two-state  Dynamics 

We  consider  a  quantum  particle  interacting  with  conduc¬ 
tion  electrons  and  tunneling  in  a  double  well  with  bias  en¬ 
ergy  he  and  with  tunneling  matrix  element  hA^,.  We  consider 
the  case  where  the  characteristic  energy  scales  of  the  prob¬ 
lem  are  such  that 

Vo  >  hcoo  >  tiAo.  he,koT.  (2.1) 

Here,  Vo  is  the  barrier  height  and  hcoo  is  the  energy  of  ex¬ 
citation  in  a  single  well.  The  dynamics  of  the  isolated  system 
is  then  simply  described  by  the  pseudospin  Hamiltonian 

Ho  =  -  Y  {Ao  -H  effj) ,  (2.2) 

where  the  cr’s  are  the  Pauli  matrices. 

OUOo-i/ij^l,‘^liU3u3-0427  5  3JO-t.25/U 
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In  the  temperature  region  of  interest  the  influence  of  the 
conduction  electrons  is  governed  by  gross  features  such  as 
the  density  of  low  energy  excitations  off  the  Fermi  surface. 
The  fermionic  bath  can  be  mapped  onto  a  bosonic  bath 
with  an  appropriately  chosen  spectral  density  of  the  cou¬ 
pling  strength.  The  simpler  spin-boson  Hamiltonian  is 

H  =  Ho  +  'Z  +  ywjcofx?  -  (2.3) 

where  the  parameter  qo  represents  the  distance  between  the 
two  wells  of  the  original  problem.  The  effects  of  the  bosons 
areun  the  spectral  function  [8] 

=  (2.4) 

2  I  0)i 

and  the  equivalence  with  a  fermionic  bath  holds  for  the 
specific  form 

J(co)  =  e-"/"*  =  (2  Jtfi  K/ql)o)  e-""“< ,  (2.5) 

where  we  have  chosen  an  exponential  cut-off.  The  spectral 
density  (2.5)  is  known  to  cause  Ohmic  dissipation  in  the 
classical  limit  [3].  Here,  >;  is  the  phenomenological  friction 
coefficient,  while  K  is  a  characteristic  dimensionless  damping 
strength  introduced  by  Kondo  [6].  The  parameter  is  iden¬ 
tical  to  the  parameter  a  introduced  by  Leggett  et  al.  [8]. 
The  cut-off  frequency  of  the  fermions  is  of  the  order  of  the 
Fermi  energy  ck  P  hwo.  However,  since  we  have  truncated 
here  the  original  potential  problem  to  a  two-state  problem, 
the  spectral  density  of  the  environment  is  effectively  cut  off 
at  a  frequency  which  is  of  the  order  of  aio  [8,9].  The 
high-frequency  modes  (cu  >  co^)  affect  the  tunneling  process 
only  by  a  dressing  factor  [8].  In  the  following,  d  denotes 
the  matrix  element  renormalized  by  this  factor.  The  damping 
strength  K  can  be  expressed  in  terms  of  the  original  para¬ 
meters  characterizing  the  Fermi  bath  and  the  coupling  [10]. 
There  follows  from  a  sum  rule  that  K  is  restricted  to  the 
range  Q<,K<\/2. 

The  dynamic  quantities  of  interest  are  the  functions  (/?  = 
I/A'bT’) 

Pit)  =  <ffz(0> .  (2.6) 

C(0  =  Y<ffz(t)(Tz(0)  +  ffz(0)(T^(0>^. 

The  function  PO)  describes  the  expectation  value  of  at 
time  t  >  0  supposing  that  at  all  times  t  <  0  the  system  has 
been  held  in  (say)  the  state  =  +1,  and  the  environment 
IS  assumed  to  have  come  into  thermal  equilibrium  with  it. 
The  system  is  let  go  at  t  —  0,  and  the  system  plus  environ¬ 
ment  is  allowed  to  evolve  according  to  the  full  Hamiltonian 
(2.3).  The  conditional  expectation  value  P(t)  is  the  relevant 
quantity  in  the  macroscopic  quantum  coherence  (MQC) 
problem.  The  exact  formal  solution  for  P(t)  based  on  the 
Feynman-Vcinon  influence  functional  method  [11]  has 


been  given  Refs.  [12]  and  [8].  The  other  dynamical  quantity 
is  the  symmetrized  thermal  equilibrium  correlation  function. 
The  Fourier  transform  of  C(f)  is  directly  related  to  the  dy¬ 
namic  structure  factor  for  neutron  scattering  [13,14]. 
Within  the  real-time  path  integral  approach  the  exact  formal 
solution  of  C(0  has  been  discussed  in  Ref.  [15].  Let  us  briefly 
sketch  the  derivation.  The  functions  C(t)  and  P(t)  are  related 
to  the  joint  probability  Piff,t;(T,0;a',to)  according  to 

C(t)  =  lim  Z  [P((7,t;(T,0;<T,fo) 

tj-,  -00  <r"±l 

+  P( - (T, t;  - <7,0;  <T, to)]  -  1 ,  (2.7) 

P(t)  =  2  lim  P(-H,f;(7= -t-l,to^T^0)-l , 

fo-*-oo 


where  in  the  latter  relation  the  system  is  constrained  to  the 
state  (7  =  -H  of  (7j  for  negative  times  t  in  the  region 
to  T  ^  0.  As  the  heat  bath  modes  are  represented  by  Gaus¬ 
sian  integrals  in  the  functional  integral  approach,  they  can 
be  evaluated  exactly.  One  finds  that  the  environmental  in¬ 
fluences  are  described  by  a  complex  interaction  S(t)  +  iR(T) 
between  each  pair  of  tunneling  transitions.  The  pair  poten¬ 
tial  depends  on  the  spectral  density  and  on  temperature 
through  the  relations 

S(t)  =•—  I  dm-^^^(l  -  coscot)  coth 

nn  0  (O'  \  2 

DC  V  do  “f  .  J((o)  . 

Pit)  =  -T"  J  dco— ^^sincoT, 

7t/l  0  CO^ 

which  for  the  special  choice  (2.5)  and  for  cojT 
the  form 

S(t)  -f  iR(T)  =  K^2\n  [-^sinh  + 

The  equivalence  of  the  bosonic  bath  with  the  special  choice 
(2.5)  with  a  fermionic  bath  follows  from  the  fact  that  the 
inlluence  of  conduction  electrons  indeed  leads  to  a  pair  in¬ 
teraction  of  the  form  (2.9).  (See,  e.g..  Ref.  [6]). 

Following  Ref.  [8]  it  is  convenient  to  formulate  the  ex¬ 
pression  for  the  joint  probability  in  terms  of  a  single  path 
integral  over  the  four  states  of  the  reduced  density  matrix. 
The  periods  t2j  <  t  <  tij+i,  in  which  the  system  is  in  a 
diagonal  state,  are  called  sojourns,  and  the  periods  tiy-i  < 
T  <  t2j,  in  which  the  system  is  in  a  nondiagonal  state,  are 
called  blips.  There  are  two  kinds  of  sojourns,  and  the  J’th 
sojourn  will  be  labelled  by  =  +  1  (4  =  - 1)  if  the  system 
is  in  the  RR(LL)  diagonal  state.  Similarly,  there  are  two 
kinds  of  blips,  and  we  shall  assign  the  label  =  +  1  (^,  = 
1)  to  the  y’th  blip,  if  the  system  is  in  the  nondiagonal  state 
RL(LRj.  For  later  convenience  we  introduce  the  blip  lengths 
X,  =  ti,  -  tif-i  and  sojourn  lengths  Sj  =  12,+,  -  tij. 

It  is  straightforward  to  write  down  the  various  factors 
v,onstituting  the  path  integral  expression.  The  amplitude  per 
unit  time  to  switch  from  a  diagonal  to  a  nondiagonal  state 


(2.8) 

p  1  assume 
iirj.  (2.9) 
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(or  vice  versa)  is  +izl/2.  The  amplitude  to  staydn  a  sojourn 
is  unity,  while  the  amplitude  to  stay  in  the  /th  blip  with 
label  and  length  T;is  exp(i£^;T;).  It  is  convenient  to  include 
this  factor  into  the  phase  oPthe  influence  functional.  If  we 
dtfihe: 

Sji  =  S(tj  —  4) ;  (2.10) 

Aji;  =  S2J.U-I  +  S2j-l,2k  —  S2J,7i  —  S2j-\,2k-l  ) 

the  influence  functional  for  n  blips  at  negative  times  and  m 
blips  at  positive  times  (modified  by  the  bias  factors)  may  be 
written  where 


{m*hn  m+n  1 

-  S  S2J.2J-i  —  S  S 

;-l  j-2  (r-l  J 

r  y 

=  exp  |i  +  ■ 


(2.11) 


Itds  obvious  from  (2.11)  with  (2.10)  that  the  blips  may  be 
viewed  as  neutrab  ’'airs  of  charges  + 1  (dipoles).  The  term 
Ajk  represents  the  iiteraction  energy  of  two  blips,  and  be¬ 
cause  it  is  multiplit  by  the  factor  in  (2.11)  blips  can  both 
attract  and  repel  one  another.  For  the  time  ordered  inte¬ 
grations  over  the  flip  times  4  we  introduce  the  compact 
notation 

I  I  !>•*}  0  (1 

J  (4}  s  f  dt2„+i„  J  d(2n  +  l  J  dt2n  J  d(|  .  (2.12) 

It  0  0  to  to 


Summing  over  all  possible  arrangements  of  blips  and  so¬ 
journs  we  find  for  the  joint  probability  the  expression 


OQ  CO 

E  E 


n  — 


o  \  Ty 


'  J  An.n  {0}  ^  ii.n  ^m.n 

Ig  Kt)  IX/l' 


(2.13) 


The  sum  over  arrangements  and  {x,}  extends  over  the 
possible  values  ±1  of  the  and  Xj,  (j  =  l,2,...,«i  +  n).  The 
double  prime  in  {xj}"  is  to  indicate  the  constraint  Xo  = 

X„  =  Xm+n  =  O’.  Next,  the  Xr^um  in  (2.13)  can  be  carried  out 
straightforwardly.  In  the  end  we  find  from  (2.7)  with  (2.13) 
the  result 


P{t)  =  m  +  P.(t), 

C{t)^Ps(t)  +  Q{t), 

where  Ps(0  =  1  -P  P+  (t)  and 

CO  t 

Pi(0=  E  J/)t„.o{t/}E 

t»=:  0  K/l 

CO  CO 

Q(t)  =  -  lim  E  E  (tan(7t/i0)^ 

t 

■lZ)„.„{t;}  E  ^,1 

It  tvJ 


(2.14) 


(2.15) 


with 


j(+)  _ 
^rn  ™ 


—  J^COSTtiif 


=  sin(8E^^;t,). 


(2.17) 


The  expressions  (2.14)— (2.16)  represent  the  exact  formal  so¬ 
lution  in  the  form  of  a  series  in  A^  for  P(()  and  C(t).  The 
function  Ps(t)  (P_(0)  is  the  symmetric  (antisymmetric)  con¬ 
tribution  of  P(0  under  the  inversion  of  the  bias  e  — >  —  e. 

The  assumption  of  a  factorizing  system-bath  initial  con¬ 
dition  at  t  =  0  corresponds  to  the  neglect  of  interactions 
between  the  positive  and  negative  time  parts  in  (2.16).  In 
this  approximation  we  have  C(t)  =  C*'*(t),  where 

CW(()  =  Po(t)  +  P„P_(t),  (2,18) 

and  where  P^,  =  P_(t-+  co)  is  the  equilibrium  value  of  P(f). 
Hence  in  this  approximation  C(t)  is  completely  determined 
by  the  components  of  P((). 

In  recent  theoretical  studies  [13,14,16]  the  structure  fac¬ 
tor  for  neutron  scattering  has  been  calculated  from  the 
Fourier  transform  of  C‘'*(r).  Below  it  will  be  discussed  that 
the  low-frequency  behavior  of  the  structure  factor  is  modi¬ 
fied  drastically  at  low  temperatures,  when  system-bath  cor¬ 
relations  in  the  initial  state  are  taken  into  account.  Corre¬ 
spondingly,  the  long-time  behavior  of  C(t)  at  T  =  0  changes 
qualitatively  in  the  presence  of  the  correlations  in  the  initial 
state. 


3.  Dynamic  Properties 

Despite  its  formidable  appearance,  the  above  formal  ex¬ 
pressions  for  P(t)  and  C(t)  can  be  summed  in  certain  limits 
by  analytic  methods.  This  is  the  subject  of  this  Section.  It  is 
important  to  note  that  much  progress  has  been  made  also 
very  recently  in  the  numerical  path  integral  simulation  of 
similar  expressions  by  Monte  Carlo  methods  in  conjunction 
with  a  stationary  phase  filtering  method  [17]. 


3.1.  Noninteracting-blip  Approximation 

When  the  interblip  correlations  Aj^  are  neglected,  the 
terms  of  the  series  (2.15)  and  (2.16)  are  in  the  form  of  a 
convolution  and  the  Laplace  transforms  P(2)  and  5(2)  can 
be  summed  to  [12, 18,  8, 19] 


P(;.)  =  n(.2)  +  P-(A), 

c(2)  =  Po(;.)-i-Po,p_(;.), 
where  P^  —  tanh(/i^e/2),  and 


;.+[i:(;.j+2:(;._)]/2  ’ 

P_(;.)  =  -  tan(rr/0  [^(2.,)  -  2;(2_)]  Po(2)/(2i2) . 


(2.16) 


(3.2) 
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Here,  =  A  ±  is.  The  self-energy  T(A)  is  given  by  the 
expression 

(3.3) 

where  g(A)  =  T{i-\-K+h^XI2n)ir{\-K+hfiXIU)  and 
whereT(z)  is  the  gamma  function.  Here,  we  have  introduced 
the  effective  zero  temperature  tunneling  splitting  [12] 

/  A  \KI(\-K) 

Je  =  d  [cos(n^)r(i  .  (3.4) 

The  behavior  of  P(t)  based  on  these  expressions  has  been 
studied  in  Refs.  [12],  [18],  [8],  and  [19].  The  corresponding 
properties  of  the  neutron  scattering  function 


;■(«)  =  ReC(A  =  it())  (3.5) 

are  discussed  in  Refs.  [13],  [14]  and  [16]. 

Let  us  examine  the  self-consistency  of  the  noninteracting- 
blip  approximation  (NIBA).  It  is  obvious  that  for  fairly  high 
temperatures  the  pair  interaction  S{x)  in  (2.9)  may  be  ap¬ 
proximated  by 

S(t)  =  2K  ln(/i/?(Oc/2jt)  +  2nKx/hli .  (3.6) 


,  r{K)  (2nhTY'=-' 

]/n  riK) 

2  r(K+l/2)\h(o,  J  cuc  ’ 


which  for  K<  112  increases  with  decreasing  temperature. 
The  high  temperature  behavior  was  discussed  first  by 
Kondo>[21,6]. 


3.2.  Weak  Damping  Case 

The  case  a:  <  1  is  especially  interesting,  since  for  defect 
tunneling  in  metals  K  was  found  to  be  very  small,  namely 
near  K  =  0.05  [7].  Since  the  blips  can  both  attract  and  repel 
one  another,  one  finds  that  for  a  symmetric  system  (c  =  0), 
the  effect  of  the  interblip  interactions  is  of  order  K\  while 
the  intrablip  interactions  give  nontrivial  effects  of  order  K. 
Hence,  the  NIBA  is  a  systematic  weak-coupling  ap¬ 
proximation  for  a  symmetric  system  down  to  r=0  (except 
for  extremely  long  times,  as  discussed  below).  For  asym¬ 
metric  two-state  systems  the  effect  of  the  interblip  interac¬ 
tions  contributes  to  the  order  K  at  temperatures  T  <  To,  so 
that  the  NIBA  is  inadequate  in  this  case.  A  systematic  study 
of  the  effect  of  the  interblip  correlations  in  linear  order  in 
K  is  given  in  Ref.  [16].  In  the  remainder  of  this  Section  we 
restrict  our  attention  to  the  symmetric  case  (e  =  0). 

In  the  region  T<  T*(K)  the  system  shows  damped  os¬ 
cillations  with  frequency  Q  and  damping  rate  y.  At  very  low 
temperatures,  T<  T*{K),  they  are  given  by 


With  this  choice  the  interblip  interactions  Aju  cancel  out, 
and  we  end  up  with  the  expressions  (3.1)  with  (3.2)  where 
the  self-energy  1(2)  is  in  the  form  (3.3)  with  the  factor 
3(A)  =  3(A  =  0).  Thus,  the  self-consistency  condition  of  the 
NIBA  is  fi)?|Ail  27t,  which  in  the  relevant  frequency  range 
corresponds  to  temperatures  T>  To,  where  kg  To  =  fi(d| 
-1-  8^)'^.  In  the  limit  g(X)  — » g(X  =  0),  the  functions  P(A)  and 
C(A)  have  apart  from  a  static  pole  at  A  =  0  three  dynamic 
poles  determined  by  a  cubic  equation  with  real  coefficients. 
The  trajectories  of  these  poles  and  the  corresponding  be¬ 
havior  of  P(t)  have  been  discussed  in  Ref.  [19]. 

For  a  symmetric  system  (s  =  0),  the  functions  P(t)  and 
C(t)  are  the  same  in  the  NIBA,  and,  for  kgT>hA„  the 
Laplace  transform  P(A)  has  two  poles  which  are  determined 
by  a  quadratic  equation,  as  follows  from  (3.2)  with  (3.3)  and 
3(A)  —*  g(A  =  0).  For  K<  112  the  poles  are  complex  conju¬ 
gate  to  each  other  for  T<  T*{K),  and  real  for  T>  T*{K). 
The  crossover  temperature  T*(K)  separates,  the  coherence 
region  in  which  the  system  shows  damped  oscillations  from 
incoherence.  The  corresponding  phase  diagram  has  been 
discussed  in  Refs.  [20,19,8].  X  slightly  different  definition 
of  the  phase  separation  line,  namely  that  the  scattering  func¬ 
tion  j(w)  is  double  peaked  below  T*(K)  and  single  peaked 
above  T*(K)  has  been  considered  in  Ref.  [13].  For  the  lim¬ 
iting  value  K  =  1,'2  one  finds  T*  =  /iJc/(/cBit),  while  for 
Af<l  there  holds  T*  =  hJf,XKkoK).  At  temperatures 
Tp  r*(A[)  one  finds  incoherent  relaxation  P(t)  =  exp(  ,t) 
with  a  rate 


Q{T)  =  hA,{l+KlRetp(ihA,/2nkgT) 

-\n(hAJ2KkgT)-]},  (3.8) 

7(7’)  =  {TiK/2)hA,coth(hAj2kgT), 

where  i/3(z)  is  the  digamma  function.  Correspondingly,  the 
scattering  function  has  two  Lorentzians  centered  at  co  = 
±Q(T)  with  linewidth  27(7’). 

At  temperatures  in  the  range  To  ^  T  4.  T*  the  formulas 
(3.8)  smoothly  map  onto  the  solutions  of  the  quadratic  equa¬ 
tion  discussed  above.  Near  T=T*  the  two  Lorentzians 
merge  into  another,  while  at  temperature  TpT*  there  is 
only  a  single  quasielastic  peak  centered  at  w  =  0  with  line- 
width  27(7)  where  7  is  given  by  (3.7). 

3.3.  Long-time  Behavior  of  P(r)  and  C(0 

The  NIBA  gives  the  asymptotic  behavior  both  of  P(t)  and 
C(t)  qualitatively  wrong  at  low  temperatures.  In  the  absence 
of  a  bias  the  functions  P(r)  and  C''’(r)  are  the  same,  and 
within  the  NIBA  at  7  =  0,  they  are  given  in  terms  of  a 
Mittag-Leffier  function  [18],  which  decays  asymptotically 
with  the  power  law  t  The  asymptotic  behavior  of 

P(f)  and  of  C(r)  is  changed  qualitatively  by  the  interblip 
correlations.  Regarding  P(t),  the  quantitative  calculation  of 
the  effect  of  the  interblip  interactions  is  very  difficult  since 
all  frequency  scales  are  coupled  together,  as  is  well-known 
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from  the  Kondo  problem.  In  the  first  step,  the  correlations 
lead  to  irreducible  sojourns  which  are  effectively  narrow.  In 
the  next  step  an  irreducible  blip  which  has  inside  an  arbi¬ 
trary  number  of  irreducible  sojourns  is; considered.  By  it¬ 
erating  this  procedure  we  then  go  to  longer  and  longer  time 
scales.  In.  the  end  we  find  that  P(X)  is  regular  at  the  origin 
[22].  Hence,  P(t)  shows  in  fact  at  r=  0  not  algebraic,  but 
exponential  decay,  as  t— »oo. 

On  the  other  hand,  the  equilibrium  correlation  function 
decays  algebraically  at  zero  temperature.  The  algebraic 
long-time  tails  of  C(t)  arise  from  the  correlations  between 
the  positive  and  negative  time  parts  in  the  function  = 
G„,„(T=0)  defined  in  (2.11).  As  t-*co,  the  leading  contri¬ 
bution  under  the  integral  in  (2.16)  is 

/V/  (^(0) /^(O)  j(4*) 

(39) 

/  n  \ 

•  1  -  I  S  jAWSoit)], 

\  r-n+l  / 

where  So(t)  =  2/fln(wct)  and  where  and  GfMJ'*'’ 

are  the  interaction  factors  at  zero  temperature  in  the  positive 
and  negative  time  parts,  respectively.  With  the  use  of  (3.9) 
one  finds  in  the  end 

C(t)  =  (2fixo)'So(0,  (3.10) 


itive  muons  or  protons  in  metals  [25],  and  for  the  dynamics 
of  the  phase  of  a  resistively  shunted  single  Josephson  junc¬ 
tion  in  the  extreme  quantum  limit  [26,27].  The  diagonal 
elements  of  the  reduced  density  matrix  are  the  occupation 
probabilities  P„  (t)  of  the  n’th  well  with  the  initial  condition 
P„  (t  =  0)  =  5„.o.  In  the  tight  binding  lirnit  each  transition 
between  system  states  is  associated  with  an  amplitude 
±iid/2  per  unit  time.  We  shall  assume  that  the  environ¬ 
mental  coupling  is  of  the  form  (2.3)— (2.5)  so  that  the  com¬ 
plex  interaction  between  any  pair  of  transitions  is  again 
given  by  (2.9).  An  exact  formal  expression  for  P„  {t)  which  is 
in  the  form  of  a  power  series  in  has  been  derived  in  Ref. 
[28].  It  may  be  written  in  the  form 

P„(t)=  Z  (-l)"'-"(d/2)^"' 

m-|n|  (41) 

I 

■  J  ^m.O  {O}  S  Gm  Z  H„  , 

0  (<>)'  UiV 


where 


where  we  have  identified  (0Pcc/9^<fi)l<;-o  with  twice  the  static 
susceptibility  xo  at  7'=  0. 

Inserting  the  above  zero  temperature  expression  So(t)  for 
the  pair  interaction  we  finally  get  the  algebraic  long  time 
behavior  [23] 

C(t->oo)  = -2/i:(2fiZo)^-^.  (3.11) 

The  behavior  (3.11)  is  exact  for  <  1.  From  (3.11)  we  may 
also  infer  the  behavior  in  frequency  space  near  co  =  0.  We 
find  for  the  scattering  function  (3.5) 

j{Q)-*0)  =  2nK(2hxo)-\(o\ .  (3.12) 


The  sum  over  arrangements  and  {xy}  extends  over  the 
possible  values  ±1  of  the  ^y  and  Xjii  =  i,2,...,2/»),  and  the 
prime  denotes  that  each  arrangement  obeys  the  constraints 

2  m  2  m 

Px,  =  2n,  Z^y  =  0.  (4.3) 

>“i  /“I 

Further,  he  is  the  potential  drop  between  neighboring  wells 
provided  by  the  external  force  F  =  hs/qo.  It  is  convenient 
to  introduce  the  generating  functional 

+  CO 

Z{lt)=  Z  e^’»"P„(0.  (4.4) 

n  w  —CO 


This  relation  is  analogous  to  a  relation  that  has  been  proven 
by  Shiba  [24]  for  the  general  Anderson  model.  It  is  inter¬ 
esting  to  note  that  the  formula  (3.12)  holds  also  in  the  pre.s- 
ence  of  a  bias,  if  we  identify  Xo  with  the  nonlinear  suscep¬ 
tibility  at  zero  temperature. 

We  conclude  this  Section  with  the  remark  that  recently 
the  functions  C(t)  and  P{t)  have  been  determined  exactly  in 
the  entire  (t,8,7’)-parameter  space  for  the  special  value  K  = 
1/2  [15]. 


Now,  the  {xy}'-sum  can  be  done  explicitly,  and  moments 
<9^(0)  of  P„(t)  are  obtained  by  differentiating  N  times  the 
function  Z{X,t)  with  respect  to  X  at  X  =  0.  One  then  finds 


m  « I 


0  t«/)' 


(4.5) 


4.  Quantum  Coherence  in  the  Dissipative  Multi-state 
System 

In  this  Section  we  deal  with  coherence  effects  in  the  quan¬ 
tum  transport  of  a  particle  in  a  onedimensional  tight-bind¬ 
ing  lattice  with  spacing  qo-  This  may  be  looked  upon  as  a 
somewhat  crude  model  for  diffusion  of  interstitials  like  pos- 


The  coefficients  of  the  first  and  second  moment  are 

j  2m  — I 

=  —  n  sm(TtKgj,„), 

xL 

2m  — I  2m  — I 

=  —  Z  cos(nKgi,„)  0  sinfn/fgy^) , 

Z  1  =  1  y  =  l./=t-l 


(4.6) 
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where'we  have  introduced  the  ofT-diagonal  measure 


j  2m 

9j.m  =  —  S  =  S  • 

■'  (oI  l-J+l 


Eq.  (4.5)  is  the  exact  formal  expression  for  the  time  evolution 
of  a  particle  in  a  tilted  tight-bihding  lattice  in  the  presence 
of  Ohmic  dissipation. 

At  high  temperatures,  the  particle  tunnels  incoherently 
from  well  to  well.  This  particular  case  of  the  dynamics  can 
be  described  by  master  equations  for  the  probabilities  P„(t) 
[29,30].  It  is  the  case,  where  the  density  matrix  after  each 
pair  of  transitions  is  again  in  a  diagonal  state.  In  the  above 
it  formally  corresponds  to  restricting  the  sum  over  paths  by 
the  condition  \gj^„\  <  1  for  all  j  and  m.  In  this  limit  the 
nonlinear  mobility 

H  =  lim  (q{t)y/Ft  (4.8) 

l-*oo 

is  found  to  be  /i  =  tanh(h^e/2)qo?/fte  where  y  is  the  rate  of 
incoherent  relaxation  in  the  biased  two-state  system  [18]. 
The  linear  mobility  is  related  to  the  diffusion  coefficient 


D=  lim<q^(t)>/( 
<••00 


of  the  untilted  system  (e  =  0)  by  the  Einstein  relation 

(4.10) 

In  the  high  temperature  limit  one  finds  D  =  Da,  where  Dq 
=  qiy,  and  where  y  is  the  rate  (3.7)  describing  incoherent 
relaxation  in  a  symmetric  two-state  system.  Note  that  in  this 
limit  both  the  mobility  and  the  diffusion  coefficient  are  of 
order  A^. 

As  the  temperature  decreases,  quantum  coherence  effects 
leading  to  contributions  to  the  mobility  of  higher  order  in 
A^  become  increasingly  important.  Such  contributions  are 
partly  taken  into  account  within  a  self-energy  approach  in 
Refs.  [31]  and  [32]. 

The  formidable  expression  (4.5)  can  be  summed  if  we  in¬ 
sert  the  high  temperature  formula  (3.6)  for  the  pair  inter¬ 
action  S(t)  [28].  The  result  for  the  linear  mobility  is 

/i,  =  /io[l-l//o'(y)],  (4.11) 

where  Ho  =  ql/{2TihK).  The  function  /o()’)  is  a  modified 
Bessel  function,  and 

y  =  {2nKhylkaT)'/^ ,  (4.12) 

and  y  is  given  by  (3.7).  The  formula  (4.11)  is  a  consistent 
result  for  temperatures  for  which  j  is  order  of  unity  or 
smaller.  Astonishingly,  it  also  reproduces  the  correct  zero 
temperature  result  for  the  linear  mobility  ni{T  =  0)  =  fto,  a 
value  obtained  from  a  duality  transformation  between  the 
tight-binding  limit  and  the  weak  corrugation  case  [33,30]. 


Thus,  (4.11)  is  exact  at  7  =  0  and  at  high  temperatures,  and 
reasonably  interpolates  between  these  cases  in  the  inter¬ 
mediate  regime.  However,  it  does  not  decribe  the  algebraic 
low  temperature  corrections  to  -the  zero  temperature  mo¬ 
bility. 

The  low  temperature  expansion  of  the  mobility  is  deter¬ 
mined  by  the  low  temperature  expansion  of  the  pair  inter¬ 
action  S(t).  We  may  write  S(t)  =  So(t)  +  Si(t),  where  So(t) 
is  the  zero  temperature  expression  of  (2.9)  and  where  Si(t) 
represents  the  contributions  at  finite  T.  The  leading  low 
temperature  correction  is  given  by 


s,(T)  =  a:- 


rhim- 


Thus  we  obtain  from  (4.2) 


G. - «{i  -4(¥)’LI 

Substituting  (4.14)  in  (4.5)  we  see  that  the  second  term  in 
the  curly  bracket  of  (4.14)  can  be  generated  by  differentiation 
with  respect  to  the  bias.  In  the  end  we  find  for  the  mobility 
in  the  region  Af  <  1  the  asymptotic  expansion 


ft{T)  -  n(T=^Q)  +  K  3  (  /,  j  c 
{bh(T=0))  +  0{P), 


The  leading  temperature  dependence  is  given  by  a  T^-power 
law  and  the  numerical  factor  in  (4.15)  is  exact  for  arbitrary 
bias  and  for  all  A  <  1. 

It  is  interesting  to  note  that  if  one  evaluates  the  second 
moment  <q^(t)>  with  the  pair  interaction  (3.6)  one  finds  for 
the  diffusion  coefficient  (4.9) 


^  =  <Jo  ■ 


■[l-l//o'0’)]- 


Comparing  (4.1 6)  with  (4.11)  we  see  that  the  Einstein  relation 
(4.10)  is  satisfied  in  all  orders  in  A^.  As  the  temperature 
decreases  the  diffusion  coefficient  goes  through  a  maximum 
[26],  and  it  approaches  zero  as  7— >0.  Thus,  the  system 
shows  subdiffusive  behavior  at  7  =  0.  It  can  be  shown  quite 
generally  that  for  <  1  and  7  =  0  the  second  moment  be¬ 
haves  as  <q^(0>  w  Int  as  t— »co. 

For  the  special  case  Af  =  1/2  the  formal  expression  (4.5) 
can  be  evaluated  exactly  for  arbitrary  7,  t  and  c  [28].  The 
result  for  the  nonlinear  mobility  is 


/i(7)  =  Ho  —  imtpiy2  +  fiylnkaT+ihel2nkaT),  (4.17) 
e 

where  y  =  y{K  =  1/2)  =  itJV(2wJ.  At  high  ten  ..eratures, 
(4.17)  simplifies  to  the  form  discussed  previously. 


H  =  —  tanh(fi/?e/2) , 

e 
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and- at  zero-temperature 

H{T=0)  =  iio^arctan(j^.  (4.19) 

Thus,  indeed^  /t,(r=0)  =  Hq.  Also,  it  is  easy  to  show  that 
the  asymptotic  low  temperature  behavior  of  n{T)  in  (4.17) 
is  exactly,  in  the  form  (4.15).  Further,  the  diffusion  coefficient 
is  given-by 

-^qof  +  fi  yhh  T) ,  (4.20) 

7t 

which  again  vanishes  at  T  =  0,  and  reduces  to  the  previous 
result  D  =  qly  at  high  temperatures.  At  zero  temperature, 
the  second  moment  is  found  to  increase  logarithmically  only, 
'iq^(t)}  =  (2/n^)goln(2yt),  as  00.  Thus,  the  specific  case 
K  =  1/2  reflects  all  of  the  general  features  discussed  above. 

Wc  are  grateful  to  S.  Dattagupta,  H.  Grabert,  P.  Hanggi,  S. 
Linkwitz,  M.  Milch,  Th.  Negele,  H.  Wipf,  and  M.  Wollensak  for 
many  enjoyable  and  enlightening  discussions.  It  is  a  pleasure  to 
thank  the  organizers  of  this  meeting  for  their  invitation.  Partial 
financial  support  was  provided  by  the  C.N.R.  (Italy). 
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The  dynamics  of  an  impurity  spin  coupled  to  a  spin-boson  dissipative  system  is  studied  using  the  resolvent 
expansion  technique.  In  one  particuL.;  physical  realization  the  model  simulates  a  highly  anisotropic  Kondo 
system.  The  transverse  correlation  function  of  the  impurity  spin  is  calculated  and  the  result  obtained  is 
analyzed  in  various  limiting  cases.  NMR  lineshapes  arc  also  calculated  for  various  temperatures  which 
are  relevant  in  another  physical  realization  of  the  model.  Motional  narrowing  is  observed  at  high  tem¬ 
perature. 


1.  Introduction 

An  example  of  current  research  interest  in  rate  processes 
m  dissipative  systems  is  found  in  the  physics  of  a  defect,  such 


as  positive  muon  or  hydrogen,  tunneling  between  two  trap 
sites  in  a  metal  [1].  This  example  concerns  the  study  of  a 
quantum  two-state  system  in  contact  with  a  thermal  bath 
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/ 

AhhqugK  the  latter  is  made  up  of  fermions,  the  low  tem¬ 
perature  behaviour  is  dominated  by  low-lying  excitations 
off  the  Fenrii  surface  which  are  approximately  described  by 
bosons.  This  has  motivated  the  introduction  of  the.spin- 
boson  Hamiltonian  that  has  been  the  fociis  of  much  atten¬ 
tion  in  recent  years  [2].  The  Hamiltonian,  written  as 

2^  =  — 'T  hdflO'x  +  O'*  2 

2-  ^  (1.1) 
+  ^,ha)jbfbj, 

accompanied  by  the  spectral  function: 

7(cu)  =  (2/fi2)  Z  Gj  d((o-  (Oj)  =  Ko)  e-“'" ,  (1.2) 

provide  a  mapping  of  the  two-state  system  in  a  fermionic 
bath  to  a  two-state  system  in  contact  with  a  bosonic  bath. 
In  the  above  equations  a’s  are  Pauli  spin  operators  repre¬ 
senting  the  two-state  system,  do  is  the  tunneling  frequency, 
bj  (bj*)  is  the.!  annihilation  (creation)  operator  for  the  jth 
boson  of  frequency  (Oj  and  Gj  is  the  coupling  constant.  The 
assumed  form  outhe  spectral  density  given  by  the  right  most 
term.of  (1.2)  descibes  what  is  known  as  Ohmic  dissipation 
parameterized  by  the  dimensionless  coupling  constant  K, 
and  the  high  frequency  cut-off  D. 

The  object  of  the  present  investigation  is  not  tunneling 
states  in  metals  but  the  spin  dynamics  of  an  impurity  spin 
1  coupled  to  a  spin-boson  Hamiltonian.  What  we  study  is 
therefore  a  variant  of  the  problem  posed  in  (1.1)  in  that  the 
cr’s  now  represent  a  real  spin-half  entity  which  in  turn  is  in 
interaction  with  another  spin  /.  The  chosen  Hamiltonian  is 
written  as 

■3^  =  -fl/jCj  —  — /idflCT, -1- <7j  Z  Gj(bj  +  b*) 

2  2  i  (13) 

+  Z  hwjbf  b)  +11  , 

I  ‘  ‘  ’  j  ho)j 

where  a  is  a  coupling  parameter  and  the  last  term  is  a 
counter-term  that  disappears  upon  a  unitary  transformation 
on  df  (see  below).  We  are  interested  in  enquiring  what 
should  be  the  influence  of  the  dissipative  dynamics  of  <t’s 
on  the  spin  dynamics  of  I.  In  particular,  we  are  interested 
in  calculating  the  transverse  correlation  function 

C.x(0  =  <4(0)4(t)>,  (1.4) 

where  <...>  denote  statistical  average. 

A  motivating  factor  behind  formulating  the  Hamiltonian 
in  (1.3)  is  the  interest  in  studying  a  highly  anisotropic  Kondo 
system  which  is  approximately  described  by  (1.3)  sans  the 
first  term  [2].  In  this  context  a  represents  the  electronic  spin 
of  the  localized  Kondo  impurity  whereas  the  spin-boson 
part  is  taken  to  model  the  interaction  between  the  localized 
spin  and  the  conduction  electrons.  The  additional  interac¬ 
tion,  represented  by  the  first  term  of  our  model  Hamiltonian, 
is  viewed  to  describe  a  uniaxial  hyperfine  interaction  with 
coupling  constant  a  between  the  nuclear  spin  /  and  the  elec¬ 


tronic. spin  a  of  the  impurity,  A  quantity  such  as  Cxx(t) 
would  be  relevant  in  interpreting  resonance  experiments  c.g. 
nuclear  magnetic  resonance  in  Kondo  like  systems  [3].  A 
related  quantity  is  also  useful  for  analyzing  other  hyperfine 
line  shapes  as  can  be  measured  by  the  Mossbauer  and  an¬ 
gular  correlation  techniques  [4].  It  may  be  further  men¬ 
tioned  that  a  stochastic  version  of  (1.3)  has  been  looked  at 
by  Kehr  and  Kitahara-in  which  the  authors  consider  the 
depolarization  of  a  positive  muon  tunneling  between  two 
sites  which  have  oppositely  directed  magnetic  fields  [5]. 

The  plan  of  the  paper  is  as  follows.  ’In  §2  we  set  up  the 
method  of  calculating  C^xit)  based  on  the  Hamiltonian 
given  in  (1.3).  The  method,  which  goes  under  the  name  of 
“relaxation  theory”,  is  only  briefly  sketched  here  as  most  of 
the  details  are  already  given  in  our  earlier  paper  on  structure 
factor  calculation  for  the  spin  boson  model  [6].  As  shown 
in  [6],  our  approach  is  entirely  equivalent  to  the  dilute 
bounce  gas  approximation  within  a  functional  integral  for¬ 
mulation  of  the  problem  [2,7].  In  §3  we  analyze  the  result 
for  the  correlation  function  calculated  in  §2. 

2.  The  Transverse  Correlation  Function 
2.1  The  Preliminaries 

We  have  argued  earlier  [6]  that  a  convenient  perturbative 
treatment  of  the  spin-bath  coupling  (i.e.  the  second  term  in 
(1.3))  ensues  upon  making  a  unitary  transformation  of  the 
Hamiltonian; 


jp  =  S.?f  S-' 

(2.1) 

where  S  is  a  unitary  operator  defined  by 

S  =  exp  o-j  Z  (Gj/hcOj)  {bj-bj*'^ . 

(2.2) 

We  obtain 

1  1 

3C  =  -fl  /,(Tj  --hJo(5+(r_  + 

-t-  Z  hcojb*  bj 

(2.3) 

where  <t±  =  <Tx  +  iff),  and 

=  exp  ^  i  2  Z  {Gjltm)  {bj  —  b*  )j . 

(2.4) 

In  terms  of  ^  the  transverse  correlation  function 
may  be  written  as 

in  (1.4) 

C.,(f)  =  Tr^e4(0)7,(r)) 

(2.5) 

where 

exp(— 1?.:^) 

Tr[exp(-/?J’)]  ’ 

(2.6) 

and 

7;i(t)  =  exp(iJ^r)4(0)exp(-iJ^r). 

(2.7) 
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•We  may  further  write 
7.(0  =  C/(t)  4(0) 
where 

U{t)  =  exp(iLt), 


where  Xi  is  the  Liouvillian  associated  with  the  interaction 
Hamiltonian; 

(2.8) 

=  --^hdo(B+(T_  -h5_<T+),  (2.16) 

„  and  Lb  is  the  Liouvillian  associated  with  the  bath  Hamil- 
'  ■  ^  tonian: 


L  being  the  Liouvillian,  associated  with  St.  (The  notations 
used  here  are  the  same  as  in  [6]).  Making  the  customary 
'  factori^tion  approximation  the  density  matrix  q  can  be  ex¬ 
pressed  as 

Q^Qs-Qb,  (2.10) 

where  5s  is  the  density  operator  for  the  spin  system  denoted 
by  the  first  term  in  (2,3)  and  Pb  is  the  density  matrix  for  the 
bath  the  Hamiltonian  of  which  is  given  by  the  third  term  in 
(2.3).  This  approximation  is  very  good  unless  either  the  cou¬ 
pling  constant  K  or  the  temperature  is  very  small.  With  this 
the  Laplace  transform  of  C„  (t)  is  given  by 

(z)  =  Trs  {qs  4  [Tre  (qb  f>(z)]  4) ,  (2.1 1) 


where 


S  hcOjb^  bj , 


(2.17) 


As  we  require  the  matrix  elements  of  [t/(z)]av  amongst  the 
combined  spin  states  of  I  and  cr  it  is  convenient  first  to 
tabulate  the  matrix  elements  of  the  self-energy  given  in  (2.15). 
Applying  the  properties  of  the  Liouvillian,  we  find 

(/no/i,w,v|[4,(z-i4s-iLB)"'  Xi]av|mo/i',m,v')  =  (1/h^)  Z 


z-i(E„-  E„)/h  -  i(fifloWo  -  vai/.’ii)/2 


+  ^;i;r  ^ 
>1 


z  -  i(£„.  -  E„)/h  -  i(/tfloWo  -  f?«i»»i)/2 


z  -  i(£„.  -  E„)/fi  -  i(//oo»'o  -  vaiiHi)/! 


V{z)  = 


1 

z-iL  ’ 


<nn\^,\n'n'}<v'n'mvny  \ 

(2.12)  z  — i(£"— £"')/h-i(j«a®/»‘’  — v'a'm*)/2/  (2.18) 


and  Trs  and  TrB  represent  the  traces  ovc  the  quantum  states 
of  the  coupled  spin  system  (of  7  and  a)  and  the  bath  re¬ 
spectively.  Denoting  the  states  of  I  by  the  latin  indices  wo 
and  Wi  and  those  of  a  by  the  Greek  indices  /i  and  v,  (2.11) 
may  be  reexpressed  as 

1  1 

C**(z)=  S  l<m,|4|wo>|^-^X  exp(— T-/?a,/H,v) 

•  (ffioV,»i,vl(TrB{5Bf7(z)})l»iov',Wiv'),  (2.13; 

where  is  the  partition  function  associated  with  gs-  In 
writing  (2.13)  we  have  used  the  fact  that  is  diagonal 
amongst  the  states  of  /. 


2,2  Resolvent  Expansion 

Our  strategy  is  to  first  evaluate  the  trace  over  the  bath 
states.  Formally, 


TrB[eB&(z)]  =  [t/(z)3av 


z 


<«l0B|n>(«n|C/(r)|«'«') 

(2.14) 


where  (n)  denotes  the  occupation  number  states  for  the  bo¬ 
son  operators  and  |nn)  the  “states”  for  the  corresponding 
Liouvillian  (see  [6]).  Developing  the  interaction  term,  i,e. 
the  one  associated  with  the  second  term  in  (2.3),  as  pertur¬ 
bation  and  suitably  rearranging  terms  up  to  the  second  or¬ 
der,  we  have 


where  £„  is  the  eigenvalue  of  the  bath  Hamiltonian  Jf^B-  The 
next  step  is  to  plug  in  the  explicit  form  of  (cf.  (2.16)), 
rewrite  the  denominators  back  in  the  form  of  integrals  over 
t  and  express  the  sum  over  the  bath  states  (n,n',  etc.)  as 
correlation  functions  for  bath  operators.  We  find  that  the 
matrix  for  z  -  iLs  +  [Li(z  -  iLs  -  iXB)”'ii]av.  for  a  fixed 
set  of  nio  and  Wj  and  within  the  sub  space  of  u,  is  block 
diagonal  with  2x2  blocks  at  the  diagonal.  This  simplifies 
the  inversion  that  is  required  in  order  to  obtain  the  matrix 
elements  for  [(/(z)],..  However,  as  is  evident  from  (2.13),  we 
need  focus  on  the  upper  left  block  in  (2.18),  and  thus  we  find 
(displaying  only  the  upper  left  block)  for  the  matrix  of 
Ci/(z)]a.; 


1 

Det(»io,mi) 


-z  +  ^(flo'«o-ai">i) 

+  ^+-(z-)  +  ^+-(z+) 
^_+(z+)  +  ^l+(z-.) 


where  the  Det(/»o,/Hi)  is  given  by 


^+-(z-)  +  ^+-(z+)  1 


2-7(ao'»o-ai«i) 

+  ^-+(z+)  +  ^'-+(z-) 
(2.19) 


Det(»7o,/M,)  =  Z-  +  Z  [^+_(z_)  $_  +  (z+) 

+  ^+-(z+)  +  ^'-  +  (z-)] 

+  ^(flo«ro-ai»h)^  +  ^(ao»'o  -«iWi) 

{[^_+(z.,)-b^LH.(z_)] 

-[$.,_(z_)  +  ^;_(z.,)]}. 


C&(z)]av 


z-iXs  +  [£i(z-iXs-iXB)  ‘Xi]av’ 


(2.15) 


(2.20) 
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Here  the  rows  and  columns  are^iabelled  by  +  -b, - ,  -b  — 

and  —  -b  respectively,  and 


Further,  all  primed  quantities  are  obtained  by  replacing  the 
argument  t  by  -t,  and  the  hat  denotes  the  Laplace  trans¬ 
form.  It  may  be  stressed  that  the  angular  brackets  in  (2.21) 
denote  thermal  averages  governed  by  Qb  and  the  time  de¬ 
velopment  of  (f )  is  dictated  by  alone.  It  may  also  be 
noted  that  in  writing  the  elements  in  (2.19)  we  have  kept  in 
mind  the  possibility  of  the  hyperfme  constant  taking  two 
distinct  values  Oo  and  Uj  depending  on  whether  the  state  is 
Wo  or  ffii.  This  is  particularly  relevant  in  an  experiment  in¬ 
volving  the  Mossbauer  effect  wherein  the  states  mo  and  /») 
refer  to  the  ground  and  excited  states  of  the  nucleus.  On  the 
other  hand,  in  the  case  of  magnetic  resonance  or  angular 
correlation  experiments,  ao  =  at  =  a  [4]. 

Using  the  correlation  function  for  the  bath  variables 
within  the  Ohmic  dissipation  model  we  have  shown  earlier 
that  [6] 

^+_  (z)  =  ^_+(z)  s  ^  (2)  =  B(z)  exp(in A).  (2.22) 

^+_(z)  =  ^L+(z)  s  (z)  =  A(z)exp(-mA), 


F(z)  = 


\hpD) 


2K-1  r(\~2K)r{K+zhp/2K) 

'  r(l-A-bz/i/?/27t) 


Specializing  for  the  moment  to  NMR,  and  also  for  the  sake 
of  simplicity  to  the  case  7  =  1/2,  we  find 

Cx,(z)  =  4(2  +  ^  -b  4F(2)cos(7iA),)  • 

3.  Discussion  of  Results 

In  order  to  have  a  more  physical  appreciation  of  the  re¬ 
sults  given  in  (2.32)  and  (2.33)  it  is  useful  to  consider  first 
certain  limiting  cases  as  enumerated  below. 

(i)  The  Case  of  Zero  Damping: 

Eq.  (2.26)  now  yields  (cf.  (2.23)) 


C*x(z)  = 


1  z^  +  dp 
4  z(2^  +  do  +  i  oV 


r  in  (2.23)  denotes  Euler’s  gamma  function. 

2.3  Results  for  the  Correlation  Function 

It  is  evident  from  (2.13)  that  the  quantity  of  central  im¬ 
portance  is  the  matrix  elements  of  the  averaged  time-devel¬ 
opment  operator  that  may  be  denoted  as 

G„^„(z)  =  S  4-exp  (^^a,m,)(moV, mi  v 

ds  /  (2  24) 

•l(TrB[0BU(2)])l'Mov',m,v'). 


A  knowledge  of  G„,^^(z)  is  adequate  for  evaluating  the  line 
shapes  for  different  kinds  of  hyperfme  spectra  [4].  After  a 
bit  of  algebra  we  obtain 


On  the  other  hand,  zero  damping  implies  also  that  the  spin 
system  is  totally  decoupled  from  its  surroundings,  in  which 
case  the  Hamiltonian  in  (1.3)  is  reduced  to 

^  =  ‘  (3.2) 

Eq.  (3.2)  allows  for  a  direct  calculation  of  the  correlation 
function  in  (1.4),  which,  after  some  straightforward  algebra, 
leads  to  (3.1). 

(ii)  The  Overdamped  and  High  Temperature  Case 

In  this  limit  it  is  expected  that  the  effect  of  coherence 
(contained  in  the  tunneling  term  in  (2.3))  would  be  com¬ 
pletely  washed  out,  leading  to  total  incoherence.  Another 
way  of  saying  the  same  thing  is  to  look  at  (1.3)  and  argue 
that  in  the  present  situation,  the  system-bath  coupling  would 
move  the  spin  in  the  x-direction,  i.e.,  a^,  so  rapidly  that  its 
effect  would  be  averaged  out.  This  phenomenon  is,  therefore, 
very  similar  to  “motional  narrowing"  in  magnetic  resonance 
[3]. 

If  the  effect  of  the  tunneling  term  disappears  from  (1.3) 
one  is  left  with  just  a  “static”  Hamiltonian: 

Jf  =  fl  liffi  -b  Z  ho)jb*})j .  (3.3) 

It  is  now  rather  trivial  to  calculate  directly  the  correlation 
function  of  (1.4)  and  one  obtains 


8cosh(a/?/2) 


'cxp(-fl/?/4) 
.  z  -b  ia/2ti 


cxp(a/j/4 ' 
z  —  ia/2h, 


It  L  not  so  easy  to  show  how  the  general  expression  of  (2.26) 
reuuces  to  (3.4)  analytically,  but  it  is  certainly  possible  to 
demonstrate  this  fact  numerically,  as  exhibited  in  Fig.  1. 


f  (aomo-aimi)V2  -  (aomo-a^m^)(F(^^■)  -  F(z_))sin(7tA)y‘ 

^  z  -b  2(F(z+)  -b  F(z_))cos(jiA)  ' 

_ itanh  (j  ^nimi)(aomo — aiati)V4 _ 

z^  -b  2z(F(z+)  -b  F(z_))cos(jiA)  -b  ^(aoHfo  - aiin,p  -  (apmo  - «i'«i)(F(z+)  -  F(z_))  sin(n A) 
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NMR  lineshape  based  on  (2.26),  For  convenience  we  have  intro¬ 
duced  a  new  temperature  t  =  The  Laplace  transform  vari¬ 
able  z  is  Get  equal  to  i(0  +  r/2  where  F  has-been  fixed  at  0.4  in 
order  to  account  for  a  possible  instrumental  width.  The  temperature 
T  is  fixed  at.5,  do  at  0.25,  a  at  1.0  and  the  cutoff  D  at  100.  We  plot 
the  lineshape  /(to)  ==  £(2).  The  solid  line  corresponds  to  /i  =  0.2, 
the  dashed  line  to  Af=O.OS  and  the  dotted  line  to  /f  =  0.0i 


NMR  line  shape  for  K  =  0.05,  /)  =  100,  do  =  0.25,  a=1.0  and 
r  =  0.2  for  various  values  of  the  temperature  r  (1  for  the  dotted 
line,  5  for  the  dashed  line  and  15  for  the  solid  line) 


(iii)  The  Case  of  High  Temperature 

An  increase  in  temperature  also  leads  to  incoherence  but 
not  to  that  large  an  extent  as  discussed  under  case  (ii).  Here 
one  may  neglect  the  )?-dependent  terms  in  the  argument  of 
the  gamma  functions  appearing  in  (2.23),  and  show  that 


where 


yiKP)  = 


4  (  2k 
D  \hpD) 


r(i-2K)r(K) 

r(i-A) 


cos(7tA) . 


(3.6) 


In  this  limit  it  is  reasonable  to  argue  that  the  physics  of  the 
problem  is  equivalent  to  that  described  by  an  effective  sto¬ 
chastic  model  Hamiltonian: 


Jf(r)  =  44(t),  (3.7) 

where  /?(/)  is  a  two-state  jump  process  having  two  possible 
values  -F  a/2  and  -a/2.  Such  a  process  is  a  special  class  of 
Markov  processes  and  leads  to  a  lineshape  expression  that 
agrees  completely  with  (3.5)  [4]. 


(iv)  Numerical  Plots 

Finally  we  present,  in  Figs.  1  and  2,  a  series  of  plots  based 
on  numerical  computations  of  (2.26)  in  various  domains  of 
interest,  most  of  which  have  been  covered  already  under 
(i)-(iii)  above.  As  one  can  see,  very  weak  damping  leads  to 
three  resonance  lines,  the  central  peak  corresponding  to  an 
effective  field  component  the  nuclear  spin  /  “sees”  in  the  x- 
direction.  When  the  temperature  increases  this  component 
disappears  because  of  incoherence.  Finally,  as  damping  also 
gets  to  be  large  the  two  reasonance  lines  get  completely 
“motionally  narrowed”. 

We  would  like  to  thank  the  Department  of  Science  and  Tech¬ 
nology,  and  the  University  Grants  Commission,  Government  of 
India,  for  supporting  this  research. 
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Hydrogen  interstitials  in  Nb  are  trapped  by  O  or  N  impurity  atoms  below  ~  160  K.  The  trapped  hydrogen 
occupies  two  nearest-neighbor  tetrahedral  sites.  It  represents,  therefore,  a  model  system  for  experimental 
studies  of  the  tunneling  dynamics  of  a  particle  in  a  double-well  potential.  The  tunneling  dynamics  of  the 
trapped  hydrogen  was  investigated  by  neutron  spectroscopy  in  the  temperature  range  between  0.05 
and  160  K.  The  experiments  demonstrate  the  transition  from  a  low-temperature  coherent  tunneling 
(r^  10  K)  to  an  incoherent  jump  diffusion  at  elevated  temperatures  (TS:  10  K).  Up  to  ~60  K,  both 
coherent  tunneling  and  jump  diffusion  is  controlled  by  a  nonadiabatic  coupling  of  the  hydrogen  to 
conduction  electrons  (Kondo’s  coupling  constant  K  =  0.055  ±  0.005).  Above  ~60  K,  the  jump  diffusion 
of  the  hydrogen  is  increasingly  dominated  by  an  interaction  with  phonons, 


1.  Introduction 

The  decisive  role  of  tunneling  in  low-temperature  diffu¬ 
sion  processes  of  hydrogen  interstitials  in  metals  is  well  es¬ 
tablished  since  more  than  two  decades  [1,2].  This  holds 
especially  for  hydrogen  diffusion  in  bcc  metals  such  as  V, 
Nb  -and  Ta  where  the  distances  between  the  (tetrahedral) 
interstitial  sites  occupied  by  the  hydrogen  are  smaller  (about 
1.1  A)  than  in  most  of  the  other  metal-hydrogen  systems. 
The  tunneling  matrix  elements  of  the  hydrogen  are,  there¬ 
fore,  particularly  large.  An  important  progress  in  our  un¬ 
derstanding  of  the  tunneling  dynamics  of  the  hydrogen  was 
the  recent  observation  that  this  dynamics  is  strongly  affected 
by  a  nonadiabatic  interaction  with  the  conduction  electrons 
of  the  host  metal.  This  nonadiabatic  effect,  which  is  ignored 
within  the  conventional  adiabatic  or  Born-Oppenheimer  ap¬ 
proximation,  means  specifically  that  the  tunneling  dynamics 
of  the  hydrogen  interstitials  in  a  metal  cannot  be  explained 
by  solely  considering  interatomic  lattice  potentials.  The  non¬ 
adiabatic  influence  of  conduction  electrons  on  the  motion 
of  the  interstitial  hydrogen  was  first  demonstrated  1984  in 
low-temperature  ultrasonic  experiments  on  hydrogen  in  Nb 
by  Wang  et.  al.  [3].  In  the  same  year,  nonadiabatic  elec¬ 
tronic  effects  were  also  proposed  by  Kondo  and  Yamada 
[4,5]  as  a  mechanism  to  understand  the  previously  unex¬ 
plained  temperature  dependence  observed  for  the  diffusion 
rate  of  muons  in  Al  and  Cu  (the  muon  can  be  considered 
to  represent  a  light  hydrogen  isotope). 

This  paper  summarizes  the  results  of  recent  neutron  spec¬ 
troscopic  measurements  which  investigated  the  tunneling  of 
hydrogen  interstitials  in  Nb  which  were  trapped  below 
-^160  K  by  (immobile)  O  or  N  impurity  atoms  under  for¬ 
mation  of  0-H  or  N-H  pairs  [6-10].  In  this  case,  the 
trapped  hydrogen  occupies  a  double-well  potential  which 
consists  of  two  neighboring  tetrahedral  interstitial  sites 
whith  a.  distance  of  ~  1.17  A.  The  tunneling  of  the  trapped 
hydrogen  in  Nb  represents,  therefore,  the  simplest  situation 
possible  for  a  quantum  transport,  namely  that  in  a  double 
well  potential.  It  is,  at  the  same  time,  the  situation  for  which 
the  influence  of  nonadiabatic  effects  was  intensively  inves¬ 


tigated  in  recent  years  (see  [4,5,9,11-18],  and  references 
therein).  The  experiments  were  performed  in  the  temperature 
range  between  0.05  and  160  K,  and  on  Nb  samples  with 
0-H  or  N-H  pair  concentrations  up  to  1.1  at%.  They 
demonstrate,  at  ~10  K,  the  transition  from  a  low-temper¬ 
ature  coherent  tunneling  with  two  well-defined  and  ener¬ 
getically  splitted  eigenstates  (inelastic  neutron  spectra)  to  an 
incoherent  high-temperature  Jump  diffusion  of  the  trapped 
hydrogen  (quasielastic  spectra).  The  observed  tunneling  dy¬ 
namics  is,  up  to  ~60  K,  consistently  and  quantitatively 
described  solely  by  a  nonadiabatic  interaction  between  the 
conduction  electrons  and  the  hydrogen  (the  adiabatic  inter¬ 
action  with  phonon  modes  effects  only  a  temperature-in 
dependent  renormalization  of  the  tunnel  splitting).  The  di¬ 
mensionless  Kondo  parameter,  which  characterizes  the 
strengh  of  the  nonadiabatic  interaction,  was  determined  to 
ho  K  =  0.055  +  0.005.  Above  ~  60  K,  finally,  the  adiabatic 
influence  of  the  phonons  becomes  important  and  dominates, 
in  fact,  the  tunneling  dynamics  of  the  hydrogen. 

The  trapping  of  H  in  Nb  by  O  or  N  impurities  -  and 
thus  the  formation  of  O  -  H  or  N  -  H  pairs  -  provides  a 
unique  possibility  of  investigating  transport  processes  of  hy¬ 
drogen  intenstitials  in  metals  even  at  low  temperatures 
where,  in  the  absence  of  traps,  the  hydrogen  is  immobile 
because  of  precipitation  [19,20].  The  transport  process  in 
this  case  is  a  coherent  tunneling  or  an  incoherent  (local) 
Jump  diffusion  of  the  hydrogen  between  two  neighboring 
tetrahedral  interstitial  sites  that  form  the  double-well  po¬ 
tential  in  which  the  trapped  hydrogen  is  located.  It  is  worth 
pointing  out  that  such  a  locally  resticted  transport  process 
is  described  by  the  same  theoretical  concepts  as  ordinary 
long-range  diffusion.  Further,  the  fact  that  Nb  is  a  super¬ 
conductor  with  the  (relatively)  high  transition  temperature 
of  9.2  K  will  be  found  of  great  advantage  for  the  present 
experimental  investigation. 

.An  important  aspect  of  the  tunneling  behavior  of  the 
trapped  hydrogen  is  the  occurrence  of  an  asymmetry  energy 
between  the  two  interstitial  sites  of  a  given  hydrogen  inter¬ 
stitial  due  to  random  (static)  lattice  strains  induced  by  sur- 
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rounding  0-H  or  N-H  pairs  [21,22].  The  asymmetry 
energies  increase  with  rising  pair  concentration,  and  they 
reach  typical  values  of  several  nieV  for  concentrations  in 
the  at%  range  [22].  The  influence  of  the  asymmetry  energies 
will  .explicitly  be  considered  within  the  discussion  of  the 
neutron  spectroscopic  results. 

2.  Samples  and  Experimental  Details 

The  measurements  were  carried  out  on  three  Nb(OH), 
samples  with  x  =  0.0002,  0.002  and  0.011,  and  on  three 
Nb(NH),  samples  with  x  =  0.0005'and  0.004  (two  samples). 
The  techniques  applied  for  sample  preparation  and  analysis 
are  described  in  [6,7,10,22].  The  neutron  spectra  were 
taken  with  the  time-of-flight  spectrometer  IN  6  at  the  In¬ 
stitute  Laue-Langevln  in  Grenoble. 


neutron  energy  gain  ImeV) 

Fig.  I 

Neutron  spectra  of  a  Nb(OHXioooj  sample. at  0.2  K  (a)  and  4.3  K 
(b)  [6,9].  For  both  temperatures,  the  spectra  were  taken  in  the 
superconducting  (OT)  and  normal  conducting  (0.7T)  electronic  state. 
The  thick  and  the  thin  solid  lines  represent  fit  curves  for  the  total 
and  the  inelastic  scattering  intensity,  respectively,  The  broken  lines 
are  for  the  elastic  intensity 

3.  Experimental  Results  and  Discussion 
3.1.  Coherent  Tunneling  Regime  Below  ~  10  K 

Fig.  1  presents  four  neutron  spectra  measured- from  the 
Nb(OH)o.o(c:  sample  at  0.2  K  (Fig. la)  and  4.3  K  (Fig. lb)  [6]. 
Both  temperatures  are  well  below  the  superconducting  tran¬ 
sition  temperature  of  9.2  K  for  the  investigated  sample.  For 
this  reason,  spectra  could  be  taken  in  both  the  supercon¬ 
ducting  and  the  normal  conducting  electronic  state  where 
the  latter  state  was  achieved  by  application  of  a  magnetic 
field  of  0.7  T.  The  top  and  bottom  spectra  in  Fig.  1  represent 
the  results  for  superconductivity  (OT)  and  normal  conduc¬ 
tivity  (0.7T),  respectively.  It  can  be  seen  that  both  spectra 
taken  in  the  superconducting  state  show  a  clearly  identifi¬ 
able  inelastic  line  at  ~0.2  meV.  This  demonstrates  a  coher¬ 
ent  tunneling  behavior  with  two  well-defined  eigenstates  due 
to  a  delocalization  of  the  hydrogen  between  two  interstitial 
sites,  and  a  value  of  7,  :s:  0.2  meV  for  the  (renormalized) 
tunnel  splitting  between  the  two  states.  In  the  normal  con¬ 
ducting  state,  the  inelastic  lines  show  a  center  shift  and  a 
broadening  at  0.2  K,  a  id  a  transition  to  an  almost  quasi 
elastic  behavior  at  4.3  These  distinct  differences  between 
superconductivity  and  normal  conductivity  demonstrate  the 


influence  of  nonadiabatic  electronic  effects  since  phononic 
effects  are.  not  expected  to  depend  noticeably  on  the  elec¬ 
tronic  state. 

For  a  quantitative  discussion  of  the  results,  the  measured 
spectra  were  fitted  to  a  scattering  law  that  presupposes  a 
coherent  tunneling  of  the  hydrogen  because  of  a  delocali¬ 
zation  between  its  two  interstitial  sites  [6,9,13-18].  The 
two  relevant  fit  parameters  were  the  temperature-dependent 
tunnel  splitting  J.{T)  between  the  two  eigenstates  of  the  hy¬ 
drogen  and  a  (temperature-dependent)  relaxation  rate  y{T) 
which  describes  the  (reciprocal)  lifetimes  of  these  states.  The 
damping  characterizes  also  the  broadening  of  the  inelastic 
lines  of  the  spectra. 


Tunnel  splitting  J  (a)  and  relaxation  rate  y  (or  damping  2lr;)  (b)  in 
a  plot  versus  temperature  [6,9].  Triangles  and  circles  are  the  results 
for  the  Nb(OHL  samples  with  .x  =  0.0002  and  0.002,  respectively, 
r till  data  points  indicate  normal  conductivity,  and  open  data  points 
arc  for  superconductivity.  The  solid  and  broken  curves  are  ex¬ 
plained  in  the  text  I'he  dotted  curve  represents  an  inhomogeneous 
contribution  to  the  relaxation  rate  [6] 


Fig.  2  compiles  the  fit  results  for  J(T }  and  ,  (T)  as  ob¬ 
tained  in  the  temperature  range  below  10  K  for  two 
Nb(OH),  samples  with  a  =■  0.0002  and  0.002  [6]  in  a  plot 
versus  temperature.  The  open  and  full  data  points  discrim¬ 
inate  between  results  derived  in  the  superconducting  and 
normal  conducting  state,  respectively.  In  the  low -tempera¬ 
ture  limit  T  ^  0  X,  the  tunnel  splitting  is  found  to  be 
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Js(0)  =  (0.226  +  0.004)  .meV  for  the  superconducting  and 
«(ii(0)  =  (0.206  +  0.003)  meVtfor  the  normal  conducting  state. 
The  latter  quantity  shows  an  additional  renormalization  (re¬ 
duction)  by  9%  due  to  the  presence  of  the  normal  con¬ 
ducting  electrons.  The  relaxation  rate  y{T),  on  the  other 
hand,  is  distinctly  larger  in  the  normal  conducting  than  in 
the  superconducting  state. 

It  is  demonstrated  in  [6,9]  that  the  dependence  of  both 
J(T)  and  y{T)  on  the  temperature  and  the  electronic  state 
can  quantitatively  be  described  by  the  theories  developed  in 
[9, 13-18]  for  a  nonadiabatic  interaction  with  the  conduc¬ 
tion  electrons.  The  interaction  with  phonons  is  considered 
to  cause  only  a  temperature-independent  renormalization  of 
the  tunnel  splitting  which  is  identical  for  both  electronic 
states.  A  quantitative  description  requires  further  the  knowl¬ 
edge  of  the  temperature-dependent  electronic  energy  gap 
dg(r)  which  was  assumed  to  behave  according  to  BCS  the¬ 
ory  (for  Nb,  the  zero  temperature  energy  gap  is  dg(0)  = 
1.53  meV).  The  results  of  the  above  theories  are  indicated 
in  Fig.  2  by  broken  and  full  lines  for  the  superconducting 
and  normal  conducting  state,  respectively.  Particularly  at 
low  temperatures,  where  the  experimental  accuracy  is  high, 
the  theories  can  be  seen  to  provide  a  good  description  of 
the  experimental  data. 

The  Kondo  parameter  derived  from  the  data  in  Fig.  2  is 
K  ~  0.055  ±  0.005.  We  point  out  that  .the  complete  theo¬ 
retical  description  as  shown  in  this  figure  requires  only 
one  additional  parameter,  for  instance  the  tunnel  splitting 


Fig.  3 

Neutron  spectra  taken  at  1.5  K  (superconducting  state)  from  the 
Nb(NH)o(»o5  (a)  and  the  Nb(OH>„«,yi  (bj  sample  [10].  The  ihien. 
and  the  thin  solid  lines  represent  fit  vutves  for  the  total  and  the 
inelastic  seaitermg  intensity,  respectively.  The  bioken  lines  arc  for 
the  elastic  intensity 


•4(0)  =  (0.202  +  0.003)  meV  for  7  — »  0  K  in  the  normal 
conducting  state. 

The  experimental  results  presented  so  far  applied  to  hy¬ 
drogen  tunneling  in  Nb(OH),  samples  in  which  the  hydro¬ 
gen  was  trapped  by  O  impurities.  Fig.  3  shows  a  comparison 
of  neutron  spectra  obtained  at  1.5  K  from  the  Nb(NH)oooo5 
and  the  Nb(OH)oooo2  sample  (both  samples  were  in  the  su¬ 
perconducting  state)  [10].  The  data  show  that  the  tunnel 
splitting  of  the  hydrogen  which  is  trapped  by  N  is  signifi¬ 
cantly  smaller  than  that  of  hydrogen  trapped  by  O.  This 
indicates  -  similarly  as  a  previous  study  on  C  traps  [23] 
-  that  the  respective  trapping  impurity  influences  notice¬ 
ably  the  lattice  potential  and,  therefore,  the  tunnel  splitting 
of  the  hydrogen  interstitials. 

The  thick  solid  lines  in  Fig.  3  are  fit  curves  to  the  data 
which  allowed  the  determination  of  the  tunnel  splitting  J^iO) 
for  r-»  0  K  in  the  superconducting  state  [10].  The  results 
for  this  quantity  were  7,(0)  =  (0.165  +  0.004)  meV  and 
7,(0)  =  (0.2222  +  0.004)  meV  for  hydrogen  trapped  by  N  or 
O  impurities,  respectively  [10].  The  result  for  the  O  traps 
agrees  excellently  with  that  of  the  previous  studies  [6,9] 
discussed  above  whereas,  for  the  N  traps,  the  tunnel  splitting 
is  found  to  be  about  30%  smaller.  The  value  of  7,(0)  in  the 
case  of  the  N  traps  is,  however,  very  close  to  that  one  re¬ 
ported  recently  for  hydrogen  in  Nb  that  is  trapped  by  C 


Fig.-! 

Qua»icla;>tit.  neutron  jpatra  of  the  Nb(OHLuoi  sample  [7,9]  The 
thick  and  the  thin  ^olid  line;,  represent  fit  euive^  foi  the  total  and 
the  inelastic  scattering  intensity,  respectively  The  bioken  lines  are 
for  the  elastic  intensity  as  given  by  the  measured  V  resolution 
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impurities  [23].  We  shall  see  later  that  a  smaller  tunnel 
splitting  will  be  reflected,  at  higher  temperatures,  by  a  cor¬ 
respondingly  lower  jump  rate  of  the  trapped  hydrogen. 

3.2:  Incoherent  Jump  Diffusion  above  ~10  K 

Fig.  4  presents  four  neutron  spectra  obtained  from  a 
Nb(OH)o,()02  sample  in  the  temperature  range  between  10  ah5 
145  K  [7,9].  The  spectra  demonstrate  clearly  a  quasielastic 
behavior  as  expected  for  an  incoherent  jump  diffusion  proc-; 
ess  of  the  trapped  hydrogen.  Since  the  temperature  range 
discussed  in  this  Section  is  above  the  superconducting  tran¬ 
sition  temperature  of  9.2  K,  experiments  could  only  be  car¬ 
ried  out  in  the  normal  conducting  electronic  state. 

The  transition  from  a  low-temperature  coherent  tunneling 
behavior  to  an  incoherent  jump  diffusion  process  at  higher 
temperatures  is  theoretically  expected.  The  transition  tem¬ 
perature  defined  in  [13]  is  the  temperature  at  which  the 
curvature  of  the  scattering  law  changes,  at  zero  energy  gain 
of  the  neutrons,  from  a  positive  to  a  negative  value.  Ac¬ 
cording  to  the  experimental  results  for  the  Kondo  parameter 
K  and  and  the  tunnel  splitting  J  as  described  in  the  previous 
section,  the  transition  temperature  is  theoretically  calculated 
tobe  ~ll  K[7,13]. 


Fig.  5 

Jump  rates  v(T)  of  the  hydrogen  in  two  Nb(OH),  samples  with  x 
=  0.002  (eircles)  and  0.011  (triangles)  [7,9].  For  further  details,  see 
text 


The  jump  rates  v{T)  extracted  in  the  temperature  range 
above  10  K  from  measurements  on  two  Nb(OH)„  samples 
with  X  =  0.002  and  0.011  are  compiled  in  Fig.  5  [7,9].  Fig. 
6  shows  jump  rates  accordingly  determined  for  the  three 
Nb(NH);(  samples  [10].  The  analysis  yielding  the  data  in 
Fig.  5  and  6  L  described  in  detail  in  [7].  It  will,  therefore, 
be  discussed  only  briefly  within  this  paper.  However,  it  is 
pointed  out  that  the  explicit  consideration  of  the  asymmetry 
energies  s,  is  important  for  the  data  analysis. 

The  results  in  Fig.  5  and  6  are  summarized  as  follows. 
The  solid  lines  are  the  theoretical  prediction  for  the  jump 


Fig.  6 

Jump  rates  v(T)  of  the  hydrogen  in  three  Nb(NH),  samples  with 
X  =  0.0005  (squares)  and  0.004  (circles  and  triangles)  [10].  For 
further  details,  sec  text 


rate  v{7’,  e  =  0)  derived  under  the  assumption  (i)  of  a  (sole) 
nonadiabatic  coupling  between  the  hydrogen  and  the  con¬ 
duction  electrons  and  (ii)  of  a  vanishing  asymmetry  energy 
e  between  the  two  interstitial  sites  of  the  hydrogen  (i.e.  for 
£  =  0).  In  thise  case,  the  jump  rate  v(7’,c  =  0)  is  given  by 
[7,9,11-13,16-18] 


v(r.e  =  0) 


1  r(K)  m 

2  r(l-K)  h  \  J„(0)  J 


(1) 


where  r(x)  denotes  the  gamma-function.  For  hydrogen  that 
is  trapped  by  0  impurities,  the  foregoing  discussion  yielded 
a  Kondo  parameter  K  =  (0.055  ±  0.005)  [6,9].  Since  this 
quantity  is  not  expected  to  vary  significantly  with  the  type 
of  the  trapping  atom,  it  was  assumed  that  this  result  is  also 
valid  in  the  case  of  N  traps. 

The  quantity  y„(0)  in  (1)  describes  the  tunnel  splitting  in 
the  limit  T— »0  for  a  normal  conducting  sample.  For  the 
samples  in  which  the  hydrogen  was  trapped  by  O,  the  cor¬ 
responding  result  J„  (0)  =  (0.206  ±  0.003)  meV  was  directly 
obtained  from  measurements  in  which  these  samples  were 
normal  conducting  because  of  the  application  of  a  magnetic 
field.  The  measurements  in  which  the  hydrogen  was  trapped 
by  N,  on  the  other  hand,  were  carried  out  on  a  supercon¬ 
ducting  sample  (Fig.  3).  However,  we  can  calculate  the  tunnel 
splitting  for  normal  conductivity  from  its  value  in  the  su¬ 
perconducting  state  and  from  the  Kondo  parameter  K 
[6,15,17,18].  Using  the  value  7,(0)  =  (0.165+0.004)  meV 
for  the  superconducting  state,  we  find  from  such  a  calcula¬ 
tion  an  about  10%  smaller  tunnel  splitting  7„(0)  =  0.148 
meV  for  normal  conductivity  in  the  case  of  hydrogen  that 
is  trapped,  by  N  impurities. 

The  above  values  for  K  and  the  tunnel  splittings  Jr.(0) 
allow  the  caLulation  of  the  jump  rate  v(T,t.  =  0)  according 
to  (1)  without  any  further  adjustable  parameter.  The  results 
of  this  calculation  are  shown  by  the  solid  lines  in  Fig.  5  and 
6.  The  jump  rate  i  (T,*.  =  0)  is,  according  to  tl),  proportional 
to  it  decreases,  therefore,  ivith  rising  temperature. 
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The  full  data  points  in  Fig.  5  and  6  indicate  jump  rates 
V  that  were  obtained  from  the  neutron  spectra  under  the 
invalid  (see  later);  assumption  that  the  random  asymmetry 
energies  e  between  the  two  interstitial  sites  of  a  hydrogen 
interstitial  can  entirely  be  neglected  [7].  Below  ~  60  K,  these 
jump  rates  decrease  in  both  Fig.  5  and  6  with  rising  tem- 
.perature  as  theoretically  expected.  Their  absolute  value  is, 
however,  smaller  than  that  of  the  theoretical  predictoin  for 
v(r,6  =  0)  (solid  lines  in  Fig.  5  and  6).  The  jump  rates  v 
exceed,  on  the  other  hand,  the  theoretical  prediction  for 
temperatures  above  ~60  K,  increasing,  at  the  same  time, 
with  rising  temperature. 

Up  to  now,  we  did  not  consider  the  influence  of  the  asym¬ 
metry  energies  c  in  our  analysis.  A  consideration  of  these 
energies  is  possible  since  the  (actually  measured)  jump  rates 
in  the  presence  of  an  asymmetry  energy  e  are  theoretically 
completely  determined  by  the  value  of  c  and  the  jump  rate 
v(r,c=  0)  for  a  zero  energy  shift  as  long  as  we  presuppose 
a  sole  nonadiabatic  interaction  with  conduction  electrons 
[7, 11, 12, 17, 18].  This  fact  allows  the  determination  of 
v(r,fi  =  0)  even  from  data  which  are  taken  from  samples 
that  exhibit  asymmetry  energies  c  provided  that  we  know 
these  energies  or  their  distribution  function  Z  (e).  The  open 
data  points  in  Fig.  5  and  6  are  the  jump  rates  v(7’,c  =0) 
that  were,  in  the  temperature  range  below  60  K,  accordingly 
derived  from  the  spectra  of  the  investigated  samples  (the 
procedure  how  u(7’,c  =  0)  is  determined  is  described  in 
detail  in  [7]).  The  jump  rates  v{T,s  =  0)  were  derived  under 
the  assumption  of  a  Lorentzian  distribution  function  2’(c) 
and  with  widths  (HWHM)  so  for  this  function  that  were  6.2 
meV  (x  =  0.002)  and  8  meV  (x  =  0.011)  for  the  Nb(OH), 
samples  in  Fig.  5  and  0.20  meV  (x  =  0.0005),  2.2  meV 
(x  =  0.004)  and  3  raeV  (x  f=  0.004)  for  the  Nb(NH),  samples 
in  Fig.  6,  respectively.  We  point  out  that  the  width  of  0.20 
meV  for  the  Nb(NH),  sample  with  x  =  0.0005  was  directly 
obtained  from  the  1.5  K  spectrum  in  Fig.  3  [10];  it  was, 
therefore,  not  an  adjustable  parameter.  The  above  widths 
increase  further  —  as  expected  -  with  rising  O— H  or 
N  -  H  pair  concentration,  and  they  agree  with  a  quantitative 
estimate  reported  in  previous  specific  heat  measurements 
[22]. 

The  jump  rates  v(r,e  =  0)  derived  below  60  K  under 
consideration  of  the  asymmetry  energies  agree  in  both  Fig. 
5  and  6  excellently  with  the  theoretical  prediction.  This 
agreement  supports  our  assumption  of  a  dominant  non¬ 
adiabatic  interaction  with  conduction  electrons  up  to  ~60 
K,  and.it  demonstrates  the  validity  of  Kondo’s  power 
law  up  10  this  temperature.  It  is  worth  mentioning  that  the 
jump  rates  y(T,s  =  0)  for  hydrogen  which  is  trapped  by  O 
(Fig.  5)  are  about  60®/b  larger  than  those  found  for  hydrogen 
trapped  by  N  (Fig.  6).  This  difference  reflects,  according  to 

(1),  mainly  the  fact  that  the  tunnel  splitting  J„  (0)  is  about 
30%  larger  in  the  case  of  the  O  traps. 

In  the  case  of  a  sole  nonadiabatic  interaction,  the  jump 
rate  v(7;fi  =  0)  for  a  zero  asymmetry  energy  exceeds  always 
the  jump  rate  v  derived  under  the  (invalid)  assumption  of 


negligible  asymmetry  energies  if  an  asymmetry  actually  does 
exist  [7, 1 1 , 1 2, 1 7, 1 8] .  This  means  that  the  data  above  60  K 
in  Fig.  5  and  6  cannot  be  explained  by  a  (sole)  nonadiabatic 
interaction  with  conduction  electrons  since  the  differences 
between  experimental  data  and  theoretical  prediction  there 
would  actually  even  increase  if  we  would  account  for  asym¬ 
metry  energies.  We  conclude,  therefore,  that  phonons  begin 
to  dominate  the  jump  rate  of  the  hydrogen  in  the  temper¬ 
ature  range  above  ~60  K.  The  phonons  are,  then,  also  re¬ 
sponsible  for  the  fact  that,  above  ~  60  K,  the  jump  rates  v 
in  Figs.  5  and  6  increase  with  rising  temperature. 

The  present  work  was  financially  supported  by  the  Bundesmin- 
istcrium  fiir  Forschung  und  Technologic. 
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ging  am  22.  Marz  seinen  60.  Geburtstag. 

Prof.  Dr.  Frigyes  Solymosi,  Institute  of 
Solid  State  and  Radiochemistry,  Uni¬ 
versity  of  Szeged,  P.6.  Box  105,  H-6710 
Szeged;  beging  am  30.  Marz  seinen  60. 
Geburtstag. 

Prof.  Dr.  Ernst  Schumacher,  In.'ititut  fur 
Anorganische  Chemie  der  Universitat 
Bern,  Freie  StraBe  3,  CH-3000  Bern,  be¬ 
ging  am  12.  Marz  seinen  65.  Geburtstag. 

Prof.  Dr.  Dr.  Heinz  A.  Staab,  SchloB- 
Wolfsbrunnenweg  43,  6900  Heidelberg, 
beging  am  26.  Marz  seinen  65.  Geburts¬ 
tag. 

Prof.  Dr.  Josef  Brandmuller,  Hubertus- 
straBe  61,  8035  Gauting,  ^ging  am  28. 
Marz  seinen  70.  Geburtstag. 

Todesfail 

Prof.  Dr.  D.  Nakamura,  Daiman-cho 
2-57,  Meito-hu,  465  Nagoya,  Japan,  ist 
am  27.  Februar  1991  im  Alter  von  56 
Jahren  verstorben. 


Neuanmeldungen  zur  Mitgliedschaft 

Nr.  77038  Heuchel,  Matthias,  Dr. 

(Fachbereich  Chemie,  Univer¬ 
sitat  Leipzig)  JosephinenstraBe 
31, 0-7050Leipzig 

(durch  G.  Geiseler) 

Nr.  77039  Wiemhofey,  Hans-Dieter,  Dr. 

(Institut  fur  Physikalische  utid 
Theoretische  Chemie  der  Uni¬ 
versitat  Tubingen,  Auf  der 
Morgenstcllc  8,  W-7400 

Tubingen)  (durch  W.  Gopel) 

Nr.  77040  Geipel,  Gerhard.  Dr.  (Zentral- 
institut  fur  Kernforschung, 
Rossendorl)  Am  Pfeiferberg  9, 
0-8101  Schuilwitz 

(durch  G.  Kreysa) 

Nr.  77041  Rex,  Sibylle  (Universitat  Leip¬ 
zig)  ScheffelstraBe  50c,  0-7030 
Leipzig  (dureh  G.  Geiseler) 

Nr.  77042  Keller,  Michael,  Dipl.-Chem. 
(RWTH  Aachen,  Institut  fiir 
Physikalische  Chemie,  Tem- 
plergraben  59,  W-5100 

Aachen)  (durch  H.  Vcrsmold) 

Nr.  77043  Beuermann,  Sabine,  Dipl.- 
Chem.  (Institut  fiir  Physikali¬ 
sche  Chemie  der  Universitat 
Gottingen)  Stumpfe  Eichc  13, 
W-3400  Gottingen 

(durch  M.  Buback) 

Nr.  77044  Jager,  Marlin  (Institut  fiir 
Physikalische  Chemie  der  Uni¬ 
versitat  Frankfurt  am  Main, 
Niederurseler  Hang,  W-6000 
Frankfurt/Main  50) 

(durch  K.  Dchc) 

Nr.  77045  Richter,  Manfred  Dr.  (Zen- 
tralinstitut  Physikalische  Che¬ 
mie,  Berlin)  Rosa-Luxemburg- 
StraBe  9,  0-1600  Konigs 
Wusterhausen 

(durch  H.  Behret) 

Nr.  77046  Sauer,  Joachim,  Dr.  (Zcntral- 
institut  fur  Physikalische  Che¬ 
mie,  Rudower  Chaussec  5, 
0-1199  Berlin-Adlershol) 

(durch  R.  Ahlrichs) 

Nr.  77047  Dahne,  Siegfried,  Prof.  Dr. 

(Analytisches  Zentrum  Berlin, 
Rudower  Chaussce  5,  0-1199 
Berlin-Adlershol) 

(durch  W.  A.  P.  Luck) 

Nr.  77048  Fiedler,  Klaus,  Dr.  (Zentralin- 
stitut  fiir  Physikalische  Che¬ 
mie,  Rudower  Chaussec  5, 
0-1199  Berlin)  BabeufstraBe 
45,  0-1017  Berlin 
(durch  H.  R.  von  Hirschhausen) 

Nr.  77049  Marian,  Christel,  Dr.  (Institut 
fur  Physikalische  und  Theore- 
tischc  Chemie  dcr  Universitat 
Bonn,  WcgelerstraBe  12, 
W-5300  Bonn  1) 

(durch  S.  PeyerimhoU) 


Nr.  77050  Bockhorn,  Henning,  Prof.  Dr. 

(Physikalisch-cheinisches  In¬ 
stitut,  Universitat  Heidelberg, 
Im  Neuenheimer  Feld  253,  W- 
6900  Heidelberg) 

(durch  J.  Wolfrum) 

Nr.  77051  Hoang,  Dang  Lanh  Dr. 

(AdW,  Zentralinstitut  fiir  Phy¬ 
sikalische  Chemie,  Rudower 
Chaussec  5,  0-1199  Berlin) 
Kremmener  StraBe  14, 0-1058 
Berlin  (durch  H.  Behret) 

Nr.  77052  Patz,  Rainer,  Dr.  (TH  Merse¬ 
burg,  Postfach,  0-4200  Mer¬ 
seburg)  Weinberg  2,  0-4200 
Merseburg  (durch  H.  Behret) 

Nr.  77053  Brand,  Paul,  Prof.  Dr.  (Berg- 
akademie  Freiberg,  Fachbe¬ 
reich  Chemie,  Institut  fiir  Phy¬ 
sikalische  Chemie)  Maxim- 
Gorki-StraBe  18,  0-9200 

Freiberg  (durch  F.  Hcnscl) 

Nr.  77054  Pelzl,  Gerhard,  Dr.  (Sektion 
Chemie,  WB  Physikalische 
Chcmjc,  Martin-Luther-Uni- 
versitat  Halle,  Miihlpforte  1, 
0-4020  Hallc/S) 

(durch  D.  Demus) 

Nr.  77055  Struve,  Peter,  Dr.  (Zcntralin- 
stitut  fiir  Physikalische  Chemie 
Berlin,  Rudower  Chaussec  5) 
MarkomannenstraBe  28,  O- 
1185  Berlin  (durch  H.  Behret) 

Nr.  77056  Dombrowski,  Dieter,  Dr. 
(Karl-Marx-Universitat  Leip¬ 
zig,  Sektion  Chemie)  Micha- 
elisstraBe  5,  0-7010  Leipzig 
(durch  H.  Behret) 

Nr.  77057  Mogel,  Hans-Jorg,  Doz.  Dr. 

(Bcrgakadcmie  Freiberg,  Insti¬ 
tut  fiir  Physikalische  Chemie) 
P.  v.  LadenbergstraBc  23, 
0-4070  Halle/S 

(durch  G.  Brezesinski) 

Nr.  77058  Janietz,  Peter-Johannes,  Dr. 

(Humboldt-Universitiit,  Fach¬ 
bereich  Chemie)  Lienhardtweg 
33, 0-1178  Berlin 

(durch  W.  Griindler) 

Nr.  77059  Hartung,  Helmut,  Prof.  Dr. 

(Universitat  Halle,  Institut  fiir 
Physikalische  Chemie)  Rudolf- 
Haym-StraBe  17,  0-4200 

Halle/S.  (durch  H.  Sackmann) 

Nr.  77060  Voigt,  Wolfgang,  Prof.  Dr. 

(Institut  fiir  Physikalische  Che¬ 
mie,  Bcrgakadcmie  Freiberg) 
Friedmar-Brendel-Wcg  13,  0- 
9200  Freiberg 

(durch  H.  Behret) 

Nr.  77061  Millat,  Jurgen,  Doz.  Dr.  (Uni¬ 
versitat  Rostock,  Fachbereich 
Chemie,  WB  Physikalische 
Chemie)  Schiffbauerring  5, 
0-2520  Rostock  27 

(durch  H.  Behret) 
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Nr.  7.7062  Nafe,  Helfried;  Dr.  (Max- 
Planck-Institut  IBr  Festkorper- 
forschung,  Stuttgart)  Postfach 
204-14,  Bautzner  LandstraBe 
90,  0-8051  Dresden 

(durch  W.  Weppner) 

Nr.  77063  Schmelzer,  Jurgen,  Dr.  (Karl- 
Marx-Universitat  Leipzig, 
Sektion  Chemie)  MobiusstraBe 
11,  0-7650  Leipzig 

(durch  U.  Messow). 

Nr.  77064  Kosslick,  Hendrik,  Dr.  (Zen- 
tralinstitut  fiir  Physikalische 
Chemie,  Berlin  1199)  Schon- 
hauser  Alice  42,  W-1000  Berlin 
58  (durch  H.  Behrct) 

N[r.  77065  Heidrich,  Dietmar,  Doz.  Dr. 
(Sektion  Chemie,  Universitat 
Leipzig)  Augustusplatz/HG, 
0-7010  Leipzig 

(durch  H.  Behret) 

Nr.  77066  Guth,  Ulrich,  Dr.  (Ernst-Mo- 
ritz-Arndt-Universitiit  Greifs- 
wald;  Fachbcrcich  Chemie, 
SoldtmannstraBe  16,  0-2200 
Grcifswald)  Kriipclincr  Wende 
8,  0-2200  Greifswald 

(durch  D.  Mobius) 

Nr.  77067  Quitzsch,  Konrad,  Prof.  Dr. 
(Univcrsiliit  Leipzig,  Fachbe- 
reich  Chcmic/WB  Physikali¬ 
sche  Chemie)  Mauricc-Thorez- 
StraBe  24,  0-7031  Leipzig 

(durch  U.  Messow) 

Nr.  77068  Muller,  Thomas  S.  (Institut 
fur  Physikalische  Chemie  dcr 
Universitat  Saarbrucken,  Bau 
9.2)  ■  Im  Stadtwald  -  W-6600 
Saarbrucken 

(durch  H.  D.  Breuer) 

Nr.  77069  Schuh,  Jorg,  Dipl.-Chem.  (In¬ 
stitut  fiir  Physikalische  Chemie 
dcr  Universitat  Saarbrucken) 
KirchhofstraBe  2,  W-6670  St. 
Ingbert  (durch  H.  D.  Breuer) 


Veranstaltungen 


Tagungen  der 

Deutschen  Bunsen-Gesellschaft 

Hauptversammhiitg  1991  —  TItema.  „Phy- 
sikalisch-chein.  Aspekte  diiniier  Schichten" 
Vom  9.  bis  11.  Mai  1991  in  Bochum. 
Wissenschaftliche  Vorbereitung’  H 
Cherdron,  Frankfurt  am  Main,  G.  Ertl, 
Berlin,  H.  Occhsner,  Kaiserslautern  und 
K.  G.  Weil,  Darmstadt. 

(Siehe  auch  Programm  in  Heft  2/91). 

Hauptversammlung  1992  —  Thema.  „Fesi- 
korper:  Thermodynamik,  Struktur  und  Bin- 
dung" 

Vom  28.  bis  30.  Mai  1992  in  Wien. 
Wissenschaftliche  Vorbereitung.  R. 
Hoppe,  GieBen,  K.  L.  Komarek,  Wien,  A. 


Neckcl,  Wien  und  H.  Schmalzried,  Han¬ 
nover. 

Hauptversammlung  1993  —  Thema:  „Flus- 
sigkristalle"  ( A  rbeitslitel ) 

Vom  20.  bis  22.  Mai  1993. 
Wissenschaftliche  Vorbereitung:  H.  Fin- 
kelmann,  Freiburg  i.  Br.,  R.  Rubner,  Er¬ 
langen  und  H.  Sicgcmcycr,  Paderborn. 

Hauptversammlung  1994  mit  100-Jahr- 
Feier  der  Gesellschaft 
Vom  12.  bis  14.  Mai  1994  in  Berlin. 

Hauptversammlung  1995 
Vom  25.  bis  27.  Mai  1995. 

Bunsen-Diskussionstagung  Herbst  1991, 
169th  Event  of  the  FECS  —  Thema:  „Phy- 
sikalische  Chemie  der  Atmosphdre" 

Vom  7.  bis  9.  Oktober  1991  in  Schlicr- 
see. 

Wissenschaftliche  Vorbereitung:  H. 
Baumgartcl,'Bcrlin,  R.  Zclincr,  Gottingen 
und  C.  Zctzsch,  Hannover. 

(Siehe  auch  Ankiindigung  in  Heft  2/91) 

Bunsen-Diskussionstagung  Friihjahr  1992 

-  Thema:  ..Reaktivitat  von  Clustern" 
Friihjahr  1992. 

Wissenschaftliche  Vorbereitung:  H. 
Baumgartci,  Berlin,  P.  HcnscI,  Marburg 
und  E.  W.  Schlag,  Munchen. 

Bunsen-Diskussionstagung  Herbst  1992  — 
Thema:  ,,/n-silu-Untersuchungen  physika- 
lisch-chemischer  Prozesse  an  Grcnzfldchen" 
Herbst  1992. 

Wissenschaftliche  Vorbereitung:  G.  Ertl, 
Berlin,  W.  Gopcl,  Tubingen,  H.  Knozinger, 
Munchen  und  W.  Schultzc,  Diisscldorf. 

Bunsen-Diskussionstagung  Fruhjahr  1993 

—  Thema:  „LaserdiagnostikJur  industriellc 
Prozesse" 

Fruhjahr.  1993. 

Wissenschaftliche  Vorbereitung:  J. 

Wolfrum,  Heidelberg. 

48.  Bunsen- Kolloquium  —  Thema:  „Nicht- 
lineare  Prozesse  in  Oxiden  unter  bohen 
elektrischen  Feldern” 

Vom  29.  bis  30.  August  1991  in  Aachen. 
Wissenschaftliche  Vorbereitung:  M. 

Martin,  Hannover  und  R.  Wascr,  Aachen. 
(Siehe  auch  Ankiindigung  in  Heft  2/91) 

49.  Bunsen-Kolloquium  —  Thema:  „Die 
Anwendung  von  Synchrotronstrahlung  zur 
Losung  cbemischer  Probleme" 

Erste  Jahrcshiilftc  1991  in  Berlin. 
Wissenschaftliche  Vorbereitung:  H. 

Baumgartci,  Berlin  und  F.  Hcnsel,  Mar¬ 
burg. 

50.  Bunsen-Kolloquium  -  Thema.  „Phy- 
sikalisch-chemische  Gnmdlagcn  der  Pro- 
tein-Immobilisierung  bei  Biokatalyse  und 
Biosensoren"  ( Arbeit stitel) 

Wissenschaftliche  Vorbereitung:  K. 

Schugcrl,  Hannover. 

"8th  International  Conferenee  on  Fourier 
Transform  Spectroscopy"  des  Deutschen 
Arbeitskreises  fur  Angewandte  Spektrosko- 
pie  in  der  FaJigriippe  AnalytisJie  Chemie 
der  Cesellsehaft  DeiitsJier  Chemiker  miter 
der  Schirmherrschaft  der  Deutschen  Bun¬ 


sen-Gesellschaft  fir  Physikalische  Chemie. 
Deutschen  Physikalischen  Gesellschaft, 
Working  Party  on  Analytical  Chemistry 
(WPAC)  of  the  Federation  of  European 
Chemical  Societies  (FECS) 

Vom  1.  bis  6.  September  1991  in  Lii- 
bcck-Travcmundc. 

Auskunft:  Gesellschaft  Dcutscher  Che¬ 
miker,  Abteilung  Tagungen,  Postfach 
900440,  D-6000  Frankfurt  am  Main  90. 

Joint  Meeting  Herbst  1991  —  Societe  Fran- 
faise  de  Chimie,  Division  de  Chimie  Phy¬ 
sique,  gemeinsam  mit:  Associazione  Ita- 
liaiia  di  Chimica  Fisica.  Deutsche  Bunsen- 
Gesellschaft  fir  Physikalische  Chemie,  Fa¬ 
raday  Division  of  the  Royal  Society  of 
Chemistry  —  Thema:  “Synchrotron  Radia¬ 
tion  and  Dynamic  Phenomena" 

Vom  9.  bis  13.  September  1991  in  Grc- 
noblc/Frankrcich. 

Wissenschaftliche  Vorbereitung:  H. 
Baumgartci,  Berlin;  J.  A.  Bcswick,  Orsay; 
C.  R.  A.  Catlow,  London;  P.  Dccleva,  Tri- 
est;  H.  Dexpert,  Orsay;  E.  Geissler,  Gre¬ 
noble;  J.  Goulon,  Grenoble;  J.  Lajzero- 
wicz,  Grenoble;  I.  Ncnner,  Orsay;  J.  Pan- 
nctier,  Grenoble;  C.  Troyanowsky,  Paris. 

Auskunft:  Dr.  C.  Troyanowsky,  Societe 
de  Chimie  Physique,  10,  Rue  Vauquelin, 
F-75231  Paris  Cedex  05,  Tel.:  Paris 
47075448. 

(Siehe  auch  Ankiindigung  in  Heft  7/90). 

Joint  Meeting  Herbst  1992  —  Associazione 
Italiana  di  Chimica  Fisica,  Divissione  di 
Chimica  Fisica  Della  Societa  Chimica  Ita¬ 
liana,  gemeinsam  mit:  Deutsche  Bunsen-Ge¬ 
sellschaft  fiir  Physikalische  Chemie,  Fara¬ 
day  Division  of  the  Royal  Society  of  Che¬ 
mistry,  Sociitd  Franpaise  de  Chimie, 
Division  de  Chimie  Physique,  —  Thema: 
“European  Conference  on  Molecular  Elec¬ 
tronics" 

Vom  24.  bis  28.  August  1992  in  Padua. 

Wissenschaftliche  Vorbereitung:  G. 
Giacometti,  Padua,  F.  HcnscI,  Marburg, 
C.  Pccilc,  Padua,  R.  Bozio,  Padua. 

Auskunft:  Prof.  R.  Bozio,  ECME  ’92, 
Department  of  Physical  Chemistry,  2  Via 
Loredan  2, 1-35131  Padova,  Italy. 

Faraday  Division  of  The  Royal  Society  of 
Chemistry  with  Polymer  Physics  Group  and 
Macro  Group  UK  —  "Polymer  Surfaces 
and  Interfaces  IF 

Vom  21.— 26.  Juli  1991,  University  of 
Durham. 

Auskunft:  Dr.  M.  J.  Richardson,  Natio¬ 
nal  Physical  Laboratory,  Teddington, 
Middlesex  TWll  OLW. 

Faraday  Division  of  The  Royal  Society  of 
Chemistry  null  Polymer  Physics  Group  — 
“Biennial  Meeting" 

Vom  9.—  11.  September  1991,  Univer¬ 
sity  of  Leeds 

Auskunft:  Dr.  M.  J.  Richardson,  Natio¬ 
nal  Physical  Laboratory,  Teddington, 
Middlesex  TWll  OLW, 

Faraday  Division  of  The  Royal  Society  of 
Chemistr)  with  Colloid  and  Interface 
Science  Group  -  “Adsorption  of  Surfac¬ 
tants  and  Polymers" 
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V6m  10.  —  12.  September  1991,  Un¬ 
iversity  of  Bath. 

Auskunft:-Dr.  W.  D.  Cooper,  Shell  Re¬ 
search  Ltdi,  Thornton  Research  Centre,  P. 
O.  Box  1,  Chester  CHI  3SH. 

Faraday  Division  of  The  Royal  Society  of 
Chemistry  with  Polymer  Physics  Group  and 
the  Jhstitute  of  Marine  Engineers  —  “Po¬ 
lymers  in  a  Marine  Environment" 

Vom'23.  —  25.  Oktober  1991,  London 
Auskiihft:  Rhian  Bufton,  Conference 
Organiser,  Institute  of  Marine  Engineers, 
The  Memorial  Biulding,  76  Mark  Lane, 
London- EC3R  7JN. 


Versammiungen  und  Veranstaltungen 

..Energieversorgung  —  Dienstleistung  fiir 
rationelle  Energienutzung" 

Vom  2.-1  Mai  1991,  Schliersee. 
Auskunft:  VDE-Zentralstelle  Tagungen 
und  Seminare,  Stresemannallee  15,  6000 
Frankfurt/Main  70. 

33.  lUPAC  Congress  of  Pure  and  Applied 
Chemistry 


Vom  17.— 22.  August  1991,  Budapest, 
Ungarn. 

Auskunft:  Hungarian  Academy  of 
Sciences,,  attn.;  E.  Pungor,  ter  4,  Gellert, 
H-1111  Budapest. 

8.  International  Conference  on  Fourier 
Transform  Spectroscopy 
Vom  1.-6.  September  1991,  Trave- 
miinde. 

Auskunft:  Gesellschaft  Deutscher  Che- 
miker,  Abteilung  Tagungen,  Postfach  90 
04  40, 6000  Frankfurt/Main  90. 

6.  European  Electromagnetic  Structures 
Conference 

Vom  4.-6.  September  1991,  Friedrichs- 
hafen. 

Auskunft:  Dornier  Luftfahrt  GmbH, 
Dep.  SN  10,  Z.H.  Dr.  J.  Wiedmann,  P.  0. 
Box  13  03,  7990  Friedrichshafeni. 

1st  European  Metals  Conference  on  “Non- 
ferrous  Metallurgy” 

Vom  15.-20.  September  1991,  Briis- 
sel/B. 

Auskunft:  Gesellschaft  Deutscher  Me- 
tallhiitten-  und  Bergleute,  Postfach  10  54, 
3392  Clausthal-Zcllcrfcld, 


Conference  on  Speciality  Polymers  (SP): 
Supermolecular  Aspects  of  Polymer  Syn¬ 
thesis  and  Polymer  Structure 
Vom  30.  September— 2.  Oktober  1991, 
Mainz. 

Auskunft:  Butterworth  Scientific  Ltd., 
Conference  Organizer,  P.  0.  Box  63,  West- 
bury  House,  Bury  St.,  Buildford,  Surrey 
GU2  5BH,  UK. 

Energy  Efficiency  Measures 
Oktober  1991,  Ljubljana,  Yugoslavia. 
Auskunft:  United  Nations,  Energy  Div. 
Economic  Commission  for  Europe,  attn.: 
F.  Romig,  Palais  des  Nations,  CH-1211 
Geneva  10. 

Third  European  Forum  Eurospore  91 
Vom  6.-8.  November  1991,  Hyeres, 
France. 

Auskunft:  Eurospore  91,  Association 
Bernard  Gregory,  Universite  de  Toulon  et 
du  Var,  BP  132,  F-83957  La  Garde  Cedex. 

3rd  International  Symposium  on  Trends  and 
New  Applications  in  Thin  Films 
Vom  25.  "29.  November  1991,  StraB- 
burg. 


46.  Bunsen-Kolloquium 

„Kinetik  von  Elektronentransferreaktionen  in  Losung“ 

Das  46.  Bunsen-Kolloquium,  vom  26.  bis  28.  September  1990  in  Erlangen,  hat  groBen  Anklang  gefunden.  Die  Vorbereitung 
lag  in  den  Handen  von  Priv.-Doz,  Dr.  G.  Grampp.  Besonders  haben  wir  uns  iiber  die  Teilnahme  russischer  Wissenschaftler 
gefreut,  die  einen  groBen  Beitrag  zu  den  Diskussionen  lieferten.  In  vielen  personlichen  Gespriichen  kam  die  Hoffnung  zum 
Ausdruck,  ein  solch  erfolgreiches  Kolloquium  in  ca.  zwei  Jahren  zu  wiederholen.  Diesen  Wunsch  iiuBerten  brieflich  auch 
amerikanische  Kollegen,  die  nicht  an  dent  Kolloquium  teilnehmen  konnten. 

Wissenschaftlich  im  Vordergrund  standen  diejenigen  Themen,  die  auch  derzeit  in  der  Fachliteratur  heftig  diskutiert  werden. 
An  erster  Stelle  ist  hier  die  Diskussion  des  dynamischen  Einflusses  von  Losungsmitteln  auf  die  Kinetik  von  Elektronen¬ 
transferreaktionen  zu  nennen.  Dieser  EinfluB  wird  dadurch  vorausgesagt,  daB  gewisse  Losungsmitteleigenschaften  (z.  B.  die 
longitudinale  Relaxationszeit  Tl)  im  priiexponentiellen  Faktor  der  Geschwindigkeitsgleichung  auftreten.  Beitrage  zu  dieser 
Themadk  stammten  von  L.  D.  Zusman  (Novosibirsk),  M.  V.  Basilevsky  (Moskau),  W.  Nadler  (Tubingen)  und  K.  V. 
Mikkelsen  (Kopenhagen).  Mit  den  experimentellen  Ergebnissen  dieses  Losungseinflusses  befaBten  sich  die  Vortriige  von 
P.  Suppan  (Fribourg),  H.  Rau  (Stuttgart)  und  S.  Farid  (Rochester,  USA). 

Ober  den  EinfluB  von  Magnetfeldern  auf  die  Kinetik  von  photoinduzierten  Elektronentransferreaktionen  referierten 
A.  Weller  (Gottingen)  und  U.  E.  Steiner  (Konstanz).  In  den  Vortragen  von  S.  Fischer  (Munchen)  und  T.  Clark  (Erlangen) 
wurden  theoretische  Gesichtspunkte  des  Elektronentransfers  abgehandelt. 

Mehrere  Beitrage  befaBten  sich  mit  experimentellen  Methoden.  So  berichtete  J.  Daub  (Regensburg)  iiber  spektroelektro- 
chemische  Methoden  und  R.  van  Eldik  (Witten-Herdecke)  iiber  druckabhiingige  Untersuchungen  zum  Elektronentransfer. 
Uber  Untersuchungen  zum  intramolekularen  Elektronentransfer  berichten  K.  H.  Drexhage  (Siegen)  und  A.  Vogler  (Regens¬ 
burg). 

Uber  die  Bedeutung  des  Elektronentransfers  bei  der  Photosynthese  gaben  die  Vortriige  von  A.  Angerhofer  (Stuttgart)  und 
C.  C.  von  Borezyskowski  (Berlin)  cinen  Einblick.  Beriihrungspunkte  zum  Elektronentransfer  an  Festkorpern  klangen  in 
dem  Beitrag  von  D.  FaBler  (Jena)  und  D.  Meissner  (Hannover)  an. 

Zudem  wurden  noch  Poster  zum  Thema  prasentiert  und  die  Postersession  fand  ebenfalls  groBen  Anklang. 
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Auskunft:  M.  J.  Fauvet,  S.  F.  V.-Soc. 
Francaise  du  Vide,  19,  rue  du  Renard, 
F-75004:Paris. 

4th  Conference  Separation  of  Ionic  Solutes 
Slt91 

Vom  9.— 13.  Dezember,  1991,  Smolenice, 
Czecho-Slovakia. 

Auskunft:  Dr.  Silvia  Cechova,  Secretary 
SIS’  91,  kat.  jadrovej  chemie  PFUK, 
Mlynksa,  dolina  CH-1,  842  iS  Bratislava, 
Czecho-Slovakia. 

Conference  on  Electrochemical  Engineering 
and  the  Environment 
Vom  7.-9.  April  1992,  Loughborough, 
UK 

Auskunft:  Dr.  R.  J.  Mortimer,  Dept;  of 
Chemistry,  Univ.  of  Technology,  Lough¬ 
borough  LEll  3TU,  UK. 

4th  International  Conference  on  Molten 
Slags  and  Fluxes 

Vom  8.— 11.  Juni  1992,  Sendai,  Japan. 
Auskunft:  Secretariat,  Molten  Slags  & 
Fluxes  ’92,  The  Iron  and  Steel  Institute  of 
Japan,  Keidanren  Kaikan,  3rd  Floor,  1-9- 
4,  Otemachi,  Chiyoda-ku,  Tokyo  100,  Ja¬ 
pan. 


Verschiedenes 


Arbeitskreis  fiir  Chemosensoren 

Im  Rahmen  der  letzten  Vorstandssit- 
zung  der  GDCh-Fachgruppe  Analyti- 
sche  Chemie  wurde  auf  Anregung  von 
Prof,  Camman,  Munster,  vereinbart. 
Vorbereitungen  zur  Grundung  eines 
Arbcitskreises  ..Chemosensoren"  zu 
treffen.  Wegen  des  interdiszipliniircn 
Charakters,  der  z.B.  bei  den  Bioscn- 
soren  als  einer  der  Untergruppen  dcr 
Chemosensoren  besonders  ausgepragt 
ist,  soil  dieser  Arbeitskreis  fachgrup- 
peniibergreifend  etabliert  werden.  Ge- 
dacht  ist  neben  einer  Mitbeteiligung 
der  GDCh-Fachgruppen  Biochemie 
und  Wasserchemie  auch  an  die  Deut¬ 
sche  Bunsen-Gesellschaft. 

Es  wurde  bemerkt,  daB  die  Chemiker 
die  Entwicklung  und  Eignungsprufung 
von  Sensoren  zur  chemischen  Analyse 
nicht  allein  den  Elektronikern  odcr  ih- 
rem  Standardisierungsinstitut  uberlas- 
sen  konnen.  Auf  der  ANAKON  ’91 
von  22.  bis  24.  April  1991  sowie  auf  der 
nachsten  Bunsentagung  vom  9.  bis  11.  | 
Mai  1991  in  Bochum  sollen  auBerhalb 
des  Programms  Treffen  durchgefuhrt  j 
werden,  auf  denen  uber  die  Arbeitsfel-  ^ 
der  dieses  neuen  Arbcitskreises  disku-  | 
tiert  werden  soil.  Der  Arbeitskreis  fiir  | 
I  Chemosensoren  soil,  ahnlich  z.B.  der  ^ 
I  Arbeitsgemeinschaft  Massenspektro-  | 
I  metne  (AGMS),  auch  Wissenschaftlern  j 
I  angrenzender  Disziplinen  offenstehen.  . 


Aussebreibung 

An  der.Fakultat  fur  Chemie  der  Ruhr- 
Universitat  Bochum  ist  eine 

Professur  C3  fur 
Physikalische  Chemie 

kurzfristig  wiederzubesetzen. 

Von  dem  Bewerber/der  Bewerberin 
wird  erwartet,  daB  er/sie  in  der  Lage 
ist,  die  Physikalische  Chemie  in  der 
Lehre  in  voller  Breite  zu  vertreten.  In 
den  wissenschaftlichen  Aktivitaten  soil 
er/sie  die  an  der  Fakultat  fiir  Chemie 
vorhandenen  Forschungsrichtungen 
im  Fach  Physikalische  Chemie  sinnvoll 
erganzen.  Habilitation  oder  gleichwer- 
tige  wissenschaftliche  Leistungen  wer¬ 
den  vorausgcsetzt.  Die  Ruhr-Univer- 
sitat  Bochum  bemiiht  sich  urn  die  For- 
dcrung  von  Frauen  in  Forschung  und 
Lehre.  Die  Bewerbung  gccignctcr 
Schwerbchindcrtcr  ist  erwiinscht. 

Bewerbungen  mit  Lcbenslauf,  Publi- 
kationslistc  und  Verzeichnis  dcr  abgc- 
haltenen  Lehrveranstaltungen  sind  bis 
26.  April  1991  an  den  Dekan  dcr  Fa¬ 
kultat  fiir  Chemie  dcr  Ruhr-Universi- 
tiit  Bochum,  Postfach  102148,  W-4630 
Bochum  1,  zu  richten. 


Biicher 


R.  Carho  and  M.  Klobukowski  ( Eds.): 
Self-consistent  Field  —  Theory  and  Appli¬ 
cations,  Bd.  70  der  Rcihc:  Studies  in  Phy¬ 
sical  and  Theoretical  Chemistry,  Elsevier, 
Amsterdam  and  New  York  1990.  ISBN 
0-444-88168-9,  920  Seiten,  Preis:  Dfl. 
560.-. 

Das  vorlicgcnde  Buch  gibt  auf  rund  900 
Seiten  cinen  sehr  vollstandigen  Oberblick 
fiber  ein  wichtiges  Gebict  dcr  theorcti- 
schen  Chemie,  namlich  das  der  selbstkon- 
sistenten  Felder.  Darunter  wird  die  niihe- 
rungsweise  Behandlung  der  clektronischcn 
Weehselwirkung  mit  Hilfc  von  gcmitteltcn 
Potentialen  verstanden.  Diese  cinschnei- 
dende  Naherung  hat  die  tSeoretische  Be¬ 
handlung  vicler  Molekiilc  iiberhaupt  erst 
crmoglicht.  Sie  dient  weiterhin  als  Aus- 
gangspuiikt  verbesserter  Theoricn,  welche 
die  Behandlung  elektronischer  Korrelatio- 
nen  einschlieOen. 

Das  Konzept  dcr  selbstkonsistcntcn 
Felder  (SCF)  ist  heute  so  gut  verstanden, 
und  die  Anwendungen  sind  inzwischcn  so 
vielseitig,  daB  ein  umfasscnder  Cberblick 
iiber  das  Gcbiet  wunschenswert  ist.  Das 
Buch  fiillt  somit  eine  Liicke.  In  23  Beitra- 
gen  werden  die  verschiedenen  .\spekte  der 
Theone  und  deren  Anwendungen  beleuch- 
tet.  Ein  zenliales  Thema  ist  dabei  die  Dis- 
kussion  von  Instabilitaten  von  Hartree- 
Fock  Losungen.  Hier  geben  die  Artikel 


von  Paldus,  Cook,  Smeyers  u.a.  eine  er- 
schopfende  Obersicht.  Das  Thema  taucht 
in  vielen  der  Beitrage  aiif.  Nicht  immer 
wird  dabei  klar  unterschieden  zwischen  In¬ 
stabilitaten,  die  artifiziell  sind  und  nur  des- 
halb  auftreten,  weil  in  einer  Hartree-Fock 
Rechnung  die  elektronischen  Korrelatio- 
nen  fchlen  (Bcispiel  H2  Moickul  bei  groBen 
interatomaren  Abstanden)  und  solchen, 
die  „echt“,  d.h.  auch  bei  EinschluB  von 
korrelationen  vorhanden  sind  (Beispiel: 
Dimerisicrung  in  Polyacetylen.) 

Neben  den  normalen  SCF  Verfahren 
werden  auch  solche  mit  mehreren  Aus- 
gangskonfiigurationen  (MC  SCF)  ausfiihr- 
lich  behandelt.  So  wird  uberzeugend  ge- 
zeigt,  daB  MC  SCF  Rcchnungcn  als  Stan- 
dardmethode  zum  Verstandnis  von 
Reaktivitiiten  dienen  konnen  (Robb).  Auch 
dic’praktischc  Bestimmung  optimalcr  Or- 
bitale  fiir  SCF  und  MC  SCF  Rcchnungen 
wird  ausfuhrlich  diskutiert. 

Eine  Reihc  von  Bcitriigcn  befassen  sich 
mit  rcchentcchnischcn  Fortschritten,  die 
gcmacht  wurden,  urn  SCF  Losungen  zu 
crhaltcn.  Hier  ist  dcr  Beitrag  von  Almlof 
und  Faegri  iiber  ..dircktc  SCF  Verfahren" 
zukunflswciscnd,  da  mit  dicsem  verbesser- 
ten  Verfahren  auch  groBcre  Molekiilc  rc- 
chenbar  werden.  In  dieselbe  Rubrik  fallen 
Verfahren  zur  dirckten  numerischen  Be- 
rcchnung  von  Wcllcnfunktionen  nach  dcr 
MC  SCF  Methode  (Hinze  und  Biegler- 
Konig).  Ein  Verfahren  zur  dirckten  Mini- 
malisicrung  der  Encrgic  in  der  Hartree- 
Fock-Niiherung,  d.h.  ohne  vorherige  Be- 
rechnung  von  Orbitalcn,  wird  cbenfalls  be- 
schrieben  (Ferndndez  Rico).  Relativistische 
Korrekturen  mit  vielen  Bcispielen  werden 
in  einem  andcren  Beitrag  behandelt  (Mal- 
li).  Die  lokalc  Spin-Dichteniiherung  fur 
den  Austausch  wird  in  einem  sehr  schonen 
Beitrag  cbenfalls  diskutiert  (Whitehead). 
Sehr  klar  beschricben  wird  die  Propagator 
Methode  untcr  Benutzung  von  Superope- 
ratoren  (Pickup),  insgesamt  sind  die  An¬ 
wendungen  dcr  sclbstkonsitenten  Felder 
schwiicher  vertreten  als  die  rein  methodi- 
schen  odcr  thcorctischcn  Beitrage.  Die 
Schwerpunkte  liegen  dabei  bei  den  Poly- 
meren  (Andre  und  Delhalle)  sowie  bei  den 
cicktrischcn  und  magnctischen  Eigen- 
schaften  (Craw  et  al.).  Festkorper  werden 
nicht  diskutiert.  Diesc  Beispiclc  mogen  ei- 
nen  klcincn  Oberblick  iiber  den  Themcn- 
kreis  geben,  dcr  im  Buch  ausfuhrlich  be- 
handclt  wird. 

Wie  nicht  anders  zu  erwarten,  sind  die 
verschiedenen  Beitrage  von  recht  unter- 
schiedlicher  Qualitiit.  Einige  der  besonders 
wichtigen  und  klar  geschriebenen  Abhand- 
luiigen  wurden  bereits  erwiihnt.  Einige  der 
behandclten  Themen  sind  stark  speziali- 
sicrt,  well  die  Theone  inzwisehen  weit  ent- 
wickelt  isi.  So  sind  z.B.  die  Arbeiten 
zur  ..Minimalisierung  dcr  clektronischcn 
Energic  durch  Cayley  orthogonale  Trans- 
formationen  der  Orbitale  '  im  wesentlichen 
auf  eine  Gruppe  beschriinkt  (Polezzo  et  al.) 
und  unter  den  25  Zitalen  finden  sich  nur 
5  Fremdzitate.  Ein  Beitrag,  der  Verstand- 
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nisschwierigkciten  bereitet,  ist  der  von  Ya- 
maguchi.  der  iibrigens  voller  Druckfehler 
ist.  Zum  Beispiel  enthalt  der  Aufsatz  die 
Feststellung,  daB  HF  Rechnungen  gezeigt 
batten,  da  die  Cu— O  Bindungen  in  den 
neuen  Hochtemperatur-Supraleitern  nicht 
zu  den  stark,  sondern  zu  den  mittcistark 
korrelierten  Systemen  zu  zahlen  sind.  Hier 
werden  olTenbar  vcrschiedene  Bcgriffe  ver- 
mischt,  denn  die  gemachtc  Feststellung  ist 
sicher  nicht  richtig.  Zusammenfassend 
kann  man  feststellen,  daB  das  vorlicgcndc 
Buch  seinen  Zweek  crriillt  und  regen  An- 
klang  bei  den  Quantenchemikern  Tindcn 
sollte.  Es  gibt  cine  absolut  kompetentc  und 
vollstandige  Darsteliung  eines  sehr  wich- 
tigen  Gebiets  der  theorctischen  Chemie. 

P.  Fulde 


C.  P.  Slichter: 

Principles  of  Magnetic  Resonance,  3rd  en¬ 
larged  and  updated  cd.,  Vol.  1  aus  der 
Reihc;  Springer  Series  in  Solid  State 
Sciences,  Springcr-Verlag,  Berlin  1990. 
ISBN  3-340-50157-6,  655  Sciten,  Preis: 
DM  89,-. 

Als  Charles  P.  Slichter  1963  die  erste 
Aullagc  seines  inzwischen  wcltweit  be- 
kannten  und  geschiitzten  Buches  verof- 
fentlichtc,  konntc  noch  niemand  crahnen, 
welchc  Bedeutung  magnetischc  Resonanz- 
methoden  in  der  Chemie  und  Medizin  cin- 
mai  criangen  sollten.  Der  damalige  Untcr- 
titcl  „mit  Beispielcn  aus  der  Festkorper- 
physik"  kann  fast  programmatisch  gc- 
dcutet  werden;  denn  neben  den  2  D-I^- 
NMR-Methoden  in  Losung,  der  EPR- 
Spcktroskopic  und  der  NMR-Tomogra- 
phie,  ist  cs  gerade  die  NMR-Fcsikorper- 
spcktroskopic,  die  in  den  letzten  beiden 
Jahrzchntcn  durch  tcchnischc  und  metho- 
dische  Fortschrittc  voliig  neuc  Moglich- 
keiten  zum  Studium  der  kondensicricn 
Materie  auf  mikroskopischem  Niveau  er- 
schlossen  hat.  Urn  das  heute  existicrende 
und  bceindruckcnde  cxpcrimentellc 
NMR-Potential  aber  wirklich  ausnutzen 
zu  konnen,  bedarf  cs  intimer  thcorctischer 
Kenntnisse  der  auf  dem  Gebiet  der  ma- 
gnctischcn  Resonanz  tatigen  Wissenschaft- 
ler  und  einer  cntsprechenden  Ausbild  '.ng 
unserer  Mitarbeiter.  Siichters  Buch  v  •’det 
sich  nach  cigener  Aussage  an  fortgesci.iit- 
tene  “Studenten  der  magnetischen  Reso- 
nanz“  (Physiker,  Chemiker,  Materialwis- 
senschaftler,  Biologen,  Mediziner)  mit  ent- 
sprechenden  Vorkenntnissen  in  Quanten- 
mechanik.  Anstelle  einer  crschopfenden 
Darsteliung  einzelner  Themen  soil  der 
..Student  durch  das  Buch  vorbercitet  ner 
den,  Literatur  auf  dicsem  Gebiet  lesen  zu 
konnen". 

Schon  der  Umfang  spiegelt  zu  Recht  die 
dramatische  Entwicklung  auf  dem  NMR- 
und  EPR-Gebiet  ivider.  Wahrend  die  erste 
Auflage  (1963)  noch  mit  246  Seiten  aus- 
kam,  waren  es  bei  der  zweiten  Auflage 
(1980,  erstmals  in  det  ‘Springer  Senes'j 
397  und  sind  es  jetzt  655  Seiten.  Dabci 


wurden  die  ersten  vicr  Kapitel  (Elemente 
der  Resonanz,  Grundlagentheorie,  magne- 
tische  Dipolverbreiterung  in  starren  Git- 
tern,  magnetischc  Weehselwirkungen  von 
Kernen  und  Elektronen)  von  einigen  niitz- 
iichen  Erganzungen  (quantenmechanische 
Bchandlung  yon  Spincchos,  Verschie- 
bungstensoren  fitr  Einkristalle)  abgesehen 
im  wcscntlichen  ubernommen.  Das  gleiche 
gilt  fiir  die  Bchandlung  der  elektrischen 
Quadrupoleffekte  (Kap.  10).  Kapitel  5 
(Spin-Gittcr-Relaxation  und  Bewegungs- 
verengung  von  Rcsonanziinicn),  das  auch 
den  Formalismus  der  Dichtematrixme- 
thodc  einfiihrt,  ist  um  cinige  wichtige  Ab- 
schnitte  erweitert  worden,  welche  Anwen- 
dungen  der  Diehtematrix  behandcin.  Dazu 
gehort  vor  allem  die  Fouricr-Transform- 
NMR.  Das  Konzept  dcr  Spintemperatur 
(Kap.  6)  fand  bereits  Eingang  in  die  2.  Auf¬ 
lage  und  wurde  nur  unwesentlich  ergiinzt. 

Dcr  schncllen  Entwicklung  verfeinerter 
NMR-Methoden  in  den  letzten  Jahren 
wurde  in  den  Kapitcin  7  (Doppclrcso- 
nanz),  8  (moderne  Konzepte  bei  dcr  ge- 
pulstcn  magnetischen  Resonanz)  und  9 
(Mchrquantcnkohiirenz)  Rcchnung  getra- 
gcn.  In  diesem  Zusammenhang  werden  die 
fiir  die  Praxis  wichtigen  Doppelrcsonanz- 
und  Kreuzpolarisationsmethodcn  (Over- 
hauscr-Effekt,  Festkorpereffekt,  ENDOR, 
Hartmann-Hahn-  und  Pincs-Gibby- 
Waugh-Mcthodc,  Spincntkopplung,  Spin- 
echo-Doppelrcsonanz)  diskutiert  und  cine 
ausfiihrliche  Etnfiihrung  in  die  2  D-FT- 
und  Bildgcbungs-Mcihoden  gegeben 
(Kap.  7),  Die  Thcorie  dcr  Impulssequcn- 
zen,  cine  unabdingbarc  Voraussetzung  fiir 
das  Verstiindnis  dcr  vcrschiedcnstcn  bei 
dcr  NMR-Spcktroskopic  auftretenden 
Problcmc  —  cinschlicBlich  Festkorper- 
ccho,  Erzeugung  von  dipolarer  Ordnung, 
MAS  und  Multipiilsprogrammc  zur  Aus- 
mitthing  bestimmter  Spektralanteile  - 
wird  formal  cntwickelt  und  in  einer  Wcisc 
bchandclt,  wie  sic  fur  die  ErschlicBung  wei- 
tergehender  Anwendungen  benotigt  wird 
(Kap.  8).  SchlicBlich  erlautert  das  9.  Ka- 
pitcl  die  physikalischcn  Konzepte  zum 
Vcrstclien  dcr  Mehrquantenphfinomene, 
die  heute  auf  viclcn  Gcbictcn  der  magne- 
tischcn  Resonanz  cine  Rolle  spieicn. 

Als  ernes  der  wenigen  Lchrbiicher  dcr 
magnetischen  Resonanz  bezog  dcr  „Slicli- 
tcr"  son  Anfang  an  die  paramagnctische 
Elcktronenrcsonanzspcktroskopie  (EPR 
bzw.  ESR)  m  seine  hauptscichlich  an  dcr 
NMR-Spektroskopie  orienticrte  Darstel- 
lung  cm.  Das  ist  von  dcr  Sache  her  ver- 
niinftig,  well  gerade  bei  der  thcoretischen 
Bc-handlung  vielc  Analogien  bestehen, 
auch  vvenn  die  Symbulc  verschieden  sind. 
AuBet  sinnvollen  Erganzungen  wurde  an 
dieser  Stclle  ein  Abschnitt  iiber  Elektro- 
iienspinechos  aufgcnommen. 

Das  bestens  eingeruhrte  und  viel  gelobte 
Buch  bedarf  eigentlich  kernel  neuetlichcii 
Empfehlung.  Die  Kompetenz  des  Aulots 
als  Eorschet  und  Lehtet  pragt  das  Werk 
und  seine  Sptache.  Die  Ncuaufla^v  tragt 
der  rapiden  Entwicklung  auf  dem  Gebiet 


der  magnetischen  Resonanz  Rcchnung 
und  erhoht  den  Wert  dcs  Buches  als  Stan- 
dardwerk  fiir  alle,  die  sich  intensiver  mit 
der  NMR-Spcktroskopic  bcschaftigen 
wollen,  erhebheh.  Das  smd  nicht  nur  Stu¬ 
denten,  sondern  auch  Experten,  die  sich 
zwar  laut  Vorwort  nicht  unbedingt  angc- 
sprochen  fiihlcn  sollcn,  die  aber  durchaus 
profiticren  konnen,  um  ihre  thcoretischen 
Kenntnisse  bei  dcr  Bcarbcitung  spcziellcr 
Problcme  aufzufrischen  oder  zu  erweitern. 
Um  kcinc  MiBverstiindnissc  aufkommcn 
zu  lasscn:  Trotz  dcs  Vortcils  einer  aus- 
fiihrlichcn  Darsteliung  dcr  grundlegcndcn 
Thcorie  und  dcs  Eingchens  auf  Einzclhci- 
ten  der  Rechnungen  (auch  der  um  vicr  Ab- 
schnitte  crgiinztc  Anhang  ist  hier  zu  loben), 
muB  dcr  physikalischc  Chemiker  solide 
Vorkenntnisse  in  Physik  und  besonders 
Quantenmcchanik  mitbringen,  um  den 
vollcn  GenuB  dieses  Buches  erlcbcn  zu 
konnen.  Er  ist  dann  aber  auch  gut  geriistet, 
anspruchsvolle  Problcmc,  z.B.  bcim  Ein- 
satz  komplizierter  Ptilsfolgcn  oder  bei  dcr 
NM  R-Fcslkorperspcktroskopie,  anzugc- 
hen. 

Trotz  seiner  Erweiterting  (auch  im  Li- 
Icraltirtcil)  und  dcs  hohen  Anspruchs 
blcibt  der  „Slichtcr“  in  dem  Sinne  Einfiih- 
rung  und  Lchrbuch,  daB  cr  nicht  Spczial- 
litcratur  crscizcn  kann  oder  cinen  Ober- 
blick  iiber  Anwendungen  und  Stoffuntcr- 
suchungen  geben  mochtc.  Dahcr  schadet 
cs  auch  nicht,  wenn  nattirgcmiiB  die  moi¬ 
sten  dcr  in  den  cinzcincn  Kapitcin  disku- 
tierten  Bcispicic  dcr  amerikanischen  Litc- 
ratur  entnommen  sind.  Die  Chance,  bei 
dcr  neuen  Auflage  Sl-MaBeinheitcn  ein- 
ztifiihrcn,  wurde  (bis  auf  die  von  der  2,  Auf¬ 
lage  iibcrnommcnc  Umrcchnungstabellc) 
Icidcr  nicht  genutzt. 

W.  Mullcr-Warmuth 


iM.  Suzuki: 

Adsorption  Engineering,  Vol.  25  aus  dcr 
Reihe:  Chemical  Engineering  Monographs, 
Elsevier  Science  Publishers,  Amsterdam 
and  New  York  1989.  306  Sciten,  Preis: 
139.-  USS. 

Monographicn  iiber  Auslcgiingsmctho- 
den  fiir  Adsorptionsapparate  sind  nicht 
sehr  zahircich.  insofern  ist  dieses  Buch 
sehr  zu  begriiBen,  in  dem  dcr  langjahrig 
auf  diesem  Teilgebiet  dcs  Chemieingeni- 
curwesens  tatige  Autor  die  Grundlagen 
und  die  in  neuerer  Zeit  erzielten  Fort- 
schritte  systematisch  zusammengestellt 
hat. 

Die  Kapitel  iiber  Adsorbentien,  Adsorp- 
tionsgleivhgewkhte,  Diffusion  in  porosen 
Teikhen  und  Kinetik  einer  ehargenw  else 
betriebenen  Adsorption  sind  grundlegen- 
der  Natur  Ihnen  folgen  Kapitel  iiber  kon- 
tinuiulivli  betriebene  Cluomotographic 
Saulen,  Beiechnung  von  Dufv.hbruv.hkur 
ven  bei  Adsorbern,  Warmeeffekten  bei  der 
Adsorption  iowie  die  Regeneration  von 
.\dsorbentien  und  ^ehlieBIieh  die  Theorie 
det  v.hromatographi»ehen  Trennung,  dcr 
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Druckwechseladsorption  und  des  Einsat- 
zes  der  Adsorption  zum  Energietransport 
(Warmepumpen  usw.) 

Alle  Kapitel  enthalten  viel  interessante 
und  gut  verstandlich  dargestellte,  qualita¬ 
tive  Informationen  zur  Adsorption,  die  — 
wenngleich  meist  am  Beispicl  der  Aktiv- 
kohle  demonstriert  —  fiir  den  Praktiker 
wie  den  Theoretiker  von  groBem  Nutzen 
sein  konncn. 

Leider  gibt  es  zahlreiche  Fliichtigkeits- 
fehler  in  dem  englischen  Text,  die  bei  ctwas 
mehr  redaktioneller  Sorgfalt  leicht  zu  ver- 
meiden  gewesen  wiiren.  Natiirlich  wird  cin 
Kontaktwinkel  in  grd  und  nicht  in  °C  ge- 
messen,  Herr  Bosanquet  hciCt  nicht  Bo- 
sanquit  und  Herr  Chang  nicht  Chiang! 
Auch  fehlt  cs  manchmal  an  Detailerlau- 
terungen  in  Abbildungsuntcrschriftcn,  was 
bcsonders  stort,  wcnn  sic  aus  der  japani- 
schcn  Originallitcratur  rcproduzicrt  sind, 
da  japanisch  sichcr  nicht  so  allgcmcin  be- 
kannt  ist  wie  englisch. 

Zusammcnrasscnd;  Ein  niitzlichcs  Buch 
fiir  den  Praktiker  und  den  Studicrenden 
dcs  Chemicingcnicurwcscns,  leider  aber 
vollcr  FuBangcln. 

H.  Hofmann 


J.  W.  T.  Spinks,  R.  J.  IVoods; 

An  Iniroduclion  to  Radiation  Chemistry, 
Third  Edition,  John-Wilcy  and  Sons,  Inc., 
New  York,  Toronto  1990.  ISBN  0.471- 
61403-3,  574  Sciten,  Preis;  DM  91,45. 

Die  zwei  rriiheren  Ausgaben  dcs  „Spinks 
und  Wood"  crschicncn  1963,  d.h.  zu  ciner 
Zeit,  in  der  die  Strahicnchcmic  in  ciner  ra- 
santen  Entwicklung  begriffen  war  (nicht 
zulctzt  dank  der  Mclhodc  der  Pulsradio- 
lyse),  und  1975,  d.h.  zu  ciner  Zeit,  in  der 
diesc  Entwicklung  weitgehend  abgcschlos- 
sen  war  und  die  wcscntlichc  Aufgabc  in  der 
Anwendung  strahlenchcmischcr  Metho- 
den  auf  anderen  Gebicten  der  Chcmic  be- 
stand.  Wie  wiirdc  der  „Spinks  and  Wood 
90"  aussclien? 

Der  Rezensent  ist  ein  wenig  cnttiiuscht. 
Anstatt  das  Buch  weitgehend  umzuarbci- 
ten,  um  die  modernen  Entwicklungcn 
strahlenchemischer  Art  in  den  Vordcr- 
grund  zu  stcllcn,  mit  dem  Ziel,  das  Buch 
hochaktucll  zu  machen,  haben  die  Autoren 
die  alte  Fassung  mehr  odcr  weniger  belas- 
sen  und  Icdiglich  auf  den  neuesten  Stand 
gebracht.  „Thc  most  conspicuous  diffe¬ 
rence  between  this  and  earlier  editions  is 
the  move  to  SI  units",  schreiben  sie  im 
Vorworl.  Der  Rezensent  hiitte  sich  mehr 
„movcs“  gewunscht! 

Wie  die  fruheren  Ausgaben  ist  das  Buch 
als  Lehrbuch  fiir  Studenten  zu  umfang- 
reich,  wenngleich  der  Lehrcnde  ihm  viel 
Material  entnehmen  kann  Das  Buch  ent 
halt  viele  nutzliche  Informationen,  die  es 
einem  Chemiker  moglich  machen,  sich  mit 
den  Arbeitsmethoden  und  Theorien  in  der 
Strahlenchemie  vertraut  zu  machen  und 
den  Weg  in  die  spezielle  Literatur  zu  lin¬ 
den.  Die  Auswahl  des  Stoffs  und  der  Zitate 


ist  weitgehend  auf  die  den  Autoren  nahe- 
stehenden  Gebictc  und  die  angclsachsische 
Literatur  beschrankt.  Zum  Beispiel  enthalt 
die.Liste  der  fruheren  Bucher  fiber  Strah- 
Icnchemio  nur.dic  in  englischer  Sprache  cr- 
schienenen  odcr  fibersetzten.  So  kommt  cs 
wohl  auch,  daB  Listen  an  anderen  Stcllcn 
nicht  vollstandig  sind;  z-B.  ist  in  der  Ober- 
sicht  dcr  chemischen  Dosimeter  das  Tetra- 
nitromethan-Dosimeter  nicht  erwahnt,  das 
sich  durch  die  gleichzeitige  Dosimetric  von 
Optik  und  Lcitfiihigkeit  bei  pulsradiolyti- 
schen  Messungen  auszcichnct. 

In  den  ersten  Kapitcin  werden  Strahlcn- 
quellen,  die  Weehselwirkung  von  Strah- 
lung  mit  Matcric,  und  Dosimetric  bchan- 
dclt.  Diesc  Kapitel  sind  umfangrcichcr  als 
cine  „Einffihrung“  erwarten  liiBt.  Sie  sind 
klar  und  fiir  den  Chemiker  leicht  verstiind- 
lich  gcschricbcn.  Es  foigt  dann  cin  Kapitel 
fiber  loncn,  angcregte  Molckfilc  und  frcic 
Radikalc,  in  dem  die  wichtigsten  Eigcn- 
schaften  von  kurzlebigen  Zwischenpro- 
dukten  dcr  Radiolysc  allgcmcin  bcschric- 
ben  werden.  Bei  dcr  Aufziihlung  dcr  ver- 
schiedenen  Rcaktionstypen  freicr  Radikalc 
fiillt  auf,  daB  die  O~-0bcrlragung,  die  sau- 
crstoffrcichc  Radikalc  untcreinandcr  cin- 
gehen  konncn,  nicht  erwahnt  ist,  obgicich 
dioscr  Rcaktionstyp  bei  strahlcnchcmi- 
schen  Vcrsuchen  enideckt  worden  ist  In 
dem  folgcndcn  Kapitel  fiber  Kinctik  und 
cxpcrimcntcllc  Methoden  werden  die  cin- 
fachsten  kinctischen  Gcschwindigkcitsgc- 
setze  bei  homogenen  Reaktionen  bcschric- 
ben,  auf  inhomo'gcnc  Rcaktionskinctik 
kurz  cingcgangch,  und  dann  Methoden 
dcr  Detektion  von  Zwischenprodukten, 
niimlich  durch  E,SR,  Blilzphotolyse  und 
Pulsradiolysc  erwahnt.  Die  Bcschrcibung 
der  Pulsradiolysc,  immerhin  die  wichtigslc 
Methode  der  Strahicnchcmic,  kommt  hicr- 
bei  zu  kurz  weg;  Die  Anwendung  von  emp- 
llndlichcn  Lcitfahigkcitsmcssungcn,  die 
glcichzcitig  mit  dcr  optischen  Detektion 
durchgcffihrt  werden  konncn,  sowie  die 
Polarographie  kurzlcbigcr  Radikalc  wer¬ 
den  nicht  bcschricbcn;  man  findct  nicht 
cinmal  Litcraturhinweise  auf  diesc  Metho¬ 
den. 

In  den  folgenden  Kapitcin  wird  die  Ra- 
diolyse  spezieller  Systeme  bcschricbcn. 
Zwei  Kapitel  bchandcin  die  Strahlcnchc- 
mie  dcs  Wassers  (Damp!  und  Flfissigkeit) 
und  waBriger  Losungen  von  anorgani- 
schen  und  organischen  Substanzen.  Die 
Auswahl  des  Stoffs  ist  hicr  weitgehend  auf 
Systeme  beschrankt,  deren  Untersuchung 
vor  zwei  Jahrzehntcn  im  Vordergrund 
stand.  Kerne  Hmvvcisc  auf  die  Strahlcn- 
chemic  mizellarcr  Systeme  und  anorgani- 
schcr  Kolloide,  mchts  fiber  die  Anwen¬ 
dung  von  Struhlung  zui  Hcrstcllung  von 
Kolloidcn,  mchts  fiber  die  Wirkung  von 
Kolloiden  als  Elektioncnspcichet  bei 
Mehrclekllonen-L'betlfagungsrcaktionen 
freiei  Radikale.  Dcr  Rezensent  wfire  ja 
schon  zufrieden  gewesen,  wenn  einige  be- 
seheidene  Literaturhmweise  auf  diese  seit 
15  Jahren  intensiv  bearbeiteten  Gebiete 
gegeben  worden  waren. 


In  einem  Kapitel  fiber  die  Radiolyse  or- 
ganischcr  Systeme  werden  verschiedene 
Verbindungsklasscn,  wie  Kohlenwasser- 
stoffe,  organischc  Halogcnverbindungen, 
Alkoholc  und  Xthcr,  Karbonylvcrbindun- 
gen  und  stickstofihaltige  Verbindungen 
beschricben.  Auch  hier  sprengt  dcr  Um- 
fang  des  Materials  bei  weitem  den  Rahmen 
ciner  Einffihrung,  wenngleich  die  Zusam- 
mcnstcllungen  durchaus  nfitzlich  sind,  um 
cine  Cbcrsicht  fiber  diese  Gebiete,  bcson¬ 
ders  die  frfiheren  Arbeiten,  zu  erhalten. 
Aber  auch  hicr  vermiBt  man  modernc  Ent¬ 
wicklungcn:  Kcin  Wort  fiber  Beweglich- 
keit,  Energiezustiinde  und  chemische  Re¬ 
aktionen  von  quasifreien  und  solvatisier- 
ten  Elcktroncn  in  dicicktrischcn  FlUssig- 
keiten.  Das  Buch  schlicBt  mit  zwei  Kapi¬ 
tcin  fiber  Strahlcneffcktc  in  Festkorpern 
und  Angewandte  Strahicnchcmic;  auch 
hicr  bcstcht  dcr  Eindruck,  daB  modernc 
Entwicklungcn  zu  kurz  gckommen  sind.  In 
Anhang  1-3  findct  man  schlicBlich  nfitz- 
lichc  Zusammcnstcllungcn,  z.B.  fiber  die 
Umrcchnung  alter  MaBcinheiten  in  ncuc 
dcs  Sl-Syslem.  In  Anhang  4  findct  man 
Aufgabcnstcllungcn  und  ihre  Losungen. 

AbschlicBcnd  sci  gesagt,  daB  das  Buch 
als  cine  nfilzlichc  Ergiinzung  zu  bcstchcn- 
den,  kfirzeren  Einffihrungen  in  die  Strah¬ 
icnchcmic  cmpfohicn  warden  kann  sowie 
als  Informationsqucllc  fiber  vide  Datcn  in 
Tcilgcbietcn  dcr  Strahicnchcmic. 

A.  Hcnglcin 


D.  //.  Volman,  G.  S.  Hammond,  K,  Gollnick 
(eds.); 

Advances  in  Photochemistry,  Vol.  15,  John 
Wiley  +  Sons,  New  York,  Chichester 
1990.  ISBN  0-471-63289-9,  390  Sciten, 
Preis:  £  74.35. 

Die  „Advanccs“  streben  keine  luckenlosen 
Litcraturbcrichtc  an;  statt  dessen  bicten  sic 
Raum  fur  griindliche,  auch  personlich  ge- 
fiirbte,  Diskussionen  ausgewiihlter  Bcrei- 
che,  auf  denen  der  jeweilige  Autor  fiber 
liingcrc  Zeit  sclbst  gcarbeitet  hat,  Die  Ka¬ 
pitel  cincs  Bandcs  sind  in  sich  gcschlosscn 
und  nicht  aufeinander  bezogen.  Zicl  ist  im- 
mcr  die  Einsicht  in  moickularc  Mcchanis- 
men.  Was  cinen  photochemischen  Mccha- 
nismus  kennzeiclinct,  erliiutert  der  Autor 
des  Icizten  dcr  ffinf  Beitriige  des  vorlicgen- 
den  Bandcs.  Die  Kapitel  sind  der  Reihe 
nach: 

1.  Ultrafast  Photochemical  Intramolec¬ 
ular  Charge  Transfer  and  Excited  State 
Solvation,  von  P.  F.  Barbara  und  W. 
Jarzeba,  University  of  Minnesota,  68 
Sciten,  32  Abb.,  6  Tab.,  150  Referenzen. 
(Das  Wort  Transfer  fehlt  zvvar  in  dcr 
C'berschrift,  aber  sonst  nicht  mehr.)  Die 
Autoren  uritcrsuciicn  den  EinfiuB  der 
Losungsmittelrclaxatioii  auf  die  Dyna- 
fliik  cincs  photoinduzicrtcn  iniiermole- 
kularcn  Charge-transfer-  tCT-yC’ber- 
ganga.  Probcmolckule  sind  sulche  mil 
„dualcr  Fluoreszenz",  bei  denen  beide 
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angeregte  Strukturen,  vor  und  nach 
■dem  CT-ProzeB,  fluoreszieren,  noch  en- 
-ger  abgegrenzt;  bei  denen  der  von  Z.  R. 
Grabowski  1979  ‘vorgeschlagene  Twist- 
Mechanismus  (TICT  =  twistet  intra¬ 
molecular  CT)  angenommen  wird,  z.B. 
Bianthryl.  Beobachtet  wird  die  zeitliche 
Entwicklung  des  Fluoreszenzspektrums 
nach  dem  Anregungsimpuls  auf  ps-Zeit- 
skala,  in  Abhangigkeit  von  Losungs- 
mittel  und  Temperatur.  Die  Diskussion 
geschieht  auf  der  Basis  eines  (erweitcr- 
ten).  Debye-Onsager-Modells  der  Sol- 
vatation  und  einer  vereinfachten  Lan- 
gevin-Gleichung  fiir  die  Kopplung  an 
bine  „charakteristische“  Solvat-Koor- 
dinate.  Es  wird  versucht,  die  Elektro- 
nen-Trahsfer-Zcit  von  9,9'-Bianthryl 
init  der  Solvatationsrelaxationszeit  von 
Cumarin  im  jeweils  gleichen  (polarcn) 
Losungsmittcl  zu  korreliercn, 

2.  Atomspheric  Reactions  involving  Hy¬ 
drocarbons:  FTIR  Studies,  von  H.  Niki, 
York  University,  Canada,  und  P.  D. 
Maker,  Ford  Motor  Company,  Dear¬ 
born,  Michigan,  USA;  68  Sciten,  25 
Abb,,  159  Ref. 

Der  Artikel  zeigt  an  z.T.  noch  nicht  pu- 
blizierten  Bcispiclcn  die  expcrimcntcl- 
Icn  Voraussetzungen  und  den  Nutzen 
der  IR-Spektromctrie  bei  kinetischen 
Untersuchungen  der  Reaktionen  von 
KohlenwasserstolTen  mit  Radikalen 
(HO,  HOO,  R,  RO,  ROO  u.a.)  in  einer 
Modellatmosphare.  Ergebnisse  werden 
vorgelegt  fiir  A,  Methan  (CHjOj; 
HCHO,  HO  +  CO;  HO  +  CHjOOH); 

B.  Ethan  und  hoherc  Alkane  (QHjOj; 
CHjCHO;  CHjC(0)0j;  ROj.  R  s 

C.  Alkenc  und  Alkine  (HO-,  Oj-,  NOj- 
initiierte  Reaktionen; 

D.  Aromaten;  Oxidation;  ungesiittigte 
1,4-Dicarbonyle. 

Die  Ergebnisse  der  kinetischen  Analyse 
werden  z.T.  mit  solchen  aus  anderen 
Untersuchungen  verglichen. 

3.  Excited  State  Reactivity  and  Molecular 
Topology  Relationships  in  Chromo- 
phorically  Substituted  Anthracenes, 
von  H.  D.  Becker,  Chalmers  University 
Gothenburg,  Schweden,  88  Seiten,  37 
Abb.,  30  Tab.,  150  Ref. 

Der  Artikel  ist  im  Stil  von  J.  B.  Birks’ 
„Photophysics  of  Aromatic  Molecules" 
gehalten.  Er  enthalt  Absorptions-  und 
Fluoreszenzspektren  und  Tabellen  mit 
Lumineszenz-  und  Photoreaktions- 
Quantenausbeuten  in  verschiedenen 
Losungsmitteln.  Es  handclt  sich  um 
uber  100  meist  unpublizierte,  9-sub- 
stituierte  Anthracene.  Substituenten 
Sind  n-Elektronensystcme  mit  fclilender 
Oder  sterisch  behmderter  oder  voller  it- 
Konjugation  zum  Anthracen.  Nicht  be- 


trachtet  werden  Anthracenophane,  bi- 
substituierte  Anthracene,  Kronenether 
und  intramoleculare  Exciplexe.  Die  auf- 
tretenden,  z;T.  konkurrierenden  Reak¬ 
tionen  sind  (4ji-t-4it)-  bzw.  (47t-t-2ji)- 
Cycloaddition  (ca.  40 -Verb.),  trans-cis- 
und  anderc  geometrische  Photoisomer- 
isierung  (ca.  30  Verb.);  sensibilisierte 
Triplett-Reaktionen. 

Der  Artikel  fafit  im  wcsentlichen  Ar- 
beiten  der  Autoren  aus  den  letzten  10 
Jahren  zusammen;  sie  beklagen  sich  et- 
was,  daB  ein  Referent  die  friihere  Pu- 
blikation  einiger  neuer  Verbindungen 
verhindert  hat,  konnen  dafur  aber  jetzt 
mehr  davon  vorlegen. 

4.  Photophysics  and  Photochemistry  of 
Phytochrome,  von  K.  Schaffner,  S.E. 
Braslawsky  und  A.  Holzwarth,  MPl  fiir 
Strahlenchemie,  Mulheim  a.d.  Ruhr,  48 
Seiten,  24  Abb.,  161  Ref. 

Neben  der  Photosynthese  unterlicgen 
Pflanzcn  und.  Algen  noch  cinigen  an- 
deren  lichtgesteuerten  Reaktionen;  so 
reagieren  Wachstum  und  morphologi- 
sche  Entwicklung  in  charaktcristischer 
Wcisc  auf  Wechscl  dcr  spcktralen  Ver- 
teilung  und  Intensiliit  des  Lichts.  Dcr 
hierbei  wichtigstc  Rezeptor  ist  Phyto- 
chrom,  ein  offenkettiges,  konjugiertes 
Tctrapyrrolsystem  mit  einer  exo-Dop- 
pelbindung,  kovalent  an  ein  bestimmtes 
Cystein  in  einer  Protcintasche  gebun- 
den.  Die  Umgebung  ermoglicht  ver- 
schiedene  Konformationen  und  proto- 
mere  Formen  mit  jeweils  charakteristi- 
schen  Absorptions  -  und  Fluoreszenz¬ 
spektren.  Grundfragen  sind  die  Zuord- 
nung  von  Spektrum  und  Molckiil- 
zustand  und  die  Mcchanismen  von 
photoinduzierten  und  thcrmischcn 
Umlagcrungen;  praktische  Probleme 
sind  die  Praparation  cinheitlichcr  Pro- 
ben  und  die  Messung  schwachcr  und 
rasch  abklingender  Fluorcszcnzspek- 
trer,.  Die  Autoren  haben  besonders  zur 
mcBtcchnischen  Seitc  vide  Beitrage  ge- 
Icistct.  Dercn.  Ergebnisse  sind  in  diesem 
Artikel  zusammengefaBt  und  diskutiert. 
Fiir  cinige  Reaktionsschritte  wird  ein 
konsistentes  Modell  vorgeschlagen. 

5.  Photochemical  Mechanisms  in  Single 
Crystals;  FTIR  Studies  of  Diacyl  Per¬ 
oxides,  von  M.  D.  Hollingsworth,  Un¬ 
iversity  of  Alberta,  Canada,  und  J.  M. 
McBride,  Yale  University,  New  Haven, 
USA;  100  Sciten,  35  Abb.  99  Ref. 

Dieses  Kapitel  ist  als  „Review“  gcdacht, 
nicht  allgemein  fiber  alle  neueren  pho- 
tochemischen  Reaktionen  in  organi- 
schen  Kristallen,  sondern  fiber  cine  spe- 
zielle  Methodik,  ihre  Lcistungsiahigkeit 
und  die  damit  im  Vcrgleich  zu  anderen 
Techniken  zu  gewinnende  Information. 
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Es  handelt  sich  daruni,  photochemischc 
Reaktionen  in  organischen  Einkristal- 
len  anhand  der  IR-Spektren  der  betci- 
ligten  Spezies  mechanistisch  aufzukla- 
ren.  Die  Autoren  formulieren  zunachst 
ein^darauf  abgestelltes  Konzept  des  Be- 
grilTs  „Mechanismus“,  schildern  die 
Vortcile  der  Vororientierung  im  Kri- 
stall  und  die  durch  die  Matrix -beding- 
ten  Abweichungen  von  Gas-  und  L6- 
sungsreaktionen  (StreB,  Deaktivierung). 
Es  folgt  eine  Aufzahlung  dcr  wichtig- 
sten  Probenparameter  und  MeBtechni- 
ken,  insbesondere  der  Fourief-Trans- 
form  IR-Spcktroskopie,  bis  in  prakti¬ 
sche  Details.  Fast  alles  wird  mit 
Beispielen  aus  der  Forschung  der  Au¬ 
toren  belegt,  namlich  der  Photolyse  von 
Fettsaure-diazyl-peroxiden.  Das  freige- 
setzte  COj  ist  eine  ideale  IR-Sondc.  In 
Kombination  mit  ESR-Daten  wird  zum 
SchluB  ein  plausibicr  Mcchanismus  for- 
mulicrt. 

Alle  funf  Kapitel  des  Bandcs  erfflllcn,  mit 
verschiedener  Gcwichtung,  die  Anspruchc 
dcr  Scric.  Da  sic  nicht  cinige  brandneue 
Rcsultatc,  sondern  den  aktuellen  Stand  ci- 
ncs  Bcrcichcs  darlcgen  sollen,  frage  ich 
mich  aber,  ob  es  nicht  doch  moglich  wiirc, 
in  cincm  solchen  Band  jeweils  cinige  sich 
inhaltlich  niiher  stehende  Gcbiete  zu  ver- 
cinen. 

F.  Dorr 
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